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1. Multiple choice questions.

Cross the unique correct answer.

(a) State the order and the linearity or type of nonlinearity for the following PDE:
∆(u3 + u) = 5u2.

□ Second order, nonlinear. It is not quasilinear.

x Second order, nonlinear. It is quasilinear.

□ First order, linear.

□ First order, nonlinear. It is not quasilinear.

SOL: This PDE is equivalent to 6u|∇u|2 + (1 + 3u2)∆u = 5u2. Dividing both sides
by (1 + 3u2) > 0 we get ∆u = (5u2 − 6u|∇u|2)/(1 + 3u2).

(b) State the order and the linearity or type of nonlinearity for the following PDE:
cos(x − y)

(
u − uxxy

)
= 5ux − 4 sin(x)uy + 12.

□ Second order, nonlinear. It is not quasilinear.

□ Third order, nonlinear. It is quasilinear.

□ Second order, linear.

x Third order, linear.

(c) For which function f : R → R is the following second order linear PDE

1
4f(x)uxx + uxy + f(x)uyy − f 2(x)yuy = u

everywhere elliptic?

□ f(x) = sin(x).

x f(x) = sin(x) + 3.

□ f(x) = 1
2 sin(x).

□ f(x) = 1.

SOL: δ = b2 − ac = 1
4 − 1

4f(x)2. The PDE is elliptic if δ < 0, that is f(x)2 − 1 > 0.
This is the case if f(x) = sin(x) + 3.
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(d) Let u : [0, 1] × [0, +∞) → R be a solution of the heat equation
ut − uxx = 0, in (0, 1) × (0, +∞),
u(0, t) = u(1, t) = e−t sin(t), for t ≥ 0,

u(x, 0) = 5x(1 − x), for x ∈ [0, 1].

What is the maximum of u?

x 5/4.

□ 1.

□ 0.

□ +∞ (that is, u is unbounded).

(e) By the transversality condition, the PDE(u − y)ux + (x − y)uy = 42u2, (x, y) ∈ R2,

u(0, y) = y2, y ∈ R,

admits

□ a global solution.

□ a local solution for (x, y) ̸= (0, −1).

x a local solution for y ̸∈ {(0, 0), (0, 1)}.

□ no solutions at all.

SOL: Here, a(x, y, u) = u−y and b(x, y, u) = x−y. The initial curve is parametrized
by Γ(s) = (0, s, s2). We can check the transversality condition

det
[

dx
dt

dy
dt

dx
ds

dy
ds

]
=

[
s2 − s −s

0 1

]
= s(s − 1),

which is not zero if s = y ̸∈ {0, 1}.

(f) Denote with D = {(x, y) ∈ R2 : x2 + y2 < 1} the (open) unit disk. For which
value of c is the PDE∆u = y2 + c, in D,

∂νu = x, on ∂D,

solvable?
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□ c = 1
2 .

□ c = 0.

x c = −1
4 .

□ c = −π
8 .

SOL: We have to check the compatibility condition
∫

D ∆u dA =
∫

∂D ∂νu dl. Here,∫
D

(y2 + c) dA =
∫

∂D
x dl = 0,

and therefore, we can compute in polar coordinates

πc = −
∫

D
y2 dA = −

∫ 1

0
r

∫ 2π

0
(r sin(θ))2 dθ dr = −

∫ 1

0
r3

∫ 2π

0
sin(θ)2 dθ dr

= −1
4

∫ 2π

0
sin2(θ) dθ = −π

4 .

(g) Let u be the weak solution of
uy + (αu − u2)ux = 0, in (x, y) ∈ R × (0, +∞),
u(x, 0) = 1, if x < 0,

u(x, 0) = 0, if x ≥ 0,

obtained by imposing the Rankine-Hugoniot condition, where α ∈ R is some given
constant. Then, u satisfies the entropy condition if

x α > 4
3 .

□ α < 4
3 .

□ α > −2
3 .

□ α < 2
3 .

SOL: Here c(u) = αu − u2 and f(u) = α
2 u2 − u3

3 . We compute γ′ = f(1) = α
2 − 1

3 .
The entropy condition is satisfied if

0 = c(0) = c(u+) < γ′ = α

2 − 1
3 < c(u−) = c(1) = α − 1.

