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8.1. Separation of Variables Problem Set

Solve the following equations using the method of separation of variables and super-
position principle. To do so, write first a general solution solving the problem with
boundary conditions, and then impose the initial values.

(a) Heat Equation with Dirichlet BCs
ut − 4uxx = 0, (x, t) ∈ (0, 2π) × (0, ∞),

u(0, t) = 0, t ∈ (0, ∞),
u(2π, t) = 0, t ∈ (0, ∞),
u(x, 0) = 3 sin

(
x
2

)
− sin(2x), x ∈ [0, 2π].

(b) Wave Equation with Dirichlet BCs

utt − uxx = 0, (x, t) ∈ (0, π) × (0, ∞),
u(0, t) = 0, t ∈ (0, ∞),
u(π, t) = 0, t ∈ (0, ∞),
u(x, 0) = 2 sin(3x), x ∈ [0, π],

ut(x, 0) = 4 sin(x) cos(x), x ∈ [0, π].

Hint: recall that sin(2x) = 2 sin(x) cos(x).

(c) Heat Equation with Neumann BCs


ut − 9uxx = 0, (x, t) ∈ (0, π) × (0, ∞),
ux(0, t) = 0, t ∈ (0, ∞),
ux(π, t) = 0, t ∈ (0, ∞),
u(x, 0) = 7 − cos(2x) + 3 cos(4x), x ∈ [0, π].

(d) Wave Equation with Neumann BCs

utt − uxx = 0, (x, t) ∈ (0, π) × (0, ∞),
ux(0, t) = 0, t ∈ (0, ∞),
ux(π, t) = 0, t ∈ (0, ∞),
u(x, 0) = cos(12x), x ∈ [0, π],

ut(x, 0) = 3 cos(2x) + cos(x), x ∈ [0, π].

8.2. Multiple choice Cross the correct answer(s).
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(a) Let u be solution of the heat equation
ut − kuxx = 0, (x, t) ∈ (0, L) × (0, ∞),
u(0, t) = u(L, t) = 0, t > 0,

u(x, 0) = f(x), x ∈ (0, L).

for f ∈ C∞(0, T ). Then, for all a > 0

⃝ limt→+∞
∫ L

0 u(x, t)2 dx = +∞

⃝ limt→+∞
∫ L

0 u(x, t)2 dx = 0

⃝ limt→+∞ ta
∫ L

0 u(x, t)2 dx = 0

⃝ limt→+∞ ta
∫ L

0 u(x, t)2 dx = +∞

(b) Consider the periodic homogeneous wave equation
utt − 4uxx = 0, (x, t) ∈ [0, 1] × [0, +∞)
ux(0, t) = ux(1, t) = 0, t > 0,

u(x, 0) = 1 + 2021 cos(2πx), x ∈ [0, 1],
ut(x, 0) = cos(40πx), x ∈ [0, 1].

Then, for a fixed point x̄ ∈ [0, 1], the function t 7→ u(x̄, t) has period

⃝ 1/40

⃝ 2π

⃝ 1/2

⃝ π
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