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Exam Analysis 3, January 29, 2020

Mikaela Iacobelli
ETH Zürich

Exercise 1(14 = 2+2+2+2+2+2+2 points)

Remark: There might be more than one correct answer. Mark all correct answers.

(a) State the order and the linearity or type of nonlinearity for the following PDE: uxxx+x2uy = e−y
2
u

� 3rd order, nonlinear. It is not quasilinear

� 3nd order, nonlinear. It is quasilinear

� 2nd order, nonlinear

� 3rd order, linear

(b) State the order and the kind of nonlinearity for the following PDE: uyy = u3 + ux + sin(uxx)

� 2nd order, nonlinear. It is quasilinear

� 1st order, nonlinear. It is quasilinear

� 2nd order, nonlinear. It is not quasilinear.

� 1st order, nonlinear. It is not quasilinear.

(c) Consider the PDE xuxx + ux + 2uxy + uyy + u2 = 0. Which of the following statements are correct:

� elliptic for x < 0, y > 0

� parabolic for x = 0

� hyperbolic for x < 0, y < 0

� hyperbolic for x < 1, y > 1



(d) Let u : D → R be the solution to the Laplace equation{
∆u = 0 in D,
u = (x2 − 3y2)2 on ∂D,

where D = {x2 + y2 < 1}. What is the minimum of u?

� 0

� -3

� 1

� 9

(e) Let u : [0, 1]× [0,+∞)→ R be the solution to the heat equation
ut − uxx = 0 in [0, 1]× [0,+∞),
u(0, t) = 1 + sin(t), u(1, t) = 1− 3 sin(t) for t ≥ 0
u(x, 0) = 5

2 + x2 for 0 ≤ x ≤ 1.

What is the maximum of u?

� 2

� 4

� 7/2

� 1

(f) Which among the following properties holds only for harmonic functions?

� Weak maximum principle

� Strong maximum principle

� Mean value theorem

� Rankine–Hugoniot condition

(g) Let u : D → R be the solution to the Laplace equation with Neumann boundary conditions{
∆u = 0 in D,
∂νu = αx2 + 3xy + y2 + β on ∂D,

where D = {x2 + y2 < 1}. For which values α and β is the previous problem solvable?

� For all α, β ∈ R.

� For all α, β ∈ R such that α+ 2β + 1 = 0.

� For all α, β ∈ R such that α+ 2β + 4 = 0.

� For all α, β ∈ R such that α+ 2β = 0.



Exercise 2 (17 = 7+10 points)

(a) Consider the following problem {
2ux + yuy = 2u,
u(0, y) = y4.

(i) [2 points] Check whether the initial condition satisfies the transversality condition.

(ii) [5 points] Find the explicit formula for u.

(b) Consider the scalar conservation law
∂
∂yu+ ∂

∂xf(u) = 0,

u(x, 0) =
{

1 for x < 0
4 for x > 0

,

with f(u) = 1
2u

2.

(i) [2 points] Write down the equation for the characteristics inside the regions

{x < y} and {x > 4y}.

(ii) [6 points] Verify that the following is a weak solution:

u1(x, y) =


1 for x < 3

2y,
2 for 3

2y < x < 2y,
x
y for 2y < x < 4y,
4 for x > 4y,

(iii) [2 points] Does u1 satisfy the entropy condition? Justify your answer.



Exercise 3 (11 points)

Let u solve the one dimensional wave equation
utt − c2uxx = t for x ∈ R, t ∈ R,
u(x, 0) = f(x) for x ∈ R,
ut(x, 0) = g(x) for x ∈ R,

(i) [3 points] Suppose f(x) = 1 if x > 0 and f(x) = 0 if x < 0, and suppose that g is a smooth
function. Without computing the explicit formula for u, discuss where the singularities of u are
located.

(ii) [4 points] Suppose that f(x) = 0 and g(x) = cos(x). Compute the explicit solution u, and use
it to compute the limit

lim
t→∞

u(x, t)
t3

,

for every x ∈ R.

