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INTERMITTENCY AND DISSIPATION REGULARITY IN TURBULENCE

LUIGI DE ROSA, THEODORE D. DRIVAS, MARCO INVERSI, AND PHILIP ISETT

ABSTRACT. We lay down a geometric-analytic framework to capture properties of energy dissipation within
weak solutions to the incompressible Euler equations. For solutions with spatial Besov regularity, it is proved
that the Duchon—Robert distribution has improved regularity in a negative Besov space and, in the case it
is a Radon measure, it is absolutely continuous with respect to a suitable Hausdorff measure. This imposes
quantitative constraints on the dimension of the, possibly fractal, dissipative set and the admissible structure
functions exponents, relating to the phenomenon of “intermittency” in turbulence. As a by-product of the
approach, we also recover many known “Onsager singularity” type results.

1. INTRODUCTION

The incompressible Euler equations

{ Ou+diviu®@u) +Vg=0

. md
diva — 0 in T x (0,7 (E)

describe the conservation of momentum and mass for a perfect fluid. By testing (E) with divergence-free
test functions, weak solutions can be defined without any reference to the pressure. The latter is a posteriori
recovered as the unique zero-mean solution to

—Aq = divdiv(u ® u).

By the work of Duchon-Robert [43], weak solutions of (E) in L3 ; satisfy a local energy balance

2 2
@h;-+ﬁv<<%|+q>u>=—l) in D, ,, (1.1)

with a distributional source/sink term D, known as the “Duchon—Robert distribution”, representing the
effect of anomalous dissipation, a central phenomenon in the context of “fully developed turbulence” and the
related Kolmogorov [65] and Onsager [77] theories. Motivated by the ubiquity of “intermittency” phenomena
in turbulent fluids, we are concerned with geometric/analytic properties of the Duchon—Robert distribution
under local regularity assumptions on the weak solution. Our main theorem is the following.

Theorem 1.1 (Dissipation regularity). Assume that uw € LY By ., is a weak solution to (E) for some p €

20 _
3,00] and o € (0,1), with Duchon—Robert distribution D. Then D € B, ° ! locally in space-time. If in
o0
z,
addition D is a real-valued Radon measure, we have
1) |D| is absolutely continuous with respect to H” for an > 0 such that
(i) | y p Y

20
l1—0

>1—3%§w+1—7y (1.2)

(i) If D >0, VK compact Irg > 0 such that
D(B,(w,1)) S v D () € K, v <,

where the implicit constant depends only on K through local norms of u.
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The assumption that D is a Radon measure is satisfied, for instance, whenever u arises as a strong limit
of suitable Navier-Stokes weak solutions in L3 ,. See Section 5.1 for further discussion. This theorem
generalizes the results of [35]. More importantly, it lays down a framework which captures fine properties
on possibly densely distributed concentration sets of D. Indeed, the arguments from [35] fail to give any
non-trivial conclusion as soon as the dissipative set is anywhere dense. To overcome this difficulty a more
intrinsic approach is necessary. The uniform regularity of D on space-time balls in (i7) provides an L,
bound on the upper fractional density of D, which might be relevant in view of the intrinsic “multifractal”
nature of turbulence [9,51]. The argument is completely local, and it carries over to the case of general open
sets modulo minor technical details (see Section 5.4).

Theorem 1.1 gives quite general, and conjecturally sharp, rigidity results on the Euler equations. They
establish the positive side of an intermittent version of the Onsager conjecture, which is a natural extension
in view of the breakdown of self-similarity and space-time homogeneity in real turbulent flows. Indeed, a
direct consequence is the following intermittency-type statement.

Corollary 1.2 (Intermittency). Let u € Lg’t be a weak solutions to (E) with a non-trivial Duchon—Robert
measure concentrated on a space-time set S with dimy S = . For all p € [3,00] for which there exists
op € (0,1) such that u € LY By, it must hold

ﬂ<1—g(d+1f'y). (1.3)

1-o0 p

Note that as long as the dimension < is less than d + 1, then for p > 3 this bound implies the regularity

index o, must be strictly below % In particular, a non-trivial and lower dimensional dissipation would

necessarily result in a quantitative downward deviation from the Besov % regularity for all p > 3, translating
into the failure of the Kolmogorov prediction of linear structure functions exponents. See Section 5.1 for
elaboration.

Theorem 1.1 is a consequence of the following energy identity for Li,t weak solutions.

Proposition 1.3 (Modified energy identity). Let u € L3, be a weak solution to (E) with Duchon-Robert
distribution D. Let

|u—w|2
=5

2
Q%=<W;W'+m—m>w—wx

Rl = wuy @ up — (u®u)p,
C* = (u—ug) - div R + (u — ug) @ (u — ug) : Vg,

E:

with ue the space mollification of w. For all £ > 0, the following identity holds
—D =0 +u-V)E' +divQ* +C*  inDl,. (1.4)

In Proposition 3.1 the above identity is proved in the more general case of the Navier-Stokes equations.
These identities split the dissipation into terms that are small in negative norms, i.e. the ones with E* and
Q*, and a term that is large in a positive norm, i.e. C*. By optimizing in the choice of ¢, we are able to
deduce quantitative rates when approximating D with its space-time mollification.

Proposition 1.4 (Mollification rates). Assume thatu € LY By ., is a weak solution to (E) for some p € [3, 0]
and o € (0,1), with Duchon—Robert distribution D. Let ps be a space-time Friedrichs’ mollifier. For any
¢ € O with compact support, there exists 6o > 0 such that

20 20 _
(D = Dxps, ) S 077 Il r2y  and  [(D*ps, )] S 077 Hiell ey (1.5)
x,t x,t

for all 6 < oy, where the implicit constants depend only on norms of u around Spt ¢.
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When cutting D into frequencies shells, the two estimates in (1.5) can be used to control all the pieces in
the Fourier space, from which the negative Besov regularity for D is deduced. In a different but equivalent
terminology, (1.5) can be read by duality as a quantitative convergence of D * ps to D in a negative Sobolev

P
norm and a controlled blowup of D * ps in L; ; respectively. Then, the abstract linear interpolation [7,69]
yields to the desired negative fractional regularity.

Although the main purpose of the identity (1.4) in this note, together with its analogue (3.2) for the Navier—
Stokes equations, is to prepare the ground for Theorem 1.1, in Section 4 we show how all the main energy-
type results in this context follow as almost immediate corollaries. Some of them are well known, some are
improved versions of previous results, some others are new. We remark also that the results of this paper
could be extended to any system of conservation laws, including the transport equation, a case which we
outline in Section 5.5, but also systems like magnetohydrodynamics [1,48] or compressible fluids [4,40].

