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31.08.23

Aufgaben und Lösungsvorschlag
Aufgabe 1

Multiple choice. Cross the unique correct answer in the ANSWER-BOOKLET. There are NO
negative points.
Kreuzen Sie die einzige richtige Antwort im ANTWORTHEFT an. Es gibt KEINE negativen
Punkte.

1.MC1 [2 Punkte] State the order and the linearity or type of nonlinearity for the following PDE:
Bestimmen Sie die Ordnung und die Linearität oder den Typ der Nicht-Linearität für die folgende
partielle Differentialgleichung:

u2 + uxuy = xy

(A) First order nonlinear. It is not quasilinear.
Erste Ordnung, nicht-linear. Sie ist nicht quasilinear.

(B) First order linear.
Erste Ordnung, linear.

(C) Second order nonlinear. It is not quasilinear
Zweite Ordnung, nicht-linear. Sie ist nicht quasilinear.

(D) Second order linear.
Zweite Ordnung, linear.

Lösung:

(A)

1.MC2 [2 Punkte] State the order and the linearity or type of nonlinearity for the following PDE:
Bestimmen Sie die Ordnung und die Linearität oder den Typ der Nicht-Linearität für die folgende
partielle Differentialgleichung:

xux + (x2 + cos(y))2u = uxx

(A) First order linear.
Erste Ordnung, linear.

(B) Second order nonlinear. It is quasilinear.
Zweite Ordnung, nicht-linear. Sie ist quasilinear.

(C) Second order linear.
Zweite Ordnung, linear.

(D) First order nonlinear. It is not quasilinear.
Erste Ordnung, nicht-linear. Sie ist nicht quasilinear.

Lösung:
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(C)

1.MC3 [2 Punkte] State the order and the linearity or type of nonlinearity for the following PDE:
Bestimmen Sie die Ordnung und die Linearität oder den Typ der Nicht-Linearität für die folgende
partielle Differentialgleichung:

utt + (u + 1)uxx = 0

(A) Second order nonlinear. It is quasilinear.
Zweite Ordnung, nich-linear. Sie ist quasilinear.

(B) First order nonlinear. It is not quasilinear.
Erste Ordnung, nicht-linear. Sie ist nicht quasilinear.

(C) Second order linear.
Zweite Ordnung, linear.

(D) First order nonlinear. It is quasilinear.
Erste Ordnung, nicht-linear. Sie ist quasilinear.

Lösung:

(A)

1.MC4 [2 Punkte] The following PDE
Die partielle Differentialgleichung

yuxx + (x + y)uxy + xuyy + xyu = x

is hyperbolic in the set
ist hyperbolisch in der Menge

(A) R2

(B) {(x, y) ∈ R2 : x ̸= y}
(C) R2 \ {0}
(D) {(x, y) ∈ R2 : x = y}

Lösung:

We have to check when δ = ((x + y)/2)2 − xy = (x2 + y2 + 2xy − 4xy)/4 = (x − y)2/4 > 0.
The correct answer is (B).

Aufgabe 2
Multiple choice. Cross the unique correct answer in the ANSWER-BOOKLET. There are NO
negative points.
Kreuzen Sie die einzige richtige Antwort im ANTWORTHEFT an. Es gibt KEINE negativen
Punkte.
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2.MC1 [2 Punkte] Let u be solution of the following equation in B = {(x, y) ∈ R2 :
√

x2 + y2 < 2}:
Sei u die Lösung der folgenden Gleichung in B = {(x, y) ∈ R2 :

√
x2 + y2 < 2}:∆u(x, y) = 0, (x, y) ∈ B,

u(x, y) = xy2 + 1, (x, y) ∈ ∂B,

Then, u(0, 0) is equal to
Dann ist u(0, 0) gleich

(A) u(0, 0) = 0
(B) u(0, 0) = 4

π
+ 1

(C) u(0, 0) = 1
(D) u(0, 0) = π

Lösung:

By the Mean Value Theorem, u(0, 0) is equal to

u(0, 0) = 1
4π

∫
∂B

u dℓ = 2
4π

∫ 2π

0
2 cos(θ)(2 sin(θ))2 + 1 dθ = 16

4π

sin(θ)3

3

∣∣∣∣2π

0
+ 1 = 1.

