D-MATH Analysis 3 ETH Ziirich
Prof. M. Iacobelli Mock Exam HS 2025

1. Multiple Choice A One correct answer each.

(a) State the order and the linearity or type of nonlinearity for the following PDE:

LUy + Uyy + vty = sin(x).
(O Second order, linear.
(O Second order, non linear, It is quasilinear.
(O Second order, nonlinear, it is not quasilinear.
(O First order, nonlinear, it is quasilinear.
(b) The PDE (1 + %)ty — 2ugy + tyy = 0 is
(O everywhere elliptic.
(O parabolic on the y-axis.
(O hyperbolic for large x.
(O everywhere hyperbolic.

(c) Let u be a solution to u; + 3u, = u. Along the characteristic lines z — 3t =

(O w is constant.

(O wu grows exponentially with time.
(O wu decays to zero.

(O w is a linear function of ¢.

(d) Identify the flux function f for the conservation law u; + cos?(u)u, = 0.
O [f(u) = sin®(u).

f(u) = $u+ 1sin(2u).
f(u) = =3 cos®(u).
f(u) = cos?(u).

k:
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2. Multiple Choice B One correct answer each.

(a) Consider the equation u; + uu, = 0. Which one of the following weak solutions
satisfy the entropy condition?

R v
o=t 1]
0=y 135
CRCUR M

(b) Consider the Neumann problem on the unit disk D = {(z,y) : 22 + y* < 1}

Au=8r?>+a in D,
o,u =2 on 0D.

For which value of the constant « is this problem solvable?

O a=0.
O a=1.
O a=2.
O a=4.

(c) For which values of a € R there exists a local solution for
(1 —e")zu, + yu, = xy + 2sinh(u),
in a neighbourhood of the circle C' := {z* + y* = 1}, so that u|¢c = a?
O Ya eR.
O a#0.

O a<.
O a>0.
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3. Boxes

(a) Let u(z,y) be a harmonic function in the disk D = {(z,y) : 2* + y?> < 9}. The
boundary values on the circle 0D are given by:

u(z,y) = 20> +sin(y) +5 for 2° +y* = 9.

Compute the value of u at the origin, u(0, 0).

(b) Let uy = Uz on R u(x,0) = 0, uy(x,0) = sin?*?(x). Compute the value of
(20267, 10).

(c) Let u(x,t) satisfy the heat equation u; —3u,, = 0 on the domain D = [0,4] x [0, 3].
The initial and boundary conditions are given by:

u(z,0) = =222 +8x+5 for x € [0,4],
u(0,t) =5+ 2t for ¢t € [0, 3],
u(4,t) =5+t for t € [0, 3].

Find the global maximum of « on the closed domain D.
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(d) Consider the one dimensional, homogeneous wave equation

U — 4y, =0, (z,t) € R x (0, 4+00),
u(z,0) = f(z), = €R,
u(z,0) =0, r € R,

where f(xz) =1 —|z|if |z| <1 and f(x) = 0 otherwise. Determine the set of points
in the (z,t) plane where the solution u is not continuously differentiable (C).
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4.  Consider the following problem.

U — Ugg = 0, (x,t) € (0,7) x (0,00),
u(0,t) = 0, t € (0,00),

u(m, t) = 4t, t € (0,00),

u(x,0) = 5sin(2x), = € [0,7],

u(z,0) =0, x € [0, 7).

(a) Find a simple function v(x,t) linear in x that satisfies the boundary conditions
v(0,t) = 0 and v(m,t) = 4t.

(b) Define w(x,t) := u(x,t) — v(x,t). Derive the Initial Boundary Value Problem
satisfied by w(x,t).

(c) Solve the problem for w(x,t) using separation of variables.

Hint: you may use the identity x = f 2(=1)"*tsin(nx)

n=1

(d) Combine the results to state the final explicit formula for u(z,t).
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5.

Let a > 0 be a constant parameter. Consider the conservation law:

uy + (u—au?), =0, zeR, y>0,
u(z,0) = h(x), x € R,

where the initial data is an increasing ramp:

0 ifx<0,
hzr)=qz if0<x<1,
1 ifx>1.

(a) Identify the characteristic speed c(u). Determine the characteristic lines x(t, s)
originating from z(0, s) = s.

(b) Compute the critical time y. at which the classical solution breaks down.
(c) Find the explicit formula for the classical solution u(z,y) for 0 < y < y..

(d) Determine the explicit weak solution for y > y.. Calculate the shock speed and
the shock trajectory z4(y).

(e) Check the Lax Entropy Condition for the shock wave found in part (e). Explain
why a shock forms here despite the initial data being increasing (contrast this with
the standard Burgers’ equation).
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6. Consider the unit disk D := {(x,y) € R?: 22 + ¢y*> < 1}. Let u € C?(D) N C(D)
be the solution to the Laplace equation:

Au(z,y) =0, in D,
u(z,y) = g(r,y), on dD.

(a) Suppose g(z,y) = 227

i. Find the exact value of u(2,0).
Hint: Find a harmonic polynomial of degree 2 that matches the boundary data.

ii. Determine minp u.

(b) Suppose now that g is any continuous function such that g(x,y) < 22?2 for all
(x,y) € 0D.

i. Prove that u(1,0) < 2.

ii. Suppose further that u(%, 0) = 2. Show that this implies g(z, y) = 22% everywhere
on the boundary.