In Section 2 we list the main tools that will be used in this note, in Section 3 we prove our main results while in
Section 4 all the corollaries. Finally, Section 5 is dedicated to discussions. These include: the main theoretical
background, physical significance of the statements, comparison with previous related works, intermittency
for the linear transport equation, sharpness of results and their link with the available convex-integration
constructions.

2. TooLs
In this section we recall the main tools used in this note.

2.1. Besov spaces and mollification estimates. We define the Besov spaces on RY by means of the
Littlewood—Paley decomposition (see e.g. [7, Chapter 6]). Let ¢ = ¢(&) be a smooth function such that

Spt¢C{§€RN:1<|§<2} and Y ¢ (27¢) =1 veeRV\ {0}

2
kEZ
For any k € Z we define ¢, € C* such that
or(€)=0(27") and W) :=1-3 (27%), (2.1)

k>1

where the symbol * denotes the Fourier transform. Since 1) € C™ with Spt¢) C Bs(0), then 1 is a Schwartz
function. Consequently, for any p € [1, 00|, any a € R and any tempered distribution f, we define the Besov
norm on RY by

1l _ o= 1 %l o+ sup (25 £ % i 0) (2.2)
, k>1

If U ¢ RY is an open set, and not necessarily the whole space, we say that f belongs to By o, “locally inside
U” if xf € BY_, on the whole space for any smooth x with compact support in U.

p,0

We recall some classical mollification estimates.

Lemma 2.1. For any function f : RN — R denote by fo = f * ps, where p is a Friedrichs’ mollifier. Fix
o,a € (0,1) and p € [1,00]. There exist implicit constants independent on £ such that

1 = Fllo < €705l - (23)
19" fell o < £ 1l _ nzl, (2.4

n o+ —n 1 1
19" (fege = ()i S " Ufllgs, Nollgs,  n20, —+- =1 (25)

From [22,23,59] it is known that the pressure enjoys the double regularity

lall 5., S el (2.6
t

N

o

[N

,00

for any p € (2,00] and o € (0,1). Then, the following is a consequence of (2.3), (2.4), (2.5) and (2.6).
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Corollary 2.2. Let p € [3,00] and o € (0,1). Let EY, Q°, R*,C* be the quantities defined in the statement
of Proposition 1.3. There exist implicit constants independent on £ such that

1B 5 <€ Nlullipp, 2.7)
x,t
||QZHL§t SO ullzpp, (2.8)
1Rl 5 +elldivE g <€ llulzesg

IS]

Icil xS €7 ullips, - (2.9)

8w

st

2.2. Inequalities. We recall the following.

Lemma 2.3 (Shinbrot [80, Lemma 4.2]). Let v be a time dependent vector field and f,g be two functions in
space-time. Let % + % =1 withp > 4. Then

\/ng] < o]

We will need a Young’s inequality for convolutions in negative spaces.

23

LyLh ||foLiyt ||9||L§°Lg gl

Tl
Lrre-

Lemma 2.4. On RY, let T € D’ with compact support and ¢ € S. For any p € [1,00] it holds

1T ¢l o < Nl -1 Bllwpra.a -

Proof. Since T has compact support, then T'x ¢ € S. Let ¢ € C2° be arbitrary and p’ such that 1% + 1% =1.

Denote by q@(m) = ¢(—xz). The standard Young’s convolution inequality implies

[@ s o] = |@ord| <IThwss [0, < IThsn T6lhans Dol

The thesis follows by taking the supremum over [|pl|,,» < 1. O

2.3. Radon measures. We follow the presentation from [70]. Let U C RY be open. A, possibly signed,
real-valued Radon measure p on U is a bounded linear functional over the space of continuous functions
with compact support in U. The variation measure of u, denoted by |u|, is the non-negative measure such
that

(Il 0) =/90dlu| = sup  (ug) VeeCd =0
geC?, |g|<e
Clearly, |u| = p for any non-negative p. By the Riesz theorem, a Radon measure p can be identified with

a set function over the Borel subsets of U, and |u|(K) < oo for any compact set K C U. Given a Borel set
S C U we denote by puS the measure defined as

ucS(A) == pu(AnS) VA C U, A Borel.

We say that p is concentrated on S if 4 = . S. By the Hahn decomposition theorem, for any signed
measure p we find two disjoint Borel sets S ,S_ C U such that p.S+ > 0 and Sy US_ = U. Consequently,
w=pu Sy — pLS— is a decomposition of p into a positive and a negative part. It holds |u| = prS4 4+ pS—
as measures. In particular, p is concentrated on S if and only if |u|(S€) = 0.

Let p and A be two Borel measures, A non-negative. We say that p is absolutely continuous with respect to
A, written as p < A, if |u|(A) = 0 for all Borel sets A such that A(A4) = 0.
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2.4. Fractal dimensions. Given any A C RY and v > 0, for any § > 0 we set

HI(A) = inf{Zr? tAC UB”, r; < § for all z}

Then, the «-dimensional Hausdorff measure is defined as

HY(A) :=sup H](A).
>0

This is a non-negative Borel measure on RY by the classical Carathéodory construction, and H* is equivalent
to the N-dimensional Lebesgue measure. The Hausdorff dimension is obtained as

dimy A :=inf{y >0 : H7(A) =0}.
Similarly, the y-dimensional upper Minkowski content is defined as
N
Vi i H ([A]T) . _ N. 1:
M (A) = hriljz)lp N with [4], = {z € RY: dist(z, A) <r}.
Then, the corresponding upper Minkowski dimension is given by

dimyA = inf{y >0 : M (A) =0}.

3. PROOF OF THE MAIN RESULTS

We begin by proving the decomposition (1.4) in the more general case of solutions to the Navier-Stokes
equations
- md
diva? — 0 in T x (0,7). (NS)
The incompressible Euler equations (E) correspond to the case v = 0. In the viscous setting, for u” €
L?H! N L3 ,, the energy balance reads as

x,t)

{ Opu? 4+ div(u” @ u”) + Vg = vAu”

vi2 v|2
(at — VA) |u2| + le <<|U2 + ql/> ul’) + v |vuu‘2 _ _Dy in D;7t- (31)

For any L? initial datum, solutions are known to exists in the class u” € L°L2NL?HL. These are known as
Leray—Hopf weak solutions [56,68]. Weak solutions for which (3.1) holds with a non-negative distribution D"
are called “suitable weak solutions” in Caffarelli-Kohn—Nirenberg [17] or “dissipative” in Duchon-Robert
[43].