2.MC2 [2 Punkte] For which values of α ∈ R does there exist a local solution for the equation
Für welche Werte von α ∈ R gibt es eine lokale Lösung für die Gleichung

(x + y)ux + (u − x + α)uy = ln(1 + u2)

in a neighbourhood of the circle C := {(x, y) ∈ R2 :
√

x2 + y2 = 1}, so that u(x, y) = y on ∂C?
in einer Umgebung des Kreises C := {(x, y) ∈ R2 :

√
x2 + y2 = 1}, so dass u(x, y) = y auf ∂C?

(A) α ∈] − 1, 1[
(B) α < 0
(C) α ≥ 0
(D) α ∈ [−1, 1]

Lösung:

We parametrize the initial curve as Γ(s) = (cos(s), sin(s), sin(s)), s ∈ [0, 2π]. We compute the
determinant

det
[
xt(0, s) yt(0, s)
xs(0, s) ys(0, s)

]
= det

[
cos(s) + sin(s) sin(s) − cos(s) + α

− sin(s) cos(s)

]
= 1 + α sin(s).

The transversality condition is satisfied provided for all s the function α sin(s) is different
from zero. This is the case if α ∈] − 1, 1[.
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2.MC3 [2 Punkte] Let u be the weak solution of
Sei u eine schwache Lösung von

uy + (f(u))x = 0, (x, y) ∈ R×]0, +∞[,
u(x, 0) = 0, x ≤ 0,

u(x, 0) = 1, x > 0,

obtained by imposing the Rankine-Hugoniot condition, where f : R → R is a given function.
Then, u satisfies the entropy condition if
die durch die Rankine-Hugoniot-Bedingung erhalten wird, wobei f : R → R eine gegebene Funktion
ist. Dann erfüllt u die Entropiebedingung, wenn

(A) f(u) = −u2

(B) f(u) = −u

(C) f(u) = −u2 + u3

(D) f(u) = u

Lösung:

We need to check if the slope given by the Rankine-Hugoniot condition γ̇ = f(u+)−f(u−)
u+−u− belongs

to ]f ′(u+), f ′(u−)[, that is
f ′(1) < f(1) − f(0) < f ′(0).

This holds true if f(u) = −u2.

2.MC4 [2 Punkte] Let u be solution of
Sei u eine Lösung von 

utt − 9uxx = 0, t > 0, x ∈ R,

u(x, 0) = sin(x), x > 0,

u(x, 0) = 1 + cos(x), x ≤ 0,

ut(x, 0) = ln(x2 + 2), x ∈ R.

Then, u is smooth outside the set
Dann ist u glatt außerhalb der Menge

(A) {(x, t) : x + 3t = 0} ∩ {(x, t) : x − 3t = 0}.
(B) {(x, t) : x + 3t = 0}.
(C) R2 \ {(x, t) : x + 3t = 0}.
(D) {(x, t) : x + 3t = 0} ∪ {(x, t) : x − 3t = 0}.

Lösung:

The singularities of the wave equation travel along the characteristics x ± 3t = constant. The
correct answer is (D).
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Aufgabe 3
Please, give your solutions IN THE ANSWER-BOOKLET! Do not include your computations.
Bitte schreiben Sie Ihre Lösungen im ANTWORTHEFT! Schreiben Sie Ihre Berechnungen nicht
auf.

3.A1 [3 Punkte] The explicit solution of
Die explizite Lösung von

ut − 2uxx = 0, (x, t) ∈]0, 1[×]0, +∞[,
u(0, t) = u(1, t) = 0, t > 0,

u(x, 0) = 2023 sin(2πx), x ∈ [0, 1],

is/ist . . .
Lösung:

Via separation of variables u(x, t) = ∑
n≥1 ane−2(nπ)2t sin(nπx): imposing u(x, 0) = 2023 sin(2πx)

we get
u(x, t) = 2023e−8π2t sin(2πx).

