dectoe 5 94 /y0/20\3

P\GCM\ gcom dhectoce L

What sce conservstion hws 2 They ae 5 class of
Ak ordec TODIs

qoaan ’\\3

Classycah _focm of ° oongecvaj\'ton (o - U=U4) ,4
+H e vac ato\e

'\,g,w

(4 _f_‘A%Jt_,&_(B_\. ¥ =

()LGSC(\\O-\D% Yhe ewvolution o&— N conerveld

SHUIU x
; £lu) FLox , C(U) SFEED.

(@) Uy ¥ cUL =0 |, cu) = § (W

We caa apply +he Mo, C. Jo solue concvation \aws.
U’heg e A<y order, quasilinear eq ). XL w=e Pave

% Uy ¥ U= (U, Us condinuows

U (XJO) = Uo (_X\

() = (8,0, Uo(s))

ccuy A .
Treasversal iy condritXon : dex { =—q # 0 VS
- i O s
Thos wWe con sppddy Yhm 2,40 Hnstr quatentees locad

exigkehwc;e

AR YOR
Formu la Afoc e vE £ ﬁ -4 (S)KS

C(Ual)) 20O C'Ua(s)) Us

anad ,UV)\CZ\&),-@QGS,&_‘_,@(\_A SoMme T.Mme ate i

U wlwes  dhe impliat eqouation :

UK,A) = Uo (- ¢ (UXSY) | (udre Rx [0 4e)
W had /@)A@spens
Wwlotione bu+

after Time R D We con s\ Aave

we Need o celax our de&:m*‘ﬁom ol

Solotion & We iTohrodoce Hne notrion oL weal Solufien o

do o, We dedfine Hhe INTEGRAL TFORMULATI S of 2

contecNy Hioa  law



Recall of hechuxe n s 0.4

32 Mo
N b
() Séu(%,%a_) dx - S UGia)dx = -\ Sluixad)| dy

° 34— X =Ov

V QLB., Ua & Uy and §(U3 Tl ¢ TFON cT\ O\,

Weak 00X on o} (4) (or (D)) . Aek D - C_)DL e Yhe

domain of defimi¥ion of U. dek Uxd) be continwousiy
diffeceatislole  n eack T =L, . Thea  uUGaG4) s 2
we s ¥ selofion op (#) (o0 (1)) if Uk,y)  satisfies Yhe
_Q"[E\‘x\;‘\%{,,,,,?ﬁg,ﬂ (@ ar (2)) in eadn B aqd i+ satisfies
(T ) n the wWhole domain D The Wwondaries  |etween

egrons D wce corves T o (wly),g) eatle 8 Shodks.

Mocover +he shodts have +o _SoMisHU the SO catled
Ranxine - Hogoniok condition :

' (4)) = §+—k-§_‘“ (RH).‘

_ ——— ]

—_—

UT-u”

Such weal soloNons  sre alse  sald to be shodk Waves -

Good newsd : now Fhat we have the notion ot wre akc
Solofion we  don't fear discootiawities  (gheodks ) and
We  can  wse  Xhis podion Fo moded weveral sitvaxions

of inverest ( Froffic Jems | soaic boome...)

Bad cews . noth nQ s %OC Jeee. Once we celax ouc notion
of o\otion We |0os2 Hhe _ni queness C(a\uarér\-\'eeé b‘é;
T 2.40) . Theefore  we il Pave severad olotiens

Lo e same prol\e '

LTa %oc\aﬂ‘s lectue wWe W\ \eara Hhow 4o teleck the

7 hesk™  wesk Solotion do oo problem.

FRQWQF¥( H QAB‘F@HAX = O b Lhé-+(%;Wx =

(Bur%erg‘ c b ) , .S:(u) = ﬂi Llox oo %JF%QVS\@-
2



leckoe S Q4 /40/ 2043 5.4

(Seckion 22,3, 4 12 )
Congecuation  laws : +he eatropy condition.
AeA now See Some examples

Example Q.44 (PRY: Consider Hhe problem

-\

rocGers EegUAT ( AN = El Y =k Ny = "I )
uka + uux = O ~Ap \%\J\ \e .,,\.\'\ X (ONn ctu) =L ; = ) “\ |

4 Lfoc Xx<zoO
WUl & kel = - X o 02X
oL

O for Yz &

0 UoX) = )

0

aS
1l

Toitisl condition - 4

g

ince F¥he oty ah \
conditioa o) 1y

No ¥+ wmonotone
WNCreasing e

Solofion  will devetop
e &‘\n%o \ac‘.’(\% A

e %-‘—‘ﬂc.