Proposition 3.1. Let v > 0. Let u” € L3 ; be a weak solution to (NS) and let D” be the associated Duchon—
Robert distribution defined by (3.1). If v > 0 we additionally require uw € L7H}. Letting uj be the space
mollification of u”, we set

v ,v|2
Eﬁ,u — |U 2u£| ,

1% 14 2
v U —u v v v v
Q' = < S g —qe>> (u — uf)
RYY = uy @uy — (u”’ @ u”)y
CH = (u” —uf) - div R®Y + (u” —u)) @ (u” —uf) : Vuy.
Denote £ := D" + v |Vu*|>. For any { > 0 we have the identity
—&¥ = (O, +uY -V —vA)E" +divQ" + CY + v |Vub|? — 20V - Vuy in D, ,. (3.2)

Note that (3.2) can be equivalently written as

—D¥ = (8, +uY - V — vA)E™ +div Q" + C* + v |V(uf — u¥)]?. (3.3)
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Proof. To lighten the notation, we will suppress the superscript v on all the quantities. Since we are implicitly
assuming the pressure to be the unique zero-average solution to —Agq = div div(u®u), the Calderén-Zygmund

estimates imply ¢ € L . This is enough to justify all the computations below.
Let ¢ € €75 be any compactly supported function. By straightforward manipulations on (3.1) we get

2
|ul

2
<57¢>:/%(3t+1/A)§0+ <U2+Q>U'V<P
u — ug|® Ju — g
= | 5@t u Vv + | T+ g - ) | (u—ue) - Ve

2
2
U
+ /u - O¢(upp) — pu - Opup — %(6’% +vA)p — quug - Vo

I
2
|l

U
+/u-u£u~Vg0—Lu'Vg0+qgu~Vgo—}-qongo—i—l/wugAgo.

IT
Recall that u, satisfies
dpug + div(ue ® ug) + Vo — vAuy = div RY, Rl =y @up — (u® u)gp. (3.4)
Then, the energy balance of u, reads as
2
(0 — vA) \u;| + div (('ué + (M) Ug> +v |VUZ|2 = uyp - div R'. (3.5)

Hence, using us¢p as a test function in the weak formulation of (NS), together with (3.4) and (3.5), we obtain

I= /—u ®u: V(ugp) — qdiv(ugp) — vu - A(uep) + pu - (div(w ® ue) + Vg — vAuy — div Ré>

— / (div <|u§|2w> —u-divR + v |Vuz|2> ®
We integrate by parts the terms with the Laplacian
f/u~A(ueg0)+g0u~AUg:/Vu:w@)VgaJrQ(qu:Vu(ngVu[:u~Vgp.
Therefore
Iz/—u@u:Vuap—u@u:ue®Vgp—qw-V(p—qgu-VLp+tpu~div(uz®ug)

+1//Vu:w®Vg0+Vw:u®Vg0

7/ ((uue) div R® + div <| ;| ) + v |Vu* = 20V : Vu1g> ®

We aim to compute I + I'I. Note that

/u~ugAg0:—/(VU:Ug®V<p+VUg:u®V<p),

/|W| Vo [ hal
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Thus, since a ®b: c®d = (a-¢)(b-d) and noticing that all the terms with ¢ and ¢, cancel out, we achieve

2
I+II:/(—u@u:Vw—i—u-diV(ue@w) d1V<| ;' )—I—U-V'ud + (ug — u) - leRe>

— y/ (|Vw|2 —2Vu: Vw)go

A direct computation shows that

—u®u: Vug 4+ u-div(ue ® ug) — d1V<§| g)—i—u V‘uél —(u—up) ® (u—ug) : Vuyg,

concluding the proof. O

We are now ready to prove Proposition 1.4, Theorem 1.1 and Corollary 1.2. The symbol * will always denote
the space-time convolution.

Proof of Proposition 1.4. Fix ¢ € C5F, with compact support and find § > 0 small enough so that (D *ps, )
is well defined V6 < dy. By the identity (1.4) we have

(D — D ps, )| = (D, — ¢+ ps)|

<[1#],z (10t oxp0l 2 L VG =0 pil, e, )
+HQ2H o5, Ve =expsl e, +||CZH 0§, i
Thus, by using (2.3), (2.7), (2.8) and (2.9) we deduce
(D — D x ps, )| S (627 +£5) lell,, +7 15\\<PH 15 S0 ||s0||
where we have chosen /177 = § to obtain the last estimate. Similarly
(D * ps, )| = (D, ¢ * ps)|
<[1#l,5 () . uwmuﬁg)
¢
+le H I3 >
f t
< (674 67 5 1||</>H L T ol 2
221
SEE gl ey
where we have chosen again ¢'~7 = §. O
By duality, we have proved
20 20 _
ID=Dpsll,ag S075 and  Depp S67E (3.6)

Proof of Theorem 1.1. We break the proof down into steps.

STEP 0: Localization.

Since we are working in a bounded time interval, we need to localize. By possibly multiplying D by a
smooth compactly supported function, we can think of D as a distribution on the whole space R4+ with
compact support. The presence of an additional smooth multiplicative function does not affect the validity
of Proposition 1.4. In particular, the localization of D will satisfy the very same estimates (3.6) on R4*1,

7



STEP 1: Proof of D € Bf;’o_l
£

Recall the definition of the Besov norm (2.2). Since ¢ € S; 4, the estimate on D x4 is trivial by using (1.1)

pad
directly, i.e. the fact that D is a space-time divergence of an L; ; vector field suffices. We are left to prove

sup <2<12—0<r_1)k ID * ¢r|| = ) < 0. (3.7)
k>1 Lz3,t

A direct consequence of (2.1) is

sup (110wl +27* [ Vaudil ) < oo

k>1 R x,t
For any £ > 1 and any d > 0 we split

D * fkaLg <|[[(D = D x*ps) * ¢k||L§ + [|(D * ps) * ¢k||L% :

z,t .t .t

By the Young’s inequality for convolutions and the second estimate in (3.6) we deduce
20 _
I(D*ps)«dull 5 <ID*psll 5 lldwlls, S 71
x,t x,t ’
Similarly, by Lemma 2.4 and the first estimate in (3.6) we get
(D = D ps) * x|

20

<UD =Dspsll -z lloklywr S 572"
x,t o

%
Lz,t

These estimates together imply
20 20

| D * ¢k||L% < 5l 4 ok,
.t

from which (3.7) follows by the choice § = 27%.
STEP 2: Proof of (7).

Let v > 0 be such that (1.2) holds and let A be a Borel set such that H7(A) = 0. Since D is a Radon measure,
we can assume A to be compact without loss of generality. By the Hahn decomposition we find two disjoint
sets Sy, S_ such that DSy > 0and D = D.Sy — DiS_. The goal is to show DSy (A) = D(S+ N A) =0.
This implies |D|(A) = DLS,(A) + DLS_(A) = 0, concluding the proof. We will only prove D(S. NA) =0
since the case of S_ is analogous.