3.A2 [3 Punkte] The shock wave of the conservation law
Die Stoßwelle des Erhaltungssatzes

uy + (6u5 + 7)ux = 0, (x, y) ∈ R×]0, +∞[,
u(x, 0) = 1, x < 0,

u(x, 0) =
√

1 − x, x ∈ [0, 1],
u(x, 0) = 0, x > 1,

has slope . . .
hat die Steigung . . .
Lösung:

Here u+ = 0 and u− = 1, f(u) = u6 + 7u. The Rankine-Hugoniot conditions gives us

σ′(y) = f(u+) − f(u−)
u+ − u− = 8.
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3.A3 [3 Punkte] Consider the quarter of a circle K = {(x, y) ∈ R :
√

x2 + y2 = 2, x > 0, y > 0}
with external normal ν as in the Figure 1.
Man betrachte das Viertel des Kreises K = {(x, y) ∈ R :

√
x2 + y2 = 2, x > 0, y > 0} mit der

äußeren Normalen ν wie in Abbildung 1.

∂νu = α

ux = 1

r = 2

y

x

∆u = 0

ν

uy = 0

Abbildung 1

Let α ∈ R be a constant. Then, the Laplace equation
Sei α ∈ R eine Konstante. Dann ist die Laplace-Gleichung

∆u = 0, (x, y) ∈ K,

∂νu = α, (x, y) ∈ {(x, y) ∈ R2 :
√

x2 + y2 = 2, x > 0, y > 0},

ux(0, y) = 1, y ∈ [0, 2],
uy(x, 0) = 0, x ∈ [0, 2],

is solvable if α = . . .
lösbar, wenn α = . . .
Lösung:

We need to check the Neumann compatibility condition
∫

∂K ∂νu dℓ = 0: in this particular case∫
∂K

∂νu dℓ = −
∫ 2

0
1 dy + απ = −2 + απ,

which is equal to zero if α = 2/π. +2 if sign is wrong or π/2, +1 generous if multiple
of 2/π

3.A4 [3 Punkte] Consider the PDE
Betrachten Sie die partielle Differentialgleichung

ut − uxx = 0, x ∈] − 1, 1[, t > 0,

u(−1, t) = u(1, t) = 2 sin(t), t > 0
u(x, 0) = x2 − 1, x ∈ [−1, 1].
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Then, min
{

u(x, t) : (x, t) ∈ [−1, 1]×]0, +∞[
}

is equal to . . .

Dann ist min
{

u(x, t) : (x, t) ∈ [−1, 1]×]0, +∞[
}

gleich . . .

Lösung:

We have by the Minimum Principle for Parabolic equations that

min
{

u(x, t) : (x, t) ∈ [−1, 1]×]0, +∞[
}

= min
{

min
x∈[−1,1]

(x2 − 1), min
t>0

{2 sin(t)}
}

= −2.

+1 generous if equal to −1 (first min)

Aufgabe 4
Let Ω ⊂ R2 be the open domain obtained by joining two half circles of radius R > 0 with a stripe
of thickness 2h ≤ 2R and length 2L > 0, as it is shown in Figure 2. Let u = u(x, y) be a function
twice differentiable inside Ω and continuous in Ω̄ solving

Sei Ω ⊂ R2 das offene Gebiet, das man erhält, wenn man zwei Halbkreise mit dem Radius R > 0 mit
einem Streifen der Dicke 2h ≤ 2R und der Länge 2L > 0 verbindet, wie es in Abbildung 2 dargestellt
ist. Sei u = u(x, y) eine Funktion, die im Inneren von Ω zweifach differenzierbar und in Ω̄ stetig ist,
Lösung von ∆u(x, y) = f(x, y), (x, y) ∈ Ω,

u(x, y) = g(x, y), (x, y) ∈ ∂Ω,

for given functions f and g.
für gegebene Funktionen f und g.

x

R

2L

2h

y

Ω

Abbildung 2

4.A1 [2 Punkte] Show that if f(x, y) = f(−x, y) and g(x, y) = g(−x, y) for every (x, y) ∈ R2,
then u(x, y) = u(−x, y) for every (x, y) ∈ Ω.
Zeigen Sie, dass wenn f(x, y) = f(−x, y) und g(x, y) = g(−x, y) für jedes (x, y) ∈ R2, dann
u(x, y) = u(−x, y) für jedes (x, y) ∈ Ω.
Lösung:
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Define v(x, y) := u(−x, y) for all (x, y) ∈ Ω. Since Ω is symmetric with respect to the y-axis,
v has Ω as domain of definition. Set w := u − v. We need to show that w ≡ 0. Now,