This is the case if α > max{2
3 , 4

3} = 4
3 .
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2. Consider the disk D :=
{
(x, y) ∈ R2 :

√
x2 + y2 < 1

}
. Let u = u(x, y) be a

function twice differentiable in D and continuous in D̄, solving∆u(x, y) = 0, in D,

u(x, y) = g(x, y), on ∂D,

for some given function g.

(a) Suppose g(x, y) = x2 + 2√
2y. Compute u(0, 0) and max(x,y)∈D̄ u(x, y).

(b) Suppose now that g is any smooth function such that g(x, y) ≥ (3x − y). Show
that u(1/3, 0) ≥ 1, with equality if and only if g(x, y) = 3x − y.

Hint: the function 3x − y is harmonic.

SOL:

(a) By the mean value property

u(0, 0) = 1
2π

∫
∂D

g dl = 1
2π

∫ 2π

0
cos(θ)2 + 2√

2
sin(θ) dθ = π

2π
= 1

2 .

By the Maximum Principle

max
D̄

u = max
∂D

u = max
∂D

g = max
θ∈[0,2π)

{cos(θ)2 + 2√
2

sin(θ)}.

Setting g(θ) = cos2(θ) + 2√
2 sin(θ), we have that (up to periodicity)

g′(θ) = cos(θ)( 2√
2

− 2 sin(θ)) = 0,

if and only if θ ∈ {π
2 , 3π

2 , π
4 , 3π

4 }. A quick check shows that maxθ g(θ) = g(π/4) = 3
2 .

(b) It is convenient to set the auxiliary function w := u − 3x + y. Then∆w = 0, in D

w = g − (3x − y) ≥ 0, on ∂D,

by the very assumption on g. Applying the Maximum Principle to w, we get that

max
D̄

(u − (3x − y)) = max
D̄

w = max
∂D

w ≥ 0,

implying that u(x, y) ≥ 3x − y in D̄. In particular,

u(1/3, 0) ≥ 3 · 1
3 = 1.
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If u(1/3, 0) = 1, then w attains its minimum in D since w(1/3, 0) = u(1/3, 0) − 1 = 0.
This implies by the strong maximum principle that w ≡ 0, and hence u(x, y) = 3x−y.
In particular, g(x, y) = u(x, y) = 3x − y on ∂D. This shows the ’only if’ direction.
The ’if’ direction is a consequence of uniqueness of solution of the Laplace equations
with Dirichlet boundary condition on w.
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3. Let u = u(x, t) be a solution ofuy + (2 + u)ux = 0, x ∈ R, y > 0,

u(x, 0) = h(x), x ∈ R,

where

h(x) =


1, if x < 0,

1 − x
2 , if 0 ≤ x ≤ 2,

0, if x > 2.

(a) Compute the critical time of existence yc.

(b) Give an explicit solution of u via the method of characteristics when 0 < y < yc.
Explain the main obstruction to the existence of a global solution.

(c) Find an explicit weak solution of u when y > yc.

SOL:

(a) This system is a conservation law with flux f(u) = 2u + u2

2 . Letting c(u) := 2 + u
so that (2 + u)ux = (f(u))x = c(u)u, we have that

yc := inf
{

− 1
c′(h(s))h′(s) : s ∈ R, c′(h(s))h′(s) < 0

}
.

By definition of h, we have that c′(h(s))h′(s) < 0 only if x ∈ (0, 2). In this interval
we can compute

yc = − 1
−1

2
= 2.

(b) Parametrize the initial curve as Γ(s) = (s, 0, h(s)). The associated system of
ODEs is

∂x
∂t

(t, s) = 2 + ũ(t, s), x(0, s) = s,
∂y
∂t

(t, s) = 1, y(0, s) = 0,
∂ũ
∂t

(t, s) = 0, ũ(0, s) = h(s).

Hence
x(t, s) = s + (2 + h(s))t,
y(t, s) = t,

ũ(t, s) = h(s),
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giving the implicit solution in terms of the characteristics as

u(x(t, s), y(t, s)) = u(s + (2 + h(s))t, t) = ũ(t, s) = h(s).

The main obstruction is that above the critical time y = yc = 2, the map

(t, s) 7→ (x(t, s), y(t, s)),

is not invertible. Said otherwise, the characteristic curves emanating from Γ(s),
s ∈ [0, 2] intersect in a single point, generating a shock wave when y > yc. To find an
explicit solution, we distinguish three cases:

• If s < 0 then x(t, s) = s + 3t = s + 3y, implying that u ≡ 1 if x − 3y < 0.