Let € > 0. Since D is a Radon measure we find an open set O O S; N A such that

|ID|(O\ (S4+NA)) <e. (3.8)
By H7(S4+ N A) =0 we find a finite family of balls {B,,}, in R¥*! with r; < 1 such that
SynAc| B, c|Bw cO, D rl<e (3.9)

On each ball we define a cutoff x* € C, such that

%

=0 and ’szt)ﬂ <2r;h (3.10)

0<x' <1 X[ =1 x B,

Set x := max; x* pointwise. Clearly x is Lipschitz continuous with compact support in O and thus D can
be applied to it. We split

D(S+0A):/ XdDz/de— x dD.
5:nA o O\(51+NA)
Since |x| < 1, by (3.8) we get
/ xdD| <|D[(O\ (s N A)) < c.
O\(54n4)

We are left to estimate |(D, x)|. Note that the identity (1.4) implies D = 0 whenever ¢ > + (see for instance
Corollary 4.1 below). Thus, assume o < % Furthermore, we can also restrict to p > 3, since p = 3 forces
8



o > % by (1.2). Recall that By % = (By )" for all a € R, b > 1 (see for instance [7, Corollary 6.2.8]). By
STEP 1 we infer that!

—o o P
71 xt
p—3"°

(DS I -2z SUXI a2z
B 3

where £ > 0 is a small parameter to be fixed later. By the sub-additivity of the %—th power of the
fractional Sobolev norm on the maximum between two functions (see for instance [85, Lemma 2.8]) we

deduce®
p—3

(2% (Z Hx’||;;f, lzc,ﬁmppg)) .
2 x,t

By interpolating the fractional Sobolev norm, the choice of x* made in (3.10) implies

1—7-5—& < T(d+1)pr?’71+127—“U7n

~ i

I ey < X H

‘Lt

UP HVLE tX H

,t

where the implicit constant does not depend on i. Thus

p=3
—1- t+d+1\ 7
DX|<<ZTIU 773 ) )

Since v satisfies the strict inequality (1.2), we can choose k = k(0,7,d,p) > 0 small enough such that

2
T o 1-k) L tdt1>4.
1—-0 p—3

This, together with (3.9), yields to

p—3

(D, x)| S (Zrl) <7

The proof is concluded since € > 0 is arbitrary and p > 3.
STEP 3: Proof of (i).

Let K be a compact set and fix any point (z,t) € K. Pick x" € €7 such that

0<x" <1, XT|BT(M) =1, % ‘B =0 and |Vaoex"| <25t

S, (x,t)
This choice of x" implies
< PR A1)

x,tX || T

t m,t

Since D > 0, then (D, x") gives an upper bound for D(B,(x,t)). By (1.5), for any 6 > 0 we bound

(D,Xx") <D =D ps, x")| + (D * ps, x")|
S 0T X" I, 1—+51 T I o2

:ct

< (S%T (d+1 + 617 (d+l)
< P LR (@),
where the last inequality is obtained by the choice § = r. O

We are using the embedding We+m:b By, for all a € R, k > 0 and b € [1,00]. See for instance [7, Theorem 6.2.4].
2We are assuming « small enough so that 1 — ;22 + x < 1. This is possible since o > 0.
9



Remark 3.2. The fact that D € Bg’o_l could have been proved directly by the definition of the Besov norm
g,
and the splitting (1.4). Indeed, by (1.4) and the Young inequality for convolutions we have

1Dx6ul g < 10,5 (100@elsy, +ludlog, 196615:, ) + Q05 I96elzs, + 1070 5 oulsy,

5 £20'2k _|_€3a'—1.
Choosing £*=7 = 27F yields to the desired bound. Then, the mollification estimates (1.5) become a conse-

20 _ 1

quence and no longer the cause of D € B,™7 . Of course, and not surprisingly, the two are equivalent.
£,

We conclude with the proof of the intermittency corollary.

Proof of Corollary 1.2. Let v > 0 and assume that D is concentrated on a set S with dimy S = . We will
prove the contrapositive. Assume there exist p € [3, 00| and o, € (0,1) such that

p—3

2
e 2 >1-FS(d+1-9)  ad  welfBp.

1-o0,

Then, we can find 4 > « such that the strict inequality stays true with ~ replaced by 7. Since dimy S = 7,
it must be H7(S) = 0. Thus, (i) from Theorem 1.1 implies |D|(S) = 0. On the other hand, the assumption
D = D.S implies |D|(S¢) = 0. Thus |D| =0.

]

4. COROLLARIES

4.1. The Euler equations. Several corollaries directly follow from the splitting (1.4).

Corollary 4.1 (Euler energy conservation [24]). If u € L}Bg , is a weak solution to (E) for some o > 3
then D = 0.
3
Proof. Since u € L3 , and ¢ € L? , we have
HElHth—i-HQZHth—)O as £ — 0.

Moreover, (2.9) implies HC" < ¢3771, which vanishes as £ — 0 since o > %. This shows D = 0. O

Iz
Lm,t

Corollary 4.2 (Kinetic energy regularity [59]). Set

1
e(t) = 3 5 lu(z, t))? dz.

If u € L BY , is a weak solution to (E) for some o € (0,1), then

le(t) —e(s)| S |t —s|T=F  for ae. t,s. (4.1)

Proof. By testing (1.4) with a smooth compactly supported function 1 = n(t) we deduce

/en’dt: (D,n) ://w (B — C*y) dzdt.

Thus, by (2.7) and (2.9) we get
e

the implicit constant being independent on 7. For a.e. t,s (say t > s) we let n — 1}, and obtain
le(t) —e(s)| < 029 + |t — s[ £3971. The choice £1=7 = |t — s| concludes the proof. O
10

< 'l 7+ linll €




Remark 4.3. If in Corollary /.2 we further assume’® u € CPLZ, . then the thesis (4.1) can be upgraded to
hold for every t, s.

Corollary 4.4 (Minkowski Intermittency [35]). Let p € [3,00], 0 € (0,1) and let u € LY By . be a weak
solution to (E) with Duchon—Robert distribution D such that dima (Spt D) < . Then

20
l1—0

~3
>1—1’T(d+1—7) — D=0

Note that Corollary 4.4 does not follow from (i) in Theorem 1.1 since we are not assuming D to be a
measure.