∆w(x − y) = ∆(u(x, y) − v(x, y)) = uxx(x, y) + uyy(x, y) − (u(−x, y))xx − (u(−x, y))yy

= uxx(x, y) + uyy(x, y) − (−ux(−x, y))x − uyy(−x, y)
= ∆u(x, y) − ∆u(−x, y) = f(x, y) − f(−x, y) = 0

in Ω, and w(x, y) = u(x, y)−u(−x, y) = g(x, y)−g(−x, y) = 0 on ∂Ω. But the unique solution
to ∆w = 0 in Ω and w = 0 on ∂Ω is w ≡ 0, proving that u(x, y) = v(x, y) = u(−x, y). +1A
for auxiliary function, +1B for uniqueness of sol for Laplace eq.

4.A2 [4 Punkte] Suppose f ≡ 0 and g(x, y) = x2 +y2. Show that for every λ > 0, if R = L ≤
√

λ/2
then u(x, y) ≤ λ everywhere in Ω.
Angenommen, f ≡ 0 und g(x, y) = x2+y2. Zeigen Sie, dass für jedes λ > 0, wenn R = L ≤

√
λ/2,

dann u(x, y) ≤ λ überall in Ω.
Lösung:

Since u is harmonic, we can apply the the Maximum Principle: maxΩ̄ u = max∂Ω u. Since g is
radially increasing, and the further points to the origin in ∂Ω are (±(L + R), 0) we get that

max
∂Ω

u = max
∂Ω

g = g(±(L + R), 0) = (L + R)2.

In particular, if L = R, we get that u(x, y) ≤ 4L2 ≤ λ everywhere in Ω provided L ≤
√

λ/2.
+2A for deducing max principle out of harmonicity. 1B compute the max of g on
∂Ω. +1C for the correct conclusion.

4.A3 [4 Punkte] Suppose f ≡ 0, g(x, y) = x2 + y2 − R2, and h = R. Is it true that there always
exists (x, y) in the interior of Ω such that u(x, y) = 0? Justify your answer rigorously.
Nehmen wir an, f ≡ 0, g(x, y) = x2 + y2 − R2, und h = R. Stimmt es, dass es immer (x, y) im
Inneren von Ω gibt, so dass u(x, y) = 0? Begründen Sie Ihre Antwort stichhaltig.
Lösung:

It is false: by the Minimum Principle minΩ̄ u = min∂Ω u, and since the closest points to the
origin in ∂Ω are (0, ±h), we get that

min
∂Ω

u = min
∂Ω

g = g(0, ±h) = h2 − R2 = 0.

By the Strong Minimum Principle, if the minimum is attained in the interior of Ω, then u has
to be constant, which contradicts the boundary data (recall that L > 0).
+2A for the strong max principle. +1B for computing min u = 0. +1C for the
correct conclusion. If L = 0 is assumed (which is false), then +1A, +1B for the
min u = 0 and +1C for u ≡ 0.
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Aufgabe 5
Consider the PDE
Betrachten Sie die partielle Differentialgleichung(u + y)ux + αuy = u, (x, y) ∈ R2,

u(x, 0) = x, x ∈ R,

where α ∈ R.
wobei α ∈ R.

5.A1 [2 Punkte] Check the transversality condition: what can we say about the existence and
uniqueness of solution depending on α?
Prüfen Sie die Transversalitätsbedingung: Was können wir über die Existenz und Eindeutigkeit der
Lösung in Abhängigkeit von α sagen?
Lösung:

We parametrize the initial curve Γ(s) = (x(0, s), y(0, s), ũ(s, 0)) = (s, 0, s). Applying the
method of characteristics, the assiciated ODE system is given by

xt(t, s) = ũ(t, s) + y(t, s), x(0, s) = s,

yt(t, s) = α, y(0, s) = 0,

ũt(t, s) = ũ(t, s), u(0, s) = s.