(iii) [4 points] Suppose, again, that f(x) = 0 and g(x) = cos(x). Compute u(x, t) + u(x,−t) without
using the explicit formula for u.
Hint: look at the equation satisfied by v(x, t) = −u(x,−t).



Exercise 4 (12 points)

[12 points] Let u solve the following problem with Dirichlet boundary conditions

utt − uxx = −u, (x, t) ∈ (0, π)× (0,∞),
u(0, t) = 0, t ∈ (0,∞),
u(π, t) = 0, t ∈ (0,∞),
u(x, 0) = 2 sin(x), x ∈ [0, π],
ut(x, 0) = 0, x ∈ [0, π].

Find the explicit formula for u.



Exercise 5 (12 points)

[12 points] Consider polar coordinates (r, θ) in R2, and define the domain D = {1 < r < 2, 0 < θ <
π/2}. Let u : D → R be the solution to the Laplace equation

∆u = 0 in D,
u(2, θ) = sin(2θ) for 0 < θ < π/2,
u(1, θ) = 2 sin(4θ) for 0 < θ < π/2,
u(r, 0) = u(r, π/2) = 0 for 1 < r < 2.

Find the explicit formula for u.
Hint: use that the functions {rn sin(nθ)}n>0 and {r−n sin(nθ)}n>0 are harmonic in R2 \ {0}.



Exercise 6 (18 = 4+7+7 points)

(a) Let u : D → R be the solution to the Laplace equation{
∆u = 0 in D,
u = x2 + 2y2 − 1 on ∂D,

where D = {x2 + y2 < 1}.

(i) [2 points] Compute u(0, 0).

(ii) [2 points] What is the maximum of u?

(b) Let u : D → R be the solution to the Laplace equation{
∆u = 0 in D,
u = g on ∂D,

where D = {x2 + y2 < 1} and g satisfies g ≥ xy.

(i) [4 points] Prove that u(1/2, 1/4) ≥ 1/8.
Hint: note that w = xy is harmonic.

(ii) [3 points] Assume that u(1/2, 1/4) = 1/8. Prove that g(0, 1) = 0.

(c) Let D ⊂ R2 be a bounded domain, T > 0, and set QT = D × [0, T ]. Let u : QT → R be a classical
solution to the PDE 

ut = y2uxx + x2uyy + ux + uy for (x, y, t) ∈ QT ,
u(x, y, t) = g(x, y, t) on ∂D × [0, T ]
u(x, y, 0) = f(x, y) on D,

namely, u is twice differentiable with respect to (x, y) in QT , once differentiable with respect to t in
QT , and continuous in QT .

(i) [4 points] Prove that u attains its minimum on the parabolic boundary

∂PQT =
(
D × {0}

)
∪
(
∂D × [0, T ]

)
.

Hint: consider v(x, y, t) = u(x, y, t) + εt with ε > 0, and prove that v can attain a minimum only
on ∂PQT .

(ii) [3 points] Prove that, given f and g, there is at most one classical solution.



Exercise 1: Solution (14 = 2+2+2+2+2+2+2 points)

Remark: There might be more than one correct answer. Mark all correct answers.

(a) State the order and the linearity or type of nonlinearity for the following PDE: uxxx+x2uy = e−y
2
u

� 3rd order, nonlinear. It is not quasilinear

� 3nd order, nonlinear. It is quasilinear

� 2nd order, nonlinear

� 3rd order, linear

(b) State the order and the kind of nonlinearity for the following PDE: uyy = u3 + ux + sin(uxx)

� 2nd order, nonlinear. It is quasilinear

� 1st order, nonlinear. It is quasilinear

� 2nd order, nonlinear. It is not quasilinear.

� 1st order, nonlinear. It is not quasilinear.