Proof. Let ¢ € O, be any compactly supported test function. Denote by [Spt D]. the space-time e-
neighborhood of the set Spt D. Let x* € €% be such that

0<x®<1, =0 and |Veix®| <2671

XE‘[Spt p. =L XE|[Spt D5,
Then (D, ) = (D, px*), and by the decomposition (1.4) we infer

)+ 0l s el ),

.t

(Dol 5 (1505 (1+ bl

x,t

# (18,5, (1 By, ) + 10105 ) 19l

where the implicit constant depends only on ¢. Let o > 0 be a small parameter that will be fixed later. The
assumption dima4 (Spt D) < v implies

P=3 (d41—~y—
IDEN c2g +ellVax®ll 2y Se7 (dHi=a),

z,t z,t

if € is sufficiently small. Thus, by (2.7), (2.8) and (2.9) we deduce

|<D,<p>| S (420 _|_€30 +€3071) Epp%‘g(d—i-l—'y—a) + (£2a +€30) spp;s(d-l-l—’y—a)—l

< 530_1517?%3(#17770[) _~_£208P7j3(d+17~,7a)71
~J

where the implicit constant depends only on norms of ¢ and u. The choice ¢! =7 = ¢ yields to
(D, )] < e 155 e,

Since o, p, v satisfy an open condition, we find o > 0 sufficiently small so that the exponent of € in the above
inequality is positive. The proof is concluded by letting ¢ — 0. O

4.2. The Navier—Stokes equations. The following result provides a genuinely local version of [41].

Corollary 4.5 (Onsager quasi-singularity [41]). Let {u”},~o C L?H} be a sequence of weak solutions to
(NS). Denote by E” := D" + v |Vu”|>. Then

— ()| ST

W =

sup H“V”L?Bg <0002
v>0 bl

where the implicit constant depends only on the L?B?‘;OO norms of u around Spt@ and norms of ¢. In
particular, if

51/
lim inf [(€", ¢l >0 for some a > 0,
v—0 ve
then
1+«
3 3 v . P
h’r/n_}(r)lf |l ”L,?B;’j;jé =00 Vo >0, 04 := o

372 2 i i
L3, » denotes the space of L3 functions endowed with the weak topology.
11



Proof. We write the last two terms in the decomposition (3.2) as
/ (|Vu;7|2 —2Vu” . VUZ) p= / (\Vuﬂz —2V(u” —uy) : Vuy —2 |VuZ|2> ®
= —/|Vuz\2<p+ 2/(u” —uy) - Aup + 2/(u” —u)) @V : Vuy. (4.2)
Since {u”}, >0 is bounded in L}Bg ., by (2.7), (2.8), (2.9) and (2.4) we estimate

A SIEN 5 (1 Bty ) + Qs+ Ct,,.

2
z,

2
tulE) g v IV, + e = ufle, (186 e, + 19072, ) )

5 éQO’ +€30’ +€3a—1 + sza + VﬂQ(U—l) + I/ZQO'—l
< €3071 + V£2(a'71)'

The proof is concluded by choosing /117 = v. O

The next result provides a precise physical meaning to the term C*¥ in the decomposition (3.2)

Corollary 4.6 (Four-Fifths Law). Let {u"},~0 C L7H} N L3, be a sequence of weak solutions to (NS).
Assume

sup ||[u”|| 2, <00 for some o > 0. (4.3)
v>0 £72,00
Let {€,},>0 be any infinitesimal sequence such that

, v
hrynjblp W =0. (4.4)

Denote £ := DY + v |Vu"|2. Then, for any smooth compactly supported n = n(t), it holds

lim limsup sup |<5” + C’Z”’,n>| =0. (4.5)
r—0 0 C€[L,, 1]

Proof. Testing formula (3.2) with a smooth time dependent function # with compact support and writing
the last term in (3.2) as in (4.2), we estimate

(&7 + e m) < 1B, +v (1905152, + o = gl 1Au] e ) -
Thus, (2.3), (2.4) and (2.7) yield to
|<EV + CZ’V,T]>| 5 620 + V£2(0'71).

Without loss of generality we can assume o < 1. Then

v

sup |(E” +C™ )| S 637 + 2=

L€ty 21
and our choice (4.4) of the dissipative length scale implies

limsup sup |<€" + Cg”’,nﬂ < 02,
V=0 eefe, br]

The proof is concluded by letting ¢; — 0 since o > 0. a

Remark 4.7. Corollary 4.6 still holds by weakening the uniform Besov bound to just Lit compactness of
the sequence {u”},~0. In this case, (4.4) has to be modified accordingly.
12



Remark 4.8. From (4.5) we deduce that C%V is the term that might cause anomalous dissipation in the
inviscid limit. Indeed, if non-vanishing, it keeps the rate of dissipation of order 1 all over the scales in the
inertial range [€,,01). Thus, in view of the Kolmogorov “Four-Fifths Law”, it must be equivalent to third
order longitudinal increments, at least asymptotically over the relevant range of scales. To see this, set
dpu” (x,t) = u”(x + Lz, t) — u”(z,t) and define the local longitudinal third order structure function by

St (x,1;0) = w ]é (= 5gqu(x,t))3de*1(z).

Assuming (4.3) and (4.4), the arguments from [46,74] prove

(-

giving a precise structural meaning to the term C*V. See [38] for possible implications for self-reqularization
of turbulence.

lim limsup sup
=0 v—0 eefe, 0]

Then, Corollary 4.6 implies

=0,

lim limsup sup
=0 v—0 sefe, )

Remark 4.9. If in Corollary 4.6 we strength the assumption (4.3) to

sup Hu"||L§B§ < o0 for some o >0,
v>0 e

then the thesis holds locally in space-time, that is, one can choose any compactly supported p € CF7 in (4.5)
instead of just n = n(t). As for Remark 4.7, the Liyt compactness of {u”},so suffices.

The following corollary is also new, quantifying the relevant scales to capture the whole dissipation.

Corollary 4.10 (Resolved dissipation scales). Let {u”},~o C L?H} be a sequence of weak solutions to (NS)
)2
such that sup,~qv [ |Vu’|” < co. Assume

sup [|[u”||jage < 00 for some o > 0.
v>0 t 74,00

Let {€,},~0 be any infinitesimal sequence such that

€4U
lim sup % = 0.
v—0 14

Let n = n(t) be non-negative, smooth and compactly supported. Denote EY := D¥ + v |Vu”|2. It holds

limsupu/ |VU2‘277 =0 = limsup [(€”,n)| = 0.

v—0 v—0
Proof. By applying (3.2) to n = n(t) we get
v v v V|2 V|2 2
e S B |y, + Il 4 [ 1960 (v [190a)
where we have used that sup,q v [ |Vu”|? < oo by assumption. Choose £ = £,,. Since {u*}, is bounded

in L?B§ ., we use (2.7) to estimate the first term. Thus, we infer

1
limsup [(£¥, n)| < limsup (E,Q,‘T + HCEV’UUHU —l—u/ ’VUZU‘QH-F (1// ‘VUZ,’277> 2)
v—0 v—0 z,t
< lim sup HC’Z’“”UHL1 .
v—0 z,t

13



Note that so far we have only used that {u”},~0 is bounded in LfBgyoo. The stronger assumption LfBZ’OO
is needed to handle HC’Z"”’nHL1 . Indeed, we estimate
x,t

o #nlly % e~ ut,

v It il + e =t |

1
3
2
<27 ||Vl | e+ 127 </|Vuu| n) 7
where the last inequality follows by the commutator estimate (2.5), i.e.

v By S €l IV s

% £4g %
217) —|—< Z Z//Vu”|277> ) = 0.

