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Exercise 9.1 Recall that an investment and consumption pair (i, ¢) with initial
endowment g is self-financing if ¢ - So + ¢y = 09 and

A1 - S+ 6, =0

fork=1,...,T —1. De~ﬁne the undiscounted wealth by Wy = ¥y and W), := Vg - Sk
fork=1,..., T, W=W/S%and ¢ = ¢/S5°.

(a) Show in detail that (1, ¢) is self-financing if and only if

k
Wk:UO—i_Z(ﬁj'AXj_Cj—l) fOI'kZ:O,...7T.

J=1

(b) Show that the pair (¢, ¢) with initial wealth 7y is self-financing if and only if
k
Wk:ﬁ0+2(ﬁj'ASj—éj_1) for k?ZO,,T
j=1

Solution 9.1
(a) First discount the self-financing condition to get a condition in X, namely
Awiﬂ + Apyr - Xiy + e = 0,
Y+ 91 - Xo + co = vo.

Using this,
W, Wi
AW, = 7(? - (]; F = (LX) — e (LX)
Sk Sh-1
=y — Y+ X — Oy - Xpog — DY) — Ay - Xy — e
= 19k : AXk — Ck—1

for k > 2. Furthermore,

_ "
-5

Summing both results yields

AWl —UQZ@ZJ?—f—ﬁl'X1—1/)?—191'X0—00:191'X1—00.

k
Wk:UO‘f‘Z(ﬁj'AXj—ijl), fOI'k:O,...,T.

j=1
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(b) We have
AWy =)y - Sy — G = 1py - Sy — by - So — & = 11 - ASy — &
as well as
AWy, = by - Sk — 1 - Sh—1 = b - AS + Aty - Sp_1 = g, - DSk — Gy

for all k =2,...,T if and only if (¢, ¢) is self-financing. So we can sum up the
increments to obtain

k k
Wi =Wo+ > AW, =00+ > (Y- ASk — E—1).
Jj=1

=1

Note that starting with these sums also gives the first two series of equalities,
showing the equivalence.
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Exercise 9.2 Recall that for each k € {0,1, ..., T}, suitable Fi-measurable vy and
(¥, ) € A, we define the remaining conditional expected utility to be

Ry (v, ', ¢ [ZU —|—Uw<vk+ > W AX; = )—c})

j=k+1

fk].
Recall that
Ar(9,¢) = {0, ) € A0 =0 for j <k, ¢ =c¢jfor j <k—1}.

Show that for fixed (¥, ¢) € A, we have

€8S SUD (g )e A, (0,c) Lok (Wi D9 ) = esssup (.cyen Be(WE ey .
Solution 9.2 Define

AP, c) == {(¥, ) € A =, for j > k,d; = ¢; for j >k — 1}
Note that A = Uy wyea AL (0, ¢). For (¢, ¢) # (9", "), the sets A" (¢, ) and
AR (9" ") are either the same or disjoint. So for each distinct AP*'(', ), there

exists (g, co) € Ax(V, ¢) such that AP*'(Y', /) = AP (9, co). Hence,

A = U APOSt( /) o U A}]zost(,ﬁ/’ C/).
6

( A ( /,C/)E.Ak(’&,c)

Since Ry (vx,?', ') has the same value on each Ay (¢, '), we have

ess SUP (g1 e Bk (Vk, V', ¢) = esssup {Rk(vk, 9" ) (9, ) € U AR c’)}
(9, )eAR(Y,c)
= €8S SUP(y )e A, (9,0) Bk (Vk, D', ).

This also holds for v, = W"*.
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Exercise 9.3

(a)

Let (¥, ¢) be a self-financing investment and consumption pair and
5 k
Wi = W7 = v+ ) (05 - AXj —¢j1)
j=1

for k=0,1,...,T the corresponding discounted wealth process. Show that if
W > —a for some constant a, then W is a @)-supermartingale for any ELMM
Q for X.

Let U : R — R be concave and consider for fixed () € P}, the problem of

maximising Eq[U(Wx" — ¢7)] over all self-financing investment and con-

sumption pairs. Assuming that each U(W®7¢) is Q-integrable and that

jo := sup Eg[U(Ws"° — ¢r)] < oo, show that the solution is given by ¥ = 0,
(¥,¢)

c=0.

Solution 9.3

(a)

This is just Lemma I1.6.2. Indeed, without loss of generality assume a > 0.

Write C}, := Z;‘f;& ¢;. First note that Wy, 4+ Cy = vo + (¥ - X);. By Proposition

C4, W+ C is a Q-local martingale. Since W > —a and C' > 0, we have
that W + C' > —a is thus a @-supermartingale and @-integrable. So C' =
W4+C—-W < W+C+ais Q-integrable. Then W = W +C —C'is Q-integrable
and then a Q)-supermartingale like W + C' since C' is increasing.

First we observe as in the lecture that
_ o
Jr(0,0) = esssupy U(vo — ¢7)

and Eq[Jr(0,0)] = supy Eq[U(vo — 1) = EqlU(vp)]. On the other hand,
using that W*¥¢ is Q-supermartingale and U is concave with U(Wvo-?¢) €
LY(Q) yields that U(W¥:?¢ — cp) is a Q-supermartingale for any (9, c) € A.
Thus U(vg) > esssupyr e E[U(We" — )| Fo] and

Eq[U(vo)] = Eq[Jo(0,0)] > Eq[Jr(0,0)] > Eg[U(vo)].

This implies that J(0,0) is a supermartingale with constant expectation jo,
thus a martingale. Therefore, by the Martingale Optimality Principle: ¥ = 0,
c¢ = 0 is optimal.
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