D-MATH Analysis 3 ETH Ziirich
Prof. M. Iacobelli Exam Solutions HS 2025

1. Multiple Choice A One correct answer each.

(a) State the order and the linearity or type of nonlinearity for the following PDE:
LUy + Uyy + vty = sin(x).

(O Second order, linear.
X Second order, quasilinear.
(O Second order, nonlinear.
(O First order, nonlinear.
(b) The PDE (1 + %)ty — 2ugy + tyy = 0 is
(O everywhere elliptic.
X parabolic on the y-axis.
(O hyperbolic for large x.
(O everywhere hyperbolic.
SOL: § = —42?> =0 if z = 0.
(c) Let u be a solution to u; + 3u, = u. Along the characteristic lines x — 3t = s:
(O wu is constant.
X wu grows exponentially with time.
(O wu decays to zero.
(O w is a linear function of ¢.

SOL: Fix s € R.Along the characteristic t — z(t, s) = s+ 3t we have u(x,t) = u(t, s),
where u(t, s) satisfy the ODE

d . _
%u(t, s) = u(t, s).

Therefore a(t, s) = e'ug(s).
(d) Identify the flux function f for the conservation law u; + cos?(u)u, = 0.
O f(u) = sin*(u).
X f(u) = ju+ §sin(2u).
O Flu) = —4 cos*(u).
O [f(u) = cos*(u).

SOL: Integrate cos? u = 1tcos2u

2
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2. Multiple Choice B One correct answer each.

(a) Consider the equation u; + uu, = 0. Which one of the following weak solutions
satisfy the entropy condition?

2 x <2t
4 x> 2

O u(zx,t) = {

-2 <0
u(x,t) =
O u(z,?) {2 x>0
4 < 3t
X u(z,t) = ’
2 >3t
1 =<2t
u(xr,t) =
O ulz,t) {3 T > 2t

SOL: It is sufficient to check
u_ > > uy,

where ~/(t) is the slope of the discontinuity curve v(t), uy is the value of u on the
right of the curve and u_ is the value of u on the left.

(b) Consider the Neumann problem on the unit disk D = {(z,y) : 22 + y* < 1}:

Au=8x*>+a in D,
o,u =2 on 0D.

For which value of the constant « is this problem solvable?

O a=0.
O a=1.
X a=2.
O a=4.
SOL:

We apply the compatibility condition [, (822 4+ a) dzdy = [, 2ds.

a) The flux is constant 2 over the unit circle (perimeter 27).

RHS = 4~.
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b) We integrate 8z 4+ a over the unit disk using polar coordinates (x = r cosf).
2 rl
LHS = / / (87 cos? O + a)r drdf
o Jo

2m 1
= / U (8% cos® 0 + ar)dr} do
o Lo
2

- 7”4 1 7“2 1
/ 8 [] cos’ O+ « [] do
0 4 0 2 0

27 a
= cos” 0 + — .
/ (2cos? 0 + 2)db

0 2

Using JZ™ cos? 0df =

LHS = (2 + «).

Equating LHS and RHS: 7(2+a) =4r = 2+a=4 = a=2.

(c) For which values of o € R there exists a local solution for
(1 —e")zu, + yu, = xy + 2sinh(u),

in a neighbourhood of the circle C':= {z? + y* = 1}, so that u|¢c = a?
O Va e R.
O a#0.
X a<0.
O a>0.
SOL: We can check the transversality condition

ot P’f Zlg] B l(l —e%)cos(s) sin(s)| _ 1 — e cos?(s).
lt=0

by o N —sin(s) cos(s)
Since for s = /2 we have 1 — e® cos?(m/2) = 1 > 0, the transversality condition is
satisfied if and only if 1 — e* cos?(s) > 0 for any s. The minimum is obtained for
s =0, and it is 1 — e®*. Now, 1 — e®* > 0 if and only if a < 0.
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3. Boxes

(a) Let u(z,y) be a harmonic function in the disk D = {(z,y) : *> + y*> < 9}. The
boundary values on the circle 9D are given by:

u(z,y) = 20 +sin(y) +5 for 2% +5* = 9.

Compute the value of u at the origin, u(0,0).

u(0,0)=14

SOL: By the Mean Value Property, u(0,0) is the average of u over the boundary
circle of radius R = 3.

u(0,0) = (22? + sin(y) + 5) ds.