We conclude

£4U
limsup [{(€Y,n)| < limsup <(”V/ |Vuy,
v—0 v

v—0

O

Remark 4.11. When o = %, both the scales from Corollary 4.6 and Corollary 4.10 give £, ~ 1/%, i.e. the
Kolmogorov dissipative length scale.

Corollary 4.12 (Shinbrot local energy balance [80]). Let u” € L°L3 N L7Hy N L3, be a weak solution to
(NS). Assume u” € L"LP for some m,p such that % + % <1, p>4. Then (3.1) holds with D" = 0.

3
Proof. Since viscosity is fixed, we omit the superscripts v. Since u € Li,t NL?H} and q € L;;, we have

HEZHL n HQeUL;,t +||V(w—u)||L§1t -0 as £ — 0.

3
2
z,t

Thus, by (3.3), D =0 whenever HCZ — 0 as £ — 0. Recall that

Irs,
Cf = (u —ug) - div R + (u — up) @ (u — uy) : Vuy =: Ct + CE.

By Lemma 2.3 we estimate

m
2

2—m 1
HCSHL;J < — LLE ||VW||L§M [lu — W||L;>°2Lg [ — wel Ly (4.6)
Since we are working locally, by possibly reducing m we can assume % + % = 1. In particular, since

p > 4, it must be m < co. Thus, it is clear that the expression in the right hand side of (4.6) goes to
zero as £ — 0, if p < oo, by standard properties of mollifiers. If p = oo, then m = 2 necessarily. Thus
we LPLENLILE C Li’t and we can conclude as before. Moreover, since u € L?H}, the term C} can be
written as

Cf = (u—ugp) @up : Vg + (u—ug) - (u-Vu),.

Thus, the very same argument we have given for C4 applies to show limg_, ||C’f” o =0 d
.t

Corollary 4.13 (Uniform bound viscous dissipation). Let {u”},~o C LZ?H_ be a sequence of weak solutions
to (NS). Denote by £ := D* + v |Vu”|>. If {u”},~¢ is bounded in LY By , for some p € [3,00] and 0 > 0,

then for any ¢ € C35% compactly supported 350 > 0 such that
(€7 — € ps, )| S 6*° ol osey  and [ % ps, @) SR loll c2g VO <o, (47)

with implicit constants that are uniform in viscosity. In particular, {EV},- , is bounded in Bi(‘;:l) n space-
£,
time, locally.
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Proof. Use the identity (3.2) with the last two terms computed as in (4.2) to bound
(€Y =& x ps, )| = (", = @ x o)
slelys (100 o xom

+v BV g 1A= xpo)l e,
z,t z,t

I, 2o+ g 19— o), )

e, + (0]

Z,
+ HQ DHLI%,t V(e — ¢ * p&)HLf;g ngt o — @ * pé”Lﬁ
2
S s PR T P I P [ PR

vl =l IVl 196~ po)l e,
T,

Thus, by (2.3), (2.4), (2.7), (2.8) and (2.9) we bound

|<51/ _&r *p5’¢>| g (€20(5+ I/) +€305+€307152 + V€2(071)62 + 1/620715) HQD||W2;%

20 2(c—1) 52 20—1 20
SO+ BODE L BTG o] ey S o

where we have used that v < 1 and in the last inequality we have chosen ¢ = §. Similarly, one can estimate

(€ %5, ) S8 2 gl e,

t

The implicit constants in all the inequalities above depend only on local LY B7 - norms of u”, which we

are assuming to enjoy a bound uniform in viscosity. This proves (4.7). Then, the fact that {£} ., stays
bounded in B2~V

P
g,OO

follows by the same argument of STEP 1 in the proof of Theorem 1.1. O

5. DISCUSSION

5.1. Intermittency in turbulence. In this section u” will denote a sufficiently regular solution to (NS)
with ¥ > 0, in three dimensions. Although the result is true in any spatial dimension d > 2, the only
physically meaningful case is when d = 3. This is because in two dimensions, strong Lg’t compactness
is already inconsistent with a non-trivial dissipation [67]. We introduce the “absolute structure function
exponents” (, as

u? (z + 02) — u” (x)|P) ~ 15 2eS% p>1.
(lu(

Here the symbol () denotes some relevant averaging procedure that might be space, time or ensemble.
Mathematically, this translates into an exact By spatial Besov regularity with op = £ Under the
assumptions of homogeneity, isotropy, self-similarity and that all the main statistics of the fluid are completely
determined by the non-trivial kinetic energy dissipation rate, the Kolmogorov theory of turbulence [65] from
1941 predicts the universal dependence (, = £, linear in p € [1,00]. This yields to a % Holder exponent of
the velocity field uniform in viscosity, space and time, connecting the Kolmogorov statistical framework to
the subsequent ideal and deterministic picture of Onsager [77] from 1949. We refer to the recent essay [47]
describing the Onsager contributions to the theory of turbulence.

However, there is strong empirical evidence that, in actual turbulence, space-time homogeneity and self-
similarity break down, making any approach based on the latter inadequate to describe flows at high Reynolds
number. This ubiquitous phenomenon is known as “intermittency” [50, Chapter 8]. Despite several results
[2,28,49,51,66,71,78,81], a quantitative theoretical understanding of intermittency from first principles is still
missing. What appears true from observation is the emergence of a continuous spectrum of Holder exponents
spreading over the domain, possibly resulting into a spotty and fractal distribution of the energetically active
regions in space-time [72,73,84]. A more precise connection on how to relate anomalies in the exponents
(p to a, possibly fractal, lower dimensional dissipation was given by Frisch [49], however, without rigorous
mathematical proofs. What our results prove is a quantitative downward deviation from the exponent % for
all moments p > 3. More precisely, the following is a direct consequence of Corollary 1.2.
15



Corollary 5.1 (Vanishing viscosity intermittency). On T2 x (0,7, let {u”},~0 C L?H} be a sequence of

weak solutions to (NS). Assume that, in the limit as v — 0, £ := D" + v|Vu”|?* converges in D}, ; to a
non-trivial measure concentrated on a set S with dimy S = v € [1,4]. For all p € [3,00] for which there
<p
exists Cp € (0,p) such that {u"}, >0 stays bounded in L} By, it must hold
p__2:(p—3)p
O T WAty (5.1)

3 9p—3k(p—23)

where Kk := 4 — vy is the codimension of the dissipation concentration set.

