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1 An example of solution: The method of characteristics for a
quasilinear PDE.

We solve the quasilinear first-order PDE

x2uy − ux = x2u2 cos y

subject to the condition u(0, y) = y2 for all y ∈ R.
The PDE has the form

a(x, y, u)ux + b(x, y, u)uy = c(x, y, u)

with
a(x, y, u) = −1, b(x, y, u) = x2, c(x, y, u) = x2u2 cos y.

The value of u is prescribed on the line {0}×R, which we can parametrise by γ(s) = (x0(s), y0(s)) =
(0, s), s ∈ R. Define

u(x0(s), y0(s)) = u(0, s) = s2.

Hence the initial condition is given by

Γ = {(0, s, s2) : s ∈ R}.

Now we use the Method of Characteristics:
Step 1: We need to solve

d

dt
x = −1, (1)

d

dt
y = x2, (2)

d

dt
ũ = x2ũ2 cos y, (3)

subject to the initial conditions

x(0, s) = 0, (4)

y(0, s) = s, (5)

ũ(0, s) = s2. (6)

Equations (1), (4) imply that
x(t, s) = −t.

Substituting this into equation (2) gives

d

dt
y = t2. (7)



Equations (7), (5) imply that
y(t, s) = 1

3 t
3 + s.

Substituting this into equation (6) gives

d

dt
ũ = t2 cos

(
1
3 t

3 + s
)
ũ2.

We solve this using the method of separation: since

t2 cos
(
1
3 t

3 + s
)

=
d

dt
sin
(
1
3 t

3 + s
)
,

we get

d

dt
ũ(t, s) = t2 cos

(
1
3 t

3 + s
)
ũ(t, s)2 ⇐⇒

∫ t

0

1

ũ2(τ, s)

d

dτ
ũ(τ, s) dτ =

∫ t

0
τ2 cos

(
1
3τ

3 + s
)
dτ

⇐⇒
∫ ũ(t,s)

ũ(0,s)

1

Z2
dZ = sin

(
1
3τ

3 + s
)∣∣∣t

0

⇐⇒ 1

ũ(0, s)
− 1

ũ(t, s)
= sin

(
1
3 t

3 + s
)
− sin s

⇐⇒ ũ(t, s) =
1

1
s2
− sin

(
1
3 t

3 + s
)

+ sin s

since ũ(0, s) = s2.
Step 2: We need to invert the map (t, s) 7→ (−t, 13 t

3 +s). Setting (x, y) = (−t, 13 t
3 +s) and solving

for t and s in terms of x and y gives t = −x, s = y − 1
3 t

3 = y + 1
3x

3. Therefore

t(x, y) = −x,
s(x, y) = y + 1

3x
3.

Step 3: Finally,

u(x, y) = ũ(t(x, y), s(x, y)) =
(y + 1

3x
3)2

1 + (y + 1
3x

3)2
[
sin(y + 1

3x
3)− sin y

]
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2 An example on the transversality condition

Let Ω = B1(0) be the open unit ball in R2 centred at the origin. Consider the linear PDE

uy − ux = 0 in Ω,

u = g on ∂Ω,

where g : ∂Ω → R is defined by g(x, y) = x. Show that the transversality condition fails at the

point p =
(

1√
2
, 1√

2

)
∈ ∂Ω. Are any other points of ∂Ω where it fails?

Solution: Since g(x, y) = x, we can parametrise the initial condition as

Γ(s) = (cos(s), sin(s), cos(s)), s ∈ [0, 2π).

Then the transversality condition corresponds to compute the following determinant:

det

(
−1 1
− sin(s) cos(s)

)
= − cos(s) + sin(s).

Since p corresponds to the point (cos(s), sin(s)) =
(

1√
2
, 1√

2

)
hence s = π/4, we see that the

determinant vanishes at this point.
In addition we notice that the determinant vanishes also for s = 5π/4, that corresponds to the

point
(
− 1√

2
,− 1√

2

)
∈ ∂Ω.
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