2mR Jop

We evaluate the average of each term separately:
a) Average of constant 5: The average is simply 5.

b) Average of sin(y): sin is odd and 0D is symmetric, then the integral of sin(y) is
0.

c) Average of 2z2: On the boundary, 2 + y? = 9. By symmetry, the average of x?
is equal to the average of y?. Thus,

1 1 1 1 1
27/ 24J“24f 2:7/ 24 ds=— [ 9=09.
o an o an +67r (')Dy o an Tty as 6 Jop

Summing the contributions: u(0,0) =940+ 5 = 14.
(b) Let uy = g on R. u(x,0) =0, uy(x,0) = sin?*?(x). Value of u(20267, 10).
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SOL: u is given by D’Alembert. Initial data are odd and 27-periodic functions of
x. Then the solution remains odd and 27-periodic in x. u(0,¢) = 0 for all ¢ and
u(20267,10) = u(0 + (27)1013,10) = u(0, 10).

(c) Let u(x,t) satisfy the heat equation u; —3u,, = 0 on the domain D = [0,4] x [0, 3].
The initial and boundary conditions are given by:

u(z,0) = =222 +8x+5 for x € [0,4],
u(0,t) =5+ 2t for ¢t € [0, 3],
u(4,t) =5+t for t € [0, 3].

Find the global maximum of « on the closed domain D.

maxpu = 13

SOL: By the Parabolic Maximum Principle, the global maximum occurs on the
parabolic boundary I'r = ([0, 4] x {0}) U ({0} x [0,3]) U ({4} x [0, 3]). We evaluate
the maximum on each part:

o Initial Data (t = 0): h(z) = —22° + 8z +5. h'(z) = 42 +8=0 = = = 2.
The value at the vertex is h(2) = 13.

o Left Boundary (z = 0): ¢1(t) = 5+ 2¢t. This is increasing on [0, 3]. Max is

« Right Boundary (x = 4): go(t) = 5+ t. This is increasing on [0,3]. Max is

Comparing the candidates {13, 11, 8}, the global maximum is 13.

(d) Consider the one dimensional, homogeneous wave equation

U — Az, =0, (2,t) € R x (0, +00),
u(z,0) = f(z), zeR,
u(z,0) =0, z € R,

where f(z) =1— |z| if |z| < 1 and f(x) = 0 otherwise. Determine the set of points
in the (z,t) plane where the solution u is not continuously differentiable (C).
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{r—=2t=0}U{x+2t=0}U{x —2t =+1} U{x+ 2t = +1}

SOL: The wave speed is ¢ = v/4 = 2. The regularity of the solution is determined by
the regularity of the initial data. Singularities travel along characteristics x & ct = .

We analyze the initial data f(x) (the "hat function'):
« f(z) is continuous everywhere.
« However, f'(z) is discontinuous at three points:
a) x = —1 (derivative jumps from 0 to 1)
b) = = 0 (derivative jumps from 1 to -1)
c) x =1 (derivative jumps from -1 to 0)

Therefore, the singularities of the derivative propagate along the characteristics
starting from these three points.
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4.  Consider the following problem.

Uy — Uz = 0, (xz,t) € (0,7) x (0,00),
u(0,t) =0, t € (0, 00),

u(m, t) = 4t, t € (0,00),

u(x,0) = 5sin(2x), = € [0, 7],

u(z,0) =0, z € [0, 7).

(a) Find a simple function v(z,t) linear in x that satisfies the boundary conditions
v(0,t) = 0 and v(m,t) = 4t.

(b) Define w(z,t) := u(x,t) — v(z,t). Derive the Initial Boundary Value Problem
satisfied by w(z,t).

(c) Solve the problem for w(x,t) using separation of variables.

Hint: you may use the identity x = ioj 2(—1)"*tsin(nx)

n=1

(d) Combine the results to state the final explicit formula for u(z,t).
SOL:

(a) We look for a function linear in x that interpolates the boundary values. Since
u(m,t) = 4t, we try v(z,t) = 2¢. Check:

« v(0,t) =0. (Matches)
« o(m,t) = =t = 4t. (Matches)
Thus, v(z,t) = 2t
(b) Let w =u—v. PDE:
Wit — Wye = (utt - uxx) - (Utt - U:ca;)-

We know uy — ug, = 0. For v(z,t) = 479”25, we have vy = 0 and v,, = 0. Thus,
wy — Wz = 0. (The PDE remains homogeneous).