Some remarks are in order. The assumption on the distributional convergence of the sequence {£”},50
towards a measure is satisfied in several cases, possibly up to subsequences. Indeed, for any sequence of
Leray-Hopf weak solutions emanating from L2 bounded initial data, {v|Vu”|?},~¢ is bounded in L, ,, and
then it admits a weak limit in the sense of measures. Consequently, a subsequence of {£”},~¢ will necessarily
converge in D), ; to a non-negative measure if DV = 0, or if DV > 0 and {u”},~¢ is compact in Li)t. Although
the latter compactness assumption is mild in terms of observations [18,42], it is in general not rigorously
justified. The restriction to v > 1, i.e. x < 3, is natural since otherwise finding a ¢, > 0 for which (1.3) holds

would necessarily require p to be quantitatively below %. This is unnatural in view of the Sobolev embedding

B?i o C L3~ and the exactness of the Four-Fifths law. In this range of parameters, it is then clear that (5.1)
forces the structure functions exponents to quantitatively deviate from the Kolmogorov prediction (, = £
for all p > 3 as soon as x > 0 and the dissipation is a non-trivial lower dimensional measure. Consequently,
intermittency must happen and the larger the p the larger the discrepancy. If k < 1, there will be a value
p* € (3,00) at which the right hand side in (5.1) vanishes. In that case, the solution can not have any
fractional regularity in L? for all p > p*. The results from [33] can be then applied, matching with the
numerology. It is important to note that for p = 3 lower dimensionality does not give any correction, which
is consistent with the Kolmogorov Four-Fifths law being exact.

The use of Hausdorff to measure the dimension allows to deduce intermittency even if the concentration
set happens to be locally dense. In view of the wild behavior at high Reynolds numbers, this seems to
be essential to capture relevant dissipative properties of the flow. Indeed, even simpler dynamical models
such as the one-dimensional Burgers equation might exhibit shocks, and thus dissipation, proliferating over
a dense set [79]. It is then conceivable to expect an even more complicated scenario in the Navier—Stokes
equations, where the already complicated dynamics is enhanced by geometric constraints.

5.2. Comparison with experimental data. The celebrated works of Meneveau and Sreenivasan studied
the relationship between properties of the energy dissipation measure to intermittency [72,73,84]. These
papers suggest from experiments that, in the infinite Reynolds number limit, the anomalous energy dissipa-
tion measure at fixed time is concentrated on a fractal subset of dimension less than the space dimension 3,
about 2.87, and has volume zero [73]. Moreover, based on the data, it is supposed that this fractal dimen-
sion is roughly constant in time, making the inferred space-time support of the dissipation measure to be of
dimension 3.87. We now give an argument for this value based on the formalism developed in this paper. It
seems reasonable that our considerations are sharp locally® at p = 3. Set

C* L B _ 2‘%(p B 3)p

P 3 9p—3k(p—3)
i.e. the right hand side in (5.1). In dimension d = 3, it is readily verified that

d¢; _3—-2r _ 2y-95
Wilp=3 9 9
High resolution direct numerical simulations of incompressible turbulence [63] indicate % ~ 0.3. This
=3

corresponds to 7 = 3.85, remarkably close to the observations of Meneveau and Sreenivasan. See Figure 1
for an inspection of numerical data and this bound.

“We are mainly appealing to two facts for p ~ 3: the dissipation is what constraints the regularity the most and the saturation
of our upper bounds. Modulo the possible gap of longitudinal vs. absolute increments, the exactness of the Four-Fifths law
makes both claims valid at p = 3.
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FIGURE 1. Structure function exponents for p € [3,6]. Blue dots are absolute structure
function exponents measured from the JHU turbulence database. Red triangles are trans-
verse exponents reported in [63]. Dashed grey line corresponds to the Kolmogorov prediction
of £. Solid grey line corresponds to our bound ¢; with v = 3.85 inferred from [63].

5.3. Sharpness of the results & convex integration. Recent years have seen a quite intense mathe-
matical work [12,13,30,32,61] in producing Hélder continuous Euler flows with non-constant kinetic energy,
culminating in the resolution of the Onsager conjecture [14,57]. See also [29,36,60] for further developments.
Hélder continuous weak solutions with non-negative D have also been produced [31,58], getting closer to the
physical case in which Euler arises in the inviscid limit of Navier—Stokes. The method goes under the name
of “convex integration”, introduced in this context by De Lellis and Székelyhidi [32]. The Onsager conjecture
being true validates the Kolmogorov self-similar and isotropic prediction of a spatially homogeneous % Holder
exponent, although only in the ideal inviscid setting. Very recent works [10, 11, 82] also prove anomalous
dissipation in the inviscid limit, but with the use of an external forcing term. Remarkably, the convex in-
tegration methods have been recently modified to incorporate intermittency [15,53,54, 75], producing Euler
weak solutions with a non-trivial dependence of ¢, on p, thus going beyond Hoélder regularity.

Producing weak solutions of (E) with a non-trivial lower dimensional non-negative measure D is not yet
done. However, the very recent intermittent constructions [53, 54] are going into a direction that might
tackle the sharpness of Theorem 1.1. There are reasons to believe that the results of this paper are sharp.

20 _q
What is certainly true is that the negative Besov regularity D € B é’; can not be improved. Indeed,

in [36,61] Holder continuous weak solutions with a prescribed kinetic energy with time Holder regularity

arbitrarily close to 127—"0 have been constructed. Since the derivative of the kinetic energy coincides with the

time marginal of D, by choosing a non-constant Cantor function whose derivative concentrates on a given

set with Hausdorff dimension arbitrarily close to %, we deduce that in this case D can not posses any

1

fractional regularity larger than 12_—"0 — 1, al least when p = co. Note that for the solutions constructed in
[36,61] D is only a space-time distribution, not necessarily a measure. With that being said, it would be
nice to know how sharp this is in space-time and for all values of p > 3, perhaps showing full flexibility for
Euler flows in saturating any geometrical/analytical constraint imposed by the PDE. The work [34] is also
closely related to this discussion, although imposing the additional constraint on the solution being smooth

outside the (closed) dissipative set of times.

20

An interesting feature of the regularity D € Bg’;l is that it does not seem to be possible to achieve
by showing that an approximation of D stays ﬁounded in that space. For instance, although a natural
candidate would be the viscous dissipation £ = D" + v|Vu|?, it does not seem plausible to improve the
uniform bound of Corollary 4.13. The same seems to happen with both the Duchon-Robert approximation
[43] and the Constantin—E-Titi one [24], somehow suggesting that all the available approximations do not
capture essential cancellations which however appear in the limiting object. In particular, fine dissipative
mechanism arising in the limit ¥ — 0 might stand apart from their measurements at very high, but finite,
Reynolds numbers.