(c) Consider the PDE xuxx + ux + 2uxy + uyy + u2 = 0. Which of the following statements are correct:

� elliptic for x < 0, y > 0

� parabolic for x = 0

� hyperbolic for x < 0, y < 0

� hyperbolic for x < 1, y > 1

(d) Let u : D → R be the solution to the Laplace equation{
∆u = 0 in D,
u = (x2 − 3y2)2 on ∂D,

where D = {x2 + y2 < 1}. What is the minimum of u?

� 0

� -3

� 1

� 9



(e) Let u : [0, 1]× [0,+∞)→ R be the solution to the heat equation
ut − uxx = 0 in [0, 1]× [0,+∞),
u(0, t) = 1 + sin(t), u(1, t) = 1− 3 sin(t) for t ≥ 0
u(x, 0) = 5

2 + x2 for 0 ≤ x ≤ 1.

What is the maximum of u?

� 2

� 4

� 7/2

� 1

(f) Which among the following properties holds only for harmonic functions?

� Weak maximum principle

� Strong maximum principle

� Mean value theorem

� Rankine–Hugoniot condition

(g) Let u : D → R be the solution to the Laplace equation with Neumann boundary conditions{
∆u = 0 in D,
∂νu = αx2 + 3xy + y2 + β on ∂D,

where D = {x2 + y2 < 1}. For which values α and β is the previous problem solvable?

� For all α, β ∈ R.

� For all α, β ∈ R such that α+ 2β + 1 = 0.

� For all α, β ∈ R such that α+ 2β + 4 = 0.

� For all α, β ∈ R such that α+ 2β = 0.



Exercise 2: Solution (17 = 7+10 points)

(a) Consider the following problem {
2ux + yuy = 2u,
u(0, y) = y4.

(i) [2 points] Check whether the initial condition satisfies the transversality condition.

(ii) [5 points] Find the explicit formula for u.

Solution of (a)-(i). We parameterize the initial condition by

s 7→ (x0(s), y0(s), ũ0(s)) = (0, s, s4) ∈ R3.

[1 pt]

We check whether the transversality condition holds. This amounts to compute the determinant

det
(

2 y0
∂x0
∂s

∂y0
∂s

)
= det

(
2 s
0 1

)
= 2 6= 0.

Hence the initial condition is noncharacteristic.

[1 pt]

Solution of (a)-(ii). We compute the equations for the characteristics:
dx
dt (t, s) = 2, x0(s) = 0,
dy
dt (t, s) = y(t, s), y0(s) = s,
dũ
dt (t, s) = 2ũ(t, s), ũ0(s) = s4.

[1 pt]

Solving each equation, we find
x(t, s) = 2t,

y(t, s) = set,

ũ(t, s) = s4e2t.

[2 pts]

Hence, from the first relation we get
t = x/2,

and then from the formula of y we obtain

s = ye−t = ye−x/2.

[1 pt]

Thus, replacing these identities in the formula for ũ, we conclude that

u(x, y) = (ye−x/2)4e2x/2 = y4e−x.



[1 pt]

(b) Consider the scalar conservation law
∂
∂yu+ ∂

∂xf(u) = 0,

u(x, 0) =
{

1 for x < 0
4 for x > 0

,

with f(u) = 1
2u

2.

(i) [2 points] Write down the equation for the characteristics inside the regions

{x < y} and {x > 4y}.

(ii) [6 points] Verify that the following is a weak solution:

u1(x, y) =


1 for x < 3

2y,
2 for 3

2y < x < 2y,
x
y for 2y < x < 4y,
4 for x > 4y,

(iii) [2 points] Does u1 satisfy the entropy condition? Justify your answer.

Solution of (b)-(i). The equation for the characteristics are given by

x = s+ f ′(u(s, 0))y = s+ u(s, 0)y =
{
s+ y for s < 0,
s+ 4y for s > 0,

[1 pt]

Since u is constant along the characteristics, we deduce that

u(x, y) = 1 for {x < y}, u(x, y) = 4 for {x > 4y}.