Boundary Conditions
w(0,t) =u(0,t) —v(0,) =0—0=0.
w(m,t) =u(m,t) —v(m, t) =4t — 4t = 0.

Initial Conditions:
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« Position: w(x,0) = u(z,0) — v(z,0) = 5sin(2z) — (4% : O) = 5sin(2z).
« Velocity: First compute v;(z,t) = 2£.

4x 4x
0) = we(z,0) — vy(2,0) =0 — — = ——
wy(z,0) = w(x,0) — vy, 0) - -

Summary for w:

Wyt — Wee = 0,
w(0,t) = w(m,t) =0,
w(z,0) = 5sin(2x),

wy(x,0) = —471.

(c) The general solution for Dirichlet boundaries on (0, 7) is

= > [A, cos(nt) + B, sin(nt)] sin(nz).
n=1

Initial Position:
0) = > A,sin(nz) = 5sin(2z).
By inspection:

Ay =5, A, =0 forn #2.

Initial Velocity:

=> nB,sin(nz)=—-——=>_.

Using the Hint, we have

4x 8
T mr( )" sin(nz)

Matching the coefficients we get

8
B, = —(—-1)"
n mT( )
Solve for B
8 n
n= (=1
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(d) Substitute A,, B, and v(z,t) back into u(z,t) = v(x,t) + w(x,t).

8(=1)"

n2m

u(z,t) = iyt + 5 cos(2t) sin(2z) + 2 l Sin(nt)l sin(nx).
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5.

Let a > 0 be a constant parameter. Consider the conservation law:

uy, + (u—au?), =0, zeR, y>0,
u(z,0) = h(x), z € R,

where the initial data is an increasing ramp:

0 ifx<0,
hzr)=qz if0<x<1,
1 ifx>1.

(a) Identify the characteristic speed c(u). Determine the characteristic lines x(t, s)
originating from z(0, s) = s.

(b) Compute the critical time y. at which the classical solution breaks down.
(c) Find the explicit formula for the classical solution u(z,y) for 0 <y < y..

(d) Determine the explicit weak solution for y > y.. Calculate the shock speed and
the shock trajectory x(y).

(e) Check the Lax Entropy Condition for the shock wave found in part (e). Explain
why a shock forms here despite the initial data being increasing (contrast this with
the standard Burgers’ equation).

SOL:

(a) The PDE is u, + (f(u)), = 0 with flux f(u) = u — au?®. The characteristic speed
Is:

c(u) = f'(u) =1 —2au.

In order to determine the characteristics The characteristic lines are given by z(y, s) =
s+ c(h(s))y. We need to distinguish between three regions.

e Region 1 (s <0): h(s) =0 = ¢(0) =1. Lines: x = s +y.
e Region 3 (s> 1): h(s) =1 = ¢(1) =1 — 2a. Lines: 2 = s+ (1 — 2a)y.

e« Region 2 (0 < s < 1): h(s) =s = c(h(s)) = 1 — 2as. Lines: x =
s+ (1 —2as)y

10/15



D-MATH Analysis 3 ETH Ziirich
Prof. M. Iacobelli Exam Solutions HS 2025

(b) We use the formula

1 d

ye = inf{—— : £c(h(s)) < 0}.

asC(h(s))
We have £¢(h(s)) < 0 just in the region 0 < s < 1, and in this case £c(h(s)) = —20v.
Then we have
1
Ye = o0

(c) Since we have a conservation law, we have u(z,y) = u(t,s) = h(s) along the
characteristic lines. We invert the characteristic relation in the three regions:

« Region 1 (s < 0): Lines: x = s+y. Valid for x <y. h(s) =0 = solution
u=0.

e Region 3 (s > 1): Lines: z = s+ (1 — 2a)y. Valid for x > 1 + (1 — 2a)y.
h(s) =1 = solution u = 1.

« Region 2 (0 < s <1): Invert z = s(1 — 2ay) +y to find s:

r—y

5 = .
1 —2ay

Solution u(x,y) = h(s) = s.

Thus, for y < y,.:

0 x <y,
w@,y) =15 y<z<l+(l-2a)y,
1 r>14(1-2a)y.