Léc = g % e ; C (Uo(S)) = c(H))
CCUO(S))Q O C\(UOCS)’)UO‘ LS) 3 %CS\

Tre ol dadom A (X)) is ot different é/{ﬂ\e/kueﬂ’lqeles

1(0" se (o, ) C(Ho(8)) = 4- S 13 decasiig  snd we expeck
A
U To become Cl/‘xsoofvr‘. A0 OUS, atk  Fime

. g . B
= W - L{: \n g +oc(],oc.
Se (o) { CLRE ¢ I\

Se(oa)



Ul
&)

M.o.C. %, == U = xS = 1+ LHEQ >
Ay -b =4 = QU =t
0,= O  => UKy = B

We Have Hazk, oo @ « Q.= Hhe Selution &

U ) = h(3) , where (BN LS on the  dhacrackefistic

%roog/‘ﬂ (,0) . Since &K s define 4 Pecew st we have to

CONG BT A cayes .

L) Ty 22O | Fhen A |
fave equation X~ S+ ey = sy, (= =X
Tre £0ce  UX4) = A= 4 for SO0 (=D x £4 .

4. and  Ahe Chare cherisHies

W

N v - n hloe
The chacackerisric Loes Q= % L are Mhowa

N dne %o\\ow\m% {Tgurej-

b} AL Sz, dhen K2 O and dhe hace cAeristNe s have
Lo 3Fian x= S & cc%(&\ﬁ% = o . Theetoe Ux4y) = HS) =0
for Sz N L=> K=zl_. The charactkeristic \ines x=3

ove T 8(‘680 .

c) JF"\X\&A\% , _.For‘ 0O <£3 £ y +hen HS) = 4-S  and Yhe
<A

cheracteristics  Aave equation =S+ clho)d =

- <y Q—f’(’)% => 323(_(1:_‘5_1 ‘There&\“‘ﬁ

A~
W) = fY=s 4o - 4 -1 o«(x-ﬂ)); Ao [X=4) _ d-x
« K A~ <oe'ggj - oT—_;jﬂ
N 7Y L ;
e R . T Y G L

x
A% = Sk-SY 4% 2ad 3,y hay . tute  dhe {nequ;ﬁ;&% Oésso&>

The dﬂéfc\c,"{'eC‘\ S*: C 12 nel % :dw_ >2c€ S/?\Ow\n 1 N ?\h\(— .



e

7

—_—— y

g -3

At Time Qe =« thacactecistics inYecse ck .

Trom A 9= 2 Shocde (dhe black cocve ) i\l appear 10 Fhe
%(éP‘“ oL U, Jomping  from 4 4o s,
To {/'H\é +he S/%o()fc COVeE e '\m(;o&,g_ ‘he RénKlne—HuSoMO{—
condition | <o ¥ (of ® )  Satisgres |
gleg) = SWwH- fw) oy (U9 ) _ . (4-9)_ 4
U¥- = U u*r - u 2 (4-0) 2

g‘\ﬁce K\( 3) _ ;(_2)_ L we dedoce ‘\’\/‘\éA’ X 8 Q Wnear {OQC’\“IQ(\
CLAR b% dhe  (ondition Xhat Yhe $hode star¥s a2t dhe
POIh_\' (0(/‘7() we 8% :

~ . = %
K(%\—o&+§\‘:&—d) L (% &%*—Zy

Therem ( ,§<)r %7/ X W e CAN \xjr'\_\»e ‘e &0\O+‘\OJ\ —}OF U as

4 Lor X <2¥14)

ULXI‘ﬂ\ = ”K
@) 50{‘ x> K(_ﬂ)

/i‘

Note Hhoot Haie s a2 weale olotion (or oLk waue),

—

da conddosion we congtrocted  dhe  follo wing weate lotion
4 IS xé‘gjﬂe[o/o()

U(X,U}\ _ m V& ‘jé’/(f;o() Qe Tosd)

0 f %z« , g€ [o/<)
Aoap o 2 @) s, g€ [ roo)
© x> 9K) . Yye [, +o0)




P 3.
Chasackecis¥ics  20d  yhode Wone (o ’P\ﬁ\(«) ,Por Sr&

example 9 4

\

Iﬂ Jvhe next example we &e \’LOW,B% M\o\xli\r\% «)CO(‘ wealc
goloTiont  we |lowe ONIQUeness. -

Exemple Q'8 Coasvdec rnow dhne pro e

\ 4

M% X M’M - -0 AN D P)\v~,/~ %12’\"8 E{&KQ;\/{A‘ onN

@) o X £ O

Ux,0Yy= (X)) = ¥
,?;i‘ %O( O_é xX £ L

4 }Or Xz A

Qince dhie Fime  C@E)) e = 'Yz o there & 09 ceviical

time W= O where ‘the chacacterisvices inYerse A .
On +\re (,oo%(a*r%, e Ccharactrenistic duvel 2 : s
S\Yoation s called  an expansion  Wave.