• If s > 2, then x(t, s) = s + 2t = s + 2y, implying that u ≡ 0 if x − 2y > 2.

• if s ∈ [0, 2], then x(t, s) = s + (3 − s
2)t, giving that if 0 ≤ s = x−3y

1−y/2 ≤ 2, then

u(x, y) = h
(

x − 3y

1 − y/2

)
= 1 − x − 3y

2 − y
= 2 − x + 2y

2 − y
.

(c) To compute the slope of the shock curve, we take advantage of the Rankine-
Hugoniot condition

γ̇(y) = f(u+) − f(u−)
u+ − u− = −(2 + 1/2)

−1 = 5
2 .

To determine the value of γ at y = yc = 2, notice that the two characteristic curves
starting at Γ(0) and Γ(2) cross at (x, y) = (6, 2). In fact,

x(0, t) = 3t = 3y, x(2, t) = 2 + 2t = 2 + 2y.

Hence, setting γ(2) = 6, we obtain that γ(y) = 5
2y + 1. The weak solution above the

critical time is then given by

u(x, y) =
1, when x < γ(y),

0, when x > γ(y).
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4. Via the method of separation of variables, solve the heat equation
ut − uxx = 0, (x, t) ∈ [0, π] × (0, +∞),
u(0, t) = u(π, t) = 0, t > 0,

u(x, 0) = h(x), x ∈ [0, π],

where h(x) = π
2 − |x − π

2 |.

SOL: We apply the method of separation of variables by imposing u to be of the form

u(x, y) =
∑
n≥0

BnTn(t)Xn(x).

If each term un(x, t) := BnXn(x)Tn(t) solves the heat equation, by the superposition
principle we have that also u, being a linear combination of the latter, solves ut −uxx =
0. Therefore, we impose X′′

n

Xn
= T ′

n

Tn
= −λn for some constant λn. We know that the

only solutions to this ODE which are compatible with the boundary conditions are

Xn(x) = an sin(nx), Tn(t) = bne−n2t.

We need to compute the Fourier coefficients of h in order to determine the coefficients
Bn of u. We have that

Bn = 2
π

∫ π

0
h(x) sin(nx) dx = 2

π

(∫ π/2

0
x sin(nx) dx +

∫ π

π/2
(π − x) sin(nx) dx

)
.

By integration by parts, we can easely see that∫ b

a
x sin(nx) dx = − cos(nx)

n
x

∣∣∣∣b
a

+
∫ b

a

cos(nx)
n

dx = − cos(nx)
n

x + sin(nx)
n2

∣∣∣∣b
a
.

Hence,

Bn = 4
π

sin(nπ/2)
n2 =


4(−1)(n−1)/2

πn2 , if n is odd,

0, otherwise.

We get

u(x, t) =
∑
j≥1

4(−1)j+1

π(2j − 1)2 sin((2j − 1)x)e−(2j−1)2t.
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5. Consider the one dimensional, homogeneous wave equation
utt − uxx = 0, (x, t) ∈ R2,

u(x, 0) = g(x), x ∈ R,

ut(x, 0) = 1, x ∈ R,

where g(x) = |x| if |x| > 2022 and g(x) = 0 otherwise.

(a) Where are the discontinuities of u, and is u(·, t) odd/even?

(b) Show that for every x ∈ R there exists M(x) ≥ 0 such that for all t > M(x),
u(x, t) = 2t.

SOL:

(a) We recall that singularities travel along characteristics. Characteristics are curves
of the form x + t = constant and x − t = constant. The function g is singular
at x ∈ {−2022, 2022} when t = 0, and therefore the singularities are located on
x + t = −2022, x + t = 2022 and x − t = −2022 and x − t = 2022. Since h(x) and
x 7→ 1 are even functions, we know that the solution must be also be even, since it
preserves the symmetries of the boundary data.

(b) By the d’Albembert formula

u(x, t) = g(x + t) + g(x − t)
2 + 1

2

∫ x+t

x−t
1 dy = g(x + t) + g(x − t)

2 + t.

Let M(x) := max{2022 − x, 2022 + x} so that for all t > M(x), x + t > 2022 and
x − t < −2022. Then,

u(x, t) = g(x + t) + g(x − t)
2 + 1

2

∫ x+t

x−t
1 dy = x + t − x + t

2 + t = 2t.

August 25, 2022 9/9