(d) At y. = 1/2a, the characteristics from the interval [0, 1] focus at a single point.
The left boundary characteristic is © = y. At y.: z. = 1/2a. The right boundary
characteristic is o = 14 (1 — 2a)y. At ye: e =14 (1 —2a)5 =1+ 5= —1=1/20.
Perfect focusing occurs at (2, y.) = (55, 5=)- For y > y., a shock forms connecting
u_ =0 (left state) and u; = 1 (right state).

Shock Speed (Rankine-Hugoniot):

o Sus) = flur) _ fO) = f(1) _0-(1-0q)

=1—a.
U_ — Ug 0-1 -1 “
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The shock trajectory starts at ( with slope 1 — a:

1 1
% 2a)

r() =5+ =) (y=5- )

2a 2a
Simplifying:

:cs(y)z(l—oz)er;a—12_aa=(1—oz)y+1_(1_®=(1—a)y+;

Global weak solution for y > y.:

(e) For a shock to be stable, characteristic speeds must satisfy c(u_) > o’ > c(u4).
Here u_ =0 and u; = 1.

cluy) =c¢(l) =1-2a.
o'=1-a.
We check the inequality:
1>1—-a>1-2a.
Subtracting 1:
0> —a > —2a.

Since a > 0, this inequality holds true. Explanation: In standard Burgers’ (f(u) =
u?/2), f"(u) > 0, so c(u) is increasing. An increasing profile (0 — 1) would im-
ply c(u_) < c(uy), leading to a rarefaction. However, here f(u) = u — au? is
concave (f”(u) < 0). This means c(u) is decreasing. Higher values of u move
slower. Thus, the faster characteristics from the left (v = 0) overtake the slower

ones from the right (u = 1), causing a shock despite the profile being increasing.
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Shock z4(y)

Yo b -mmmm o .

. !
QINPress10n
|

u=00 " 1lu=1%Tc

Figure 1: Characteristics for u, + (u — au?), = 0. The concave flux causes character-
istics to converge, forming a shock at y.. In the figure we chose the value
o =

PNy
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6. Consider the unit disk D := {(x,y) € R?: 22 + ¢y*> < 1}. Let u € C*(D) N C(D)
be the solution to the Laplace equation:

Au(z,y) =0, in D,
u(z,y) = g(z,y), ondD.

(a) Suppose g(x,y) = 222

i. Find the exact value of u(3,0).
Hint: Find a harmonic polynomial of degree 2 that matches the boundary data.

ii. Determine minp u.

(b) Suppose now that g is any continuous function such that g(z,y) < 222 for all
(z,y) € OD.

i. Prove that u(%,O) < %.

ii. Suppose further that u(%, 0) = %. Show that this implies g(z, y) = 2% everywhere
on the boundary.

SOL:

(a) i. We cannot use the Mean Value Principle because (1,0) is not the center.

We must find the explicit solution. We look for a harmonic function v(z,y) such
that v = 222 on the unit circle (z* + y* = 1). On the boundary, we can write:

207 =2+ (1 —yY) =2 —¢y* + L.
The function v(z,y) = 22 — 3> + 1 is harmonic because:
Av = Opp(7?) — 0y (y*) + 0 =2 -2 = 0.

Since v matches the boundary data g, by uniqueness, u(z,y) = z* — y* + 1.
Evaluating at (1,0):

(1 0>—<1>2 Prl=tg1=
“\27) T2 Ta Ty

ii. By the Minimum Principle, the minimum is attained on the boundary. We
minimize g(x,y) = 2z? subject to 22 + y? = 1. Since z € [—1, 1], the minimum

of 222 is at x = 0.

min v = min 222 = 0.
D oD
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(b) i Let v(z,y) = 2> — y* + 1 be the harmonic function constructed in part (a).
On the boundary 9D, we are given g(z,y) < 22?. We verified in part (a) that
v(z,y) = 222 on the boundary. Thus:

u(z,y) <v(x,y) on dD.

Let w = u —v. Then w is harmonic and w < 0 on dD. By the Maximum
Principle, w < 0 everywhere in D.

(9)=2(39) =1
u2, <w 50 =7

ii. We are given u(%,0) = 2. This implies w(3,0) = u(3,0) —v(3,0) =2 -2 =0.
We know w < 0 everywhere in D. Since the harmonic function w attains its
maximum value (0) at an interior point (1,0), the Strong Maximum Principle

applies. Therefore, w must be constant everywhere in D:
w(r,y) =0 = u(z,y) =v(x,y) in D.
Restricting this equality to the boundary:

g(z,y) = v(z,y)|op = 22°.
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