
DIMENSION OF LEVEL SETS FOR RANDOM WAVELET SERIES

Consider Rn and let tψik,lu be Schwartz functions (normalized in L8) that form a wavelet
basis for L2pRnq. A function f “

ř8
k“0 c

i
k,lψ

i
k,l is a random wavelet series if the cik,l are a

sequence of (real-valued) random variables. Our function f will possess some regularity given
by a parameter α and we will denote by c̃ik,l “ 2kαcik,l. A random wavelet series is

‚ called a self-similar random process if the Ck “ tc̃ik,lui,l are identically distributed in
k P N.

‚ said to have independent increments if tc̃ik,lui,k,lPI are independent whenever the corre-
sponding tψik,lui,k,lPI have pairwise disjoint supports.

‚ said to have stationary increments if all the c̃ik,l share the same law.

1. Assumptions

Note that F̂ p0q “ 1 and }F̂ }8 “ 1. Let’s assume the following:
(1) The random wavelet series we consider have independent stationary increments and we

denote the common law shared by the c̃ik,l by F .
(2) Fourier inversion holds on F ; in particular, F, F̂ P L1 X C0.
(3) F̂ ě 0 and F̂ has “good” behaviour near the origin.
(4) There exists a c ą 0 so that for any k P N, x P Rn ther exists i, l such that |ψik,lpxq| ě c.

2. Preliminaries

Note first that ψik,lpxq “ ψip2kx`lq. Since the wavelet expansion of f is absolutely convergent
a.e., for t, s P Rn, fptq ´ fpsq “

ř

cik,lpψ
i
k,lptq ´ ψik,lpsqq and so by independence

Epeipξ1fptq´ξ2fpsqqq “
ź

Epeic
i
k,lpξ1ψ

i
k,lptq´ξ2ψi

k,lpsqq
q “:

ź

ϕik,lpt, s, ξ1, ξ2q .

By scaling,

ϕik,lpt, s, ξ1, ξ2q “ Epeic
i
k,lpξ1ψ

i
k,lptq´ξ2ψi

k,lpsqq
q “ Epeic̃

i
k,lp2

´kαξ1ψip2kt`lq´2´kαξ2ψip2ks`lqq
q

“

ˆ 8

´8

eixp2´kαξ1ψip2kt`lq´2´kαξ2ψip2ks`lqqF pxq dx

“ F̂ p2´kαpξ1ψ
ip2kt` lq ´ ξ2ψ

ip2ks` lqqq

3. A bound

We note that

|Epeipξ1fptq´ξ2fpsqqq| ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ź

2´k„|t´s|

ϕik,lpt, s, ξ1, ξ2q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

.

In this case,

ϕik,lpt, s, ξ1, ξ2q “ Epeic
i
k,lpξ1ψ

i
k,lptq´ξ2ψi

k,lpsqq
q “ Epeic̃

i
k,l2

´kαξ1ψip2kt`lq
q

“

ˆ 8

´8

eix2
´kαξ1ψip2kt`lqF pxq dx

“ F̂ p2´kαξ1ψ
ip2kt` lqq
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So we have

|Epeipξ1fptq´ξ2fpsqqq| ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ź

2´kă|t´s|ď2´k´1

F̂ p2´kαξ1ψ
ip2kt` lqqF̂ p2´kαξ2ψ

ip2ks` l1qq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Thus ˆ
|Epeipξ1fptq´ξ2fpsqqq| dξ1dξ2 ď CptqCpsq22kα À |t´ s|´2α

where Cptq “
´

|F̂ pξ1ψ
ip2kt` lqq| dξ1 „

}F̂ }L1

|ψip2kt`lq|
ă c´1}F̂ }L1 .

4. Kahane’s argument

Let δ1 : Rn Ñ r0, 1s be a smooth compactly-supported function with δ1p0q “ 1. Let δεpxq “

ε´dδ1px{εq. Write this using the Fourier transform as

δεpxq “

ˆ
γpεξqeiξx dξ .

Now consider
δεpfpxqq “

ˆ
γpεξqeiξfpxq dξ

and the measure µε :“ δεpfpxqqLn. The capacity of this measure wrt. some kernel κ is given by

Ipµε, κq “

ˆ
γpεξ1qγ̄pεξ2qeipξ1fptq´ξ2fpsqqκpt´ sq dξ1dξ2dtds

and so, its expectation is

EIpµε, κq “

ˆ
γpεξ1qγ̄pεξ2qEpeipξ1fptq´ξ2fpsqqqκpt´ sq dξ1dξ2dtds .

Thus in order to get lower bounds on the dimension, we need estimates on Epeipξ1fptq´ξ2fpsqqq.
Plugging in the estimates tells us that the above expectation is uniformly finite for κptq “ |t|´β

for any β ă n´ 2α.
As µϵpBq is bounded independent of ϵ for any ball B, we get a weakly convergent subsequence

µϵ Ñ µ. It is clear that µ is non-negative, supported on L0pfq, and that EIpµ, κq ă `8. So
we’re left to prove that µ ‰ 0 almost surely. To this end, note that for any ball B of radius 1,

PpµpBq ‰ 0q ě
pEpµpBqqq2

EpµpBq2q
.

But now

EpµϵpBqq “

ˆ
B

ˆ
γpϵξqEpeiξfpxqq dξdx “

ˆ
B

ˆ
γpϵξq

ź

F̂ p2´kαξψip2kx` lqq dξdx ě C ą 0 ,

for a constant C independent of the location of the ball B. That EpµpBq2q is bounded above
follows similarly to the computation in the previous section. So we conclude that PpµpBq ‰

0q ą 0 independent of B.
Now as µpB1piqq for i P 3Z are independent events, by the Kolmogorov 0-1 law, we conclude

that µ ‰ 0 almost surely.
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