The cheracter st c oL X S %\uem b%:

S for NF e

) S+ %é(_ Lo S¢€ (o oﬂ

S+ 9 Lor S=L

AXES) = s+ QHhE)

Thos, \mjechm% eacdn relakion leekween S anad K
_ X S’O(‘ «K\Sd—og X\X LOE] o)
i T
x = e o _ y o
i+3 For X\SeLoAJRv §© 2 ,&:%é O(B"%OUX~

eT
x-4 Sor %37/0((:] = %X_%Zd]’l - %XZ Uty



Since UEM) = HLs) S i g"\e\c\&

O Lor X £0O
Ux,9) = - X
’ ;§<’ T §or 02X 2 gl (s)
(c\assa cal
d_ go(s %Z %_\,OL &0\0“\'\\0‘\

ALk s now look at Hee case when d—>0 . Thea Hix)

ke comes  Hhe s—hep /func;\—mr\
O &’O(‘ X =
B (x) = % =
4 fS’O(" Xz 4
B\é ‘\’ék'\n% Yhe lotvon (L) above  and leing . A —>9

we  obYain

j O for X £°
M (x,ny =
) /76 gor O<LX ékcj Y “Inie W& &
d clacsical  solurion
A glor Xz “gj
A
—3 r u 2 X
/‘“‘? _g
U=o U=1
7 . >(
Ia  incple We cen grill £ind & ohon  with o %odc/

e caose UzO fLor x <O and U=z A Lor x> A Shoce

Yhoold e o COT e (2/(“{\\,‘5) Sé/‘\”\g{%\m% X(0)=O  ana, bé

RH ) = Uttt g
BHY ¥ 9= u M= L wch ledds 4o (W= %
2


Lauro Silini
+


There fore ane ther  sdotton woold  oe 5.6
- 0O for x £
/(/((X,‘\Q: x\

—_—

ol N

4 for o

I-g 2 C/Of\ge(\fé‘\’-\cﬂ \ay does oyt '%a\lf’, a ’l/lniqU“Q. weake SQlu_T.\OhJ
dhean o w tan we Seleck  the '(}%k\-\ oae

])eglc\\%‘«o(y\;gﬂswopy cond.Ton . /A weasl soludion ss*’\s_F% Yhe

enY (oY conda Yion 14 chaca ctetsties on\% enret Shocks ot
nwot pomandk e —E(om +hem.

This s expressed Hacoogh  +he condrtion : “:XUD Slhocke

ga‘\"&_(».% Fne eﬂ%mp\a Cond<tion 7%
c(ut) < ¥ £ ccuw)
eop v hently Ol eX'e Sw) e § s e

y\ux AOA &\‘(U\s CCU\ .

Ooe con gee Haak +he solution

0 for X =92
UG = % foc 0ex £ Y
4 %or ’XJ>"’§

S S {y the entroey condAYT on —\fri\riakkéf lhecau se t has po
WOC)/C$, while

)

) A

Q g:o(' 3
4 x

,%9( /&

cruy=u AT _ e _ do no+
, ¥ > => 4 < 2 . O f_&%ﬁ >ga~\f‘13_(,%
e c(uT) “+he Eatropy

Cond i+ion.




*'\\4:7

Chacackecisyics r ‘
Qmer%\n% M Hhe E
§hocte .

Clsssigication of lineac second ocde- POES

AS&Jm\ﬂg ’b{x% = Uygx C*HMS \;S m&.{&g Hoe case Lo u:)
Fhe tgener& llnear gecond ofdec BDE 1 YwWo nde pendent

vaciakles fHes Yhe {/orm;

LEU—] T ANy ¥ ‘Q\D’Uxu\ ¥ CU%-:S“/-\— éux + %}A"\éﬁ—\—f—l/:’—‘- =

W w\_"u
decond oCder Fecms lower ocdec
ace the leaccs MR Yecms e trns

+ CUgq s Mso ar 4 Princapad pacY becasse

DUxx * 2bUu,
J
of +he PDE  is dekecmined by a,b and

the kelRavicoe

c .