On a different side than constructing solutions, there are some other recent works addressing the issue of
intermittency. For instance, an extensive “volumetric approach” has been developed in [19,20] to extract
17



information from the most energetically active parts of the flow at a given scale. This allows to analytically
define a notion of dimension and, among other things, to validate the Frisch—Parisi multifractal formalism
[51]. See also [5,6,64]. More related to the spirit of this paper are [33,35]. In particular, in [35] intermittency
for Besov solutions is deduced assuming lower dimensionality of the dissipation in the Minkowski sense, while
in [33] by means of the Hausdorff dimension but only for integrable weak solutions, thus failing in making
any non-trivial use of fractional regularity. The current paper closes the gap and finally reconciles the two
approaches.

5.4. General open sets. Although all the results in this paper are stated in the spatially periodic setting
T, we emphasize that they are all intrinsically local. Thus, they carry over any open set  C R?, of course
away from the boundary. To do that rigorously, the only thing that has to be fixed is the usual issue with
the pressure. The latter being determined only up to arbitrary time dependent functions might be in general
not enough to deduce the double pressure regularity, even if only in the interior. As shown in the lemma
below, it is enough that the spatial average of |g| has a suitable time integrability.

Lemma 5.2. Let Q C R? be open. Assume
—Agq = divdiv(u ® u) in @ x (0,T).
Let p € (2,00] and o € ( ) Ifqe L} L1 and u € LfBgoo locally, then q € L?B%"OO locally.
; £

Proof. Let U CC ) be any open set. In what follows ¢ is any fixed instant of time, picked in a full measure
subset of (0,7). Since u(t) € By ., locally inside 2, we find a divergence-free and compactly supported
a(t) € Bg ., on R? such that a(t) = u(t) on U. Let ¢ be the unique solution to

—A§ = divdiv(a ® @) in R?
decaying at infinity. By [22,23,59] and the continuity of the extension operator

~ N 2
||Q(t)||B2%ﬁoo Slla®lzg o S lu@®)lzy @)
ya pa
from which we deduce ¢ € L? B%‘TOO. Since ¢ = ¢ — ¢ + G, we are only left to prove ¢ — ¢ € L? B%‘foo locally
inside U x (0,7T). However, since (¢ — §)(t) is harmonic in U, the mean value property implies that its C}
ya
norm on compact subsets of U is bounded by the Ll norm on U. Since ¢ € L7 LL by assumption, the proof
is concluded. U

Once double pressure regularity holds, all the results in this paper can be replicated in the interior of any
open set €.

5.5. Intermittency in scalar turbulence. Let  C R? be open. Given an incompressible vector field
v:Q x (0,T) — R? consider the transport equation

0l + div(fv) =0 in Q x (0,7). (T)
The local dissipation D can be defined as

|9| 1o1” | -
5 + div =-D mD;’t

as soon as v € L:C 0 0 €Ly, with 1 + < 1. Note that, being a linear equation, weak solutions can be
obtained from weak compactness of Vamshmg diffusivity approximations. For such solutions, it follows that
D is actually a non-negative Radon measure.

Passive scalar transport is a well studied physical system, and there is a wealth of evidence for anomalous
dissipation therein [37,83]. Obukhov [76] and Corrsin [27] derived Onsager-type predictions on the requisite
degree of singularity required to see anomalous dissipation in this context. The result is, roughly, that if
o represents the fractional regularity of the velocity, the scalar cannot have regularity 8 greater than 1_7"
This was made rigorous by Eyink [45], following the works of Constantin and Procaccia [25,26]. See also
the discussion in [39]. Recently, there have been mathematical constructions of passive scalars exhibiting
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anomalous dissipation [3, 16,39, 55], even some that nearly exhibit the sharpness of the Obukhov—Corrsin
theory in Holder spaces [21,44]. The end point cases remain open. In physical situations, however, it is
widely expected that the scalar is far from monofractal, and displays anomalous scaling exponents, e.g. the
Obukhov—Corrsin theory in Hélder spaces is far from sharp and instead it holds only in an appropriate
critical class: L2 on the scalar rather than LS° if the velocity is Holder continuous. This expectation has a
great deal of numerical justification [62,83] and a theoretical one in the Kraichnan model of passive scalar
turbulence [8,52].

All of the analysis we preformed for the Euler equations can be carried over to the setting of passive scalars
and gives precise constraints on the relation between intermittency and dissipation measure. In the following
theorem we highlight the main implications of our framework, as it applies to this situation.

Theorem 5.3. Let v € LY, be a given vector field for some p € [1,00]. Let § € L}, be a weak solution to
(T) with % + 2 <1 and with local dissipation De D), ;. Set

_ 0 — 0, - 10— 6,)°
Ef = 7‘ b=
5 @ 2

and C* = (0 —0y) ((v —vg) - VO, + div RZ> ,

(v —vy), R = 00, — (Ov),

where the subscripts £ denote the space mollification. For all £ > 0, the following identity holds
—D = (8 +v,-V)E  +divQ’ + C* in Dy ;.

28

_:O locally. If in addition

T—o
ps
2p+s?

Assume that v € LYBg . and 6 € L;BS  for some 0,8 € (0,1). Then DeB

p,o0

D is a real-valued Radon measure, we also have |B| <K HY for any v > 0 such that

28 p(s—2)—s
1—o'>1_ ps (

d+1—7).

L
Note that |0]>v € L.7" and its Hélder dual is precisely et
theorem above. An immediate implication of Theorem 5.3 is the following intermittency-type statement.
Since the arguments are the same we have given for Euler, we will omit the proof.

making clear their appearance in the

Corollary 5.4. Let v € L%, be a given vector field for some p € [1,00]. Let § € L, be a weak solution

to (T) with % + % <1 and with a non-trivial local dissipation measure D concentrated on a space-time set

S with dimy S = 7. For all such p and s for which there exist oy, Bs € (0,1) such that v € LY Bphe and
0 € L; B, it must hold

5,007

20, <1_p(s—2)—s

1-o0, ps (d+1=7).

This results immediately recovers the Obukhov—Corrsin and Eyink bounds, which say that non-trivial dissi-
pation requires 3, < 1;”" for all p € [1,00], and represents a substantial refinement in case more is known
about the dissipation measure. For instance, numerical work on scalar advection by three dimensional tur-
bulent velocity fields [62] suggests that exponents saturate s3; — 1.2 as s — 0o, approximately, thus quite
far from being monofractal. We believe that constructions in the spirit of [3,16,21,39,44,55] could be made
to show the sharpness of this intermittent Obukhov—Corrsin theory.
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