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Exercise 8.1 (Variance swap hedging) For given time horizon T, we consider a market composed
by a unique risky asset S, whose dynamics reads

t
S = SoJr/ Sso,dWs,t € [0,T],
0

where So > 0 and o = {0} }+¢[o,7] is an adapted, strictly positive and bounded process. Assume
that the interest rate is constant and equal to 0.The goal of the exercise is price and hedge the
random part of a so-called variance swap with maturity 7', whose payoff reads as follows:

1 T
Jr = f/o o2ds

(a) Using Ito’s formula, prove that

9 T
Ir = Hliog(50) ~ (57 + = [ ovat
0
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(b) Deduce from the previous question a replication strategy for an option with maturity 7 and
with payoff % fOT o0,dW;. What is the price of this hedge?

and verify that

(c) Assume that European call options with payoff log(St) are liquidly traded in the market, and
one of them can be sold at price p. How can you replicate and hedge Jr? What is the price
of this hedge?

Exercise 8.2 (Weighted variance swap) We place ourselves in the context of Exercise 1. Given
a continuous weight function w : Ry — R4, we consider a (more general) payoff of the form

1 T
T = T/o o2w(S,)ds

Define some k > 0 the function F' such that F(z v 2u( ‘;)dzdy. Using Ito’s formula,
k k Tz
prove that

T
Jr = F(Sr) — F(So) — /0 F/(S,)dS,.

(b) Is it possible to hedge Jp, without knowing o, by using cash, Call options, Put options and
the risky asset S ? (Hint: you may want to have a look at Carr-Madan formula).

Exercise 8.3 (Pricing in Heston model) Consider a probability space carrying a two-dimensional
Brownian motion B = (B, W), and fix a time horizon 7 > 0. The Heston model prescribes a risky
asset which follows the following dynamics

Sy = So+ [y rSsds + [ S\/vsdBs,t > 0
v =+ [y b(0—v))ds + [y o5 (pdB, + /1= p2aW,)
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where b, 0, r and o are positive constants, while p € [—1,1] is the correlation coefficient. The aim
of this exercise is to price an option of the form g(St), which corresponds to compute E[g(ST)],
where ¢ is assumed to be bounded for simplicity.

(a) Define, for t € [0,T], p; := E[g(St)|F:]. Motivate why p; is a function of X; and v, in the
sense that we can write p; = (¢, St, v;) for some deterministic function V.

onsider the two-dimensional process V := (S, v)" . Verify that
b) C der th d 1 |4 S,v)T. Verify th

L — iy t 1 0
V:V 2°s d V2 stat>O7
t °+/o (b(ovs)) ”/o Vs (ap o%l—w) =

where V', i € 0,1 is the ith component of V.
(c) Prove that (¢, S, v:) is a martingale.

(d) Assume that ¥ is smooth in all its variables. Using Ito’s formula, derive from the martingale
property that W must satisfy the PDE

2 v

2 2 2 2
{ Bt (r—30) 22400 — )22 + 20l F + Z vl E +opvt =0, on [0,T) x R x Ry
\I/(T,I,U) = g(:l?)

Exercise 8.4 (Learning in SABR model) See notebook 1.
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