Remarle : a=2a(xa), 5=509%), c=Cc(x1) becoote we are

S*u&tﬁing LINEAR Se cond ocderc ©XTs |

being  able to properly  classif

'\nues*lagyk—e_ AMows LS o choore
+he PUC .

one T
CcCaN \tre

As we Areade saxd

dve PE we wWighh o
(L Woexisys) ) Yo tacdk le

+ne  colrect coeod
Ao &

Knowing  Foe 7FU0e™ o1 the equakion
¥ Mhe eleveanlr metho da 4o Solve .‘*_/ W ki ch
qd\*e d/ig,g e ny cke (J@c\&L f\% on e —\'\dpe O—k Ihe ech)C\'\Q(\.



goo gobélo\\ﬁ eaccundec d  coalec Seckions and 5.3

gquadratic £ormS i dn are  osuali g chassified

(Yo  pacsleolic | ofipiic anmd huypecioolic based ©n
Yoe  discamicant B - s ac e ame can be @;e
foo & Second ocdec BT ok o %\gﬁnm¥

C\&&&\%Ic&ﬂ@n : %\\sen 3 point (X5,Y%) conuder Fhe vaks
SCL) (xo,940) = bY (x0/30) — 2 (%e,90) ¢ (X0, %0) . AT dbe poim
(KXo M) o e s aid Ao bes
Ay pecbolic S L) (keyng) =0

pafarolic & CL) oy 9e) = o
elliptic o S (ke 90y ¢ ©

Remar\c T QUoace Jhece 18 dhe coovention  Hnak Hhe X9
feron T Qv Ihen e discrimainant becomes

@\3)1—' LAdC = 4&;1_30) and  the L Cen he
Qeo pee d .

\ocat p(\ope(“‘k"é

Rerac V@ Tt s classification 38 2
ity coosant

often SV dy  TDES \ =
classi §h caxion S %Ao .

NN <

howeve r we will
cpegg‘\ciem%s wheee +the

Conddec  tbhe QDO\\OW\(\%

E xarple

Toe wave equakion Uy —Usy =0 s pecloo L &
weread  of (%))

s parateotic

(we w5 vadakles (X, €D

The esk eqUusFion Up —Uyy =

. The ?,\?P\%_C,@_A eguation Usex + Ugg = O 1S esliptic.

(here we o5 9 adendedl 2 spakiak \/&ﬁcﬂo\eg)



g}ml\ér\% Fo  wih at Y\appﬁ’ng wivh s cond oCder

_—

5.8
Mgebeic equakrons | we can s & Ocadegenerake _
faangs.. *faméi‘o\gefﬁ 4o w doce +he eqoayho«\ Yo & simples
%ocm

Change ol Coocdinakes

(%) = (3) = (3, 7(x4))
coocAndk es

A Fcaasformation

~

1 calle & 2 change o
nNeaC > ()Qh\ﬁ’b (yo,\&o) ‘\‘g

det ( 93 9%3> -
%7 0,1

|

bﬁ\j)‘—‘ ()‘o ,‘ﬁo)

Fack @ 264d

ocdec  POE s caa

e /\’(aﬂS/?orme.A W the
celle A

Canpoqnl cal form o oS C/ham%a o coo camakes
U(%I‘A) —> \)(/(S,”Z} = W ('S(’XI%)J WZ,UZ;%X‘)

These a® +he canony cal Lorms

_ H‘apecbo\lc : \W_S"L_,* d W, + e W

3 q v 5 W= 9
~ Pacabolic . w;; s Tw, v €W, o Fwo= 8
= - 1 g\){] -\_ NW =~
- E\\\P“’\C 33 3 \)Q,'2 J; \)US + € n ,S: 8
L 2 Lzo
= O = .
Cxample : CQI\S\A8(‘ toe wave eq. Uy - Clxx P
het ws  vse  dhe -l’()m&,?o(‘moﬁ
. we wil see NS .
S= xw+ck Cormpu 4 aXioa qexkt weelc.
7= X-ck

This %wes U

Ulr k)= WEM) - w(y*c’c,%—cl:),\)\ugglng
b tato  dhe  wave eq. guves |
«Jidit -—1407' wie
Uy - Uy = = LW =0 oy dividing by 9ok

o Y :
S’*L o which (s dhe canonlical o0 Lo D/\‘gfe‘,,,*ﬁ-fﬂq