We compute the determinant

det
[
xt(0, s) yt(0, s)
xs(0, s) ys(0, s)

]
= det

[
s α
1 0

]
= −α.

The transversality condition is satisfied when α ̸= 0, ensuring existence and uniqueness of
solution in a neighbourhood of the x-axis.
+1A for comupting the determinant, +1B for concluding existence and uniquen-
ess.

5.A2 [6 Punkte] Find an explicit solution of the PDE for every α > 0.
Finden Sie eine explizite Lösung der partiellen Differentialgleichung für jedes α > 0.
Lösung:

We solve the ODE system: one gets directly y(t, s) = αt, ũ(t, s) = set. Then

xt(t, s) = ũ(t, s) + y(t, s) = set + αt ⇒ x(s, t) = set + α

2 t2.

Inverting the system t = y/α and s = e−y/α(x − y2/(2α)), giving

u(x, t) = e−y/α(x − y2/(2α))ey/α = x − y2/(2α).
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+2A for the correct ODE system, +2B for the correct solution, +2C for inverting
the system and finding u.

5.A3 [2 Punkte] What happens to the solution when α → 0? Is the limit consistent with the
condition found in exercise 5.A1?
Was passiert mit der Lösung, wenn α → 0 geht? Ist der Grenzwert mit der in Aufgabe 5.A1
gefundenen Bedingung vereinbar?
Lösung:

The solution is singular when α = 0. This is consistent with the transversality condition, since
local existence is ensured only for α ̸= 0. +2 for the correct deduction.

Aufgabe 6

Consider the PDE
Betrachten Sie die partielle Differentialgleichung

utt − 4uxx = 8 cos(x), x ∈ R, t > 0,

u(x, 0) = 2 cos(x), x ∈ R,

ut(x, 0) = 3 cos(x) sin(x)2, x ∈ R,

6.A1 [2 Punkte] How many solutions does the PDE admit? Justify your answer.
Wie viele Lösungen lässt die partielle Differentialgleichung zu? Begründen Sie Ihre Antwort.
Lösung:

As we have seen, this PDE is a non-homogeneous one dimensional wave equation, which admit
a unique solution.
+2 for recognizing the wave eq and deducing uniqueness.

6.A2 [4 Punkte] If there are, where are the discontinuities of u? Is u(·, t) odd/even? Justify your
answer before solving the next point.
Wenn es Unstetigkeiten von u gibt, wo liegen sie? Ist u(·, t) ungerade/gerade? Begründen Sie Ihre
Antwort bevor Sie den nächsten Punkt lösen.
Lösung:

The only discontinuities of u propagates along the characteristics x ± 2t = const. As we can
see, all boundary data are smooth, and therefore u presents no singularities for all t ≥ 0. Since
solutions of the one dimensional wave equations preserve the symmetries of the boundary data
and 8 cos(x), 2 cos(x), and 3 cos(x) sin(x)2 are even, we deduce that u(·, t) is even for every
t ≥ 0.
+2A for smoothness (just +1A lack of proper justification), and +2B for being
even (just +1B for lack of proper justification.)
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6.A3 [4 Punkte] Compute the explicit solution u.
Berechnen Sie die explizite Lösung u.
Hint: You can take advantage of the auxiliary function v(x) = 2 cos(x).
Hinweis: Sie können sich die Hilfsfunktion v(x) = 2 cos(x) zunutze machen.
Lösung:

Notice that v(x, t) = 2 cos(x) solves vtt − 4vxx = 8 cos(x). Define w = u − v. Then w solves
the homogeneous wave equation with boundary data w(x, 0) = 2 cos(x) − 2 cos(x) = 0, and
wt(x, 0) = 3 cos(x) sin(x)2. Applying d’Alembert formula:

w(x, t) = 1
4

∫ x+2t

x−2t
3 cos(x) sin(x)2 dt = sin3(y)

4

∣∣∣∣x−2t

x+2t
.

Adding back 2 cos(x) we get the desired result.
+2A for using an auxiliary function, +2B for completely correct computation of
the integral (just +1B for correct d’Alembert or one small integral mistake).
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