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12.1. Compatibility condition

Consider the following Neumann problem for 0 < x, y < π:
∆u = 0, for 0 < x, y < π,

uy(x, π) = 2 cos(x) + k, for 0 < x < π,
uy(x, 0) = cos(x), for 0 < x < π,

ux(0, y) = ux(π, y) = 0, for 0 < y < π.

Find all values of k ∈ R for which the problem admits a solution.

12.2. Separation of variables with Neumann sides

Find the solution to the following problem, posed for 0 < x < π and 0 < y < 2.
∆u = 0, for 0 < x < π, 0 < y < 2,

ux(0, y) = ux(π, y) = 0, for 0 < y < 2,
u(x, 0) = 0, for 0 ≤ x ≤ π,
u(x, 2) = 5 + cos(3x), for 0 ≤ x ≤ π.

Follow the method of separation of variables u(x, y) = X(x)Y (y).

12.3. Flux balancing via Auxiliary Polynomial

Consider the Neumann boundary problem for the Laplace equation on the square
(0, π)2: 

∆u = 0, for 0 < x, y < π,
ux(0, y) = 0, for 0 < y < π,
ux(π, y) = y, for 0 < y < π,
uy(x, 0) = 0, for 0 < x < π,
uy(x, π) = −x, for 0 < x < π.

(a) Show that this problem satisfies the compatibility condition.

(b) We define an auxiliary function v = u+a(x2−y2) for a constant a ∈ R. Determine
the boundary value problem satisfied by v (express the new boundary conditions in
terms of a).

(c) We wish to split the problem for v into two sub-problems: one where the Neumann
data is non-zero only on the vertical sides (x = 0, π), and one where it is non-zero only
on the horizontal sides (y = 0, π). Find the value of a such that both sub-problems
satisfy the compatibility condition (zero total flux).
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12.4. Laplace operator and rotations

For any θ ∈ [0, 2π] let Rθ : R2 → R2 be the rotation of the plan by θ radians given by
the matrix

Rθ :=
[
cos(θ) − sin(θ)
sin(θ) cos(θ)

]
.

(a) Show that the Laplace operator ∆ : u 7→ uxx + uyy is invariant under the change
of variables (s, t) := Rθ · (x, y) in the following sense: expressing u = u(x, y) ∈ C2 in
the varaibles (s, t) as v(s, t) := u(x(s, t), y(s, t)), we have that

∆v(s, t) = vss(s, t) + vtt(s, t) = uxx(x(s, t), y(s, t)) + uyy(x(s, t), y(s, t))
= ∆u(x(s, t), y(s, t)).

(b) Use the previous point to conclude that now we are able to solve the Laplace
equation ∆u = 0 in any arbitrary rectangle of R2 with Dirichlet/Neumann boundary
conditions (under the usual compatibility/smoothness assumptions).

12.5. Laplace equation in polar coordinates Consider the Dirichlet problem for
the Laplace equation on a disk of radius 2. Find the solution to

∆u = 0, 0 ≤ r < 2, −π ≤ θ ≤ π

u(2, θ) = 4 + 3 sin(3θ) − 2 cos(5θ)
(1)
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