[1 pt]

Solution of (b)-(ii). Note that u1 is continuous everywhere, except along the line {x = 3
2y} along

which it has a shock.

[1 pt]

Also, u1 is constant in each of the regions {x < 3
2y}, {

3
2y < x < 2y}, and {x > 4y}, thus it is a solution

there.

[1 pt]

Furthermore, inside the region {2y < x < 4y} we check that the function x
y is a solution:

∂

∂y

(
x

y

)
+
(
x

y

)
∂

∂x

(
x

y

)
= − x

y2 + x

y
· 1
y

= 0.



[2 pts]

Finally, we need to check that u1 satisfies the Rankine-Hugoniot condition across the line {x = 3
2y}. [1

pt]

This amounts to
f(u+)− f(u−)

u+ − u−
= 1

2
22 − 12

2− 1 = 3
2 .

This proves that u1 is a weak solution.

[1 pt]

Solution of (b)-(iii). The solution u1 does not satisfy the entropy condition since, on the shock
{x = 3

2y}, we have

1 = f ′(u−1 ) < 3
2 < f ′(u+

1 ) = 2.

[2 pts]



Exercise 3: Solution (11 points)

Let u solve the one dimensional wave equation
utt − c2uxx = t for x ∈ R, t ∈ R,
u(x, 0) = f(x) for x ∈ R,
ut(x, 0) = g(x) for x ∈ R,

(i) [3 points] Suppose f(x) = 1 if x > 0 and f(x) = 0 if x < 0, and suppose that g is a smooth
function. Without computing the explicit formula for u, discuss where the singularities of u are
located.

(ii) [4 points] Suppose that f(x) = 0 and g(x) = cos(x). Compute the explicit solution u, and use
it to compute the limit

lim
t→∞

u(x, t)
t3

,

for every x ∈ R.

(iii) [4 points] Suppose, again, that f(x) = 0 and g(x) = cos(x). Compute u(x, t) + u(x,−t) without
using the explicit formula for u.
Hint: look at the equation satisfied by v(x, t) = −u(x,−t).

Solution of (i). We recall that singularities travel along characteristics. Since g does not have
singularities (it is smooth), the only singularities are those for f . Characteristics are curves of the form
x+ ct = const and x− ct = const.

[2 pts]

Since f is singular at x = 0 for t = 0, therefore, singularities are located on the lines

x+ ct = 0 and x− ct = 0.

[1 pt]

Solution of (ii).

Using d’Alembert’s formula we get

u(x, t) = 1
2c

∫ x+ct

x−ct
cos τ dτ + 1

2c

∫ t

0

(∫ x+c(t−τ)

x−c(t−τ)
τ dξ

)
dτ

= sin(x+ ct)− sin(x− ct)
2c + 1

2c

∫ t

0
τ

(∫ x+c(t−τ)

x−c(t−τ)
dξ

)
dτ

= sin(x+ ct)− sin(x− ct)
2c + 1

2c

∫ t

0
τ [2c(t− τ)] dτ

= sin(x+ ct)− sin(x− ct)
2c + t

∫ t

0
τ dτ −

∫ t

0
τ2 dτ

= sin(x+ ct)− sin(x− ct)
2c +

(1
2 −

1
3

)
t3

= sin(x+ ct)− sin(x− ct)
2c + 1

6 t
3.



[2 pts]

Thus,
lim
t→∞

u(x, t)
t3

= lim
t→∞

sin(x+ ct)− sin(x− ct)
2ct3 + 1

6 = 1
6 ,

for all x ∈ R.

[2 pt]

Solution of (iii). One checks by a direct computation that v(x, t) = −u(x,−t) solves
vtt − c2vxx = t for x ∈ R, t ∈ R,
v(x, 0) = 0 for x ∈ R,
vt(x, 0) = cosx for x ∈ R,

[2 pts]

By uniqueness for the wave equation, this implies v(x, t) = u(x, t), or in other words u(x,−t) = −u(x, t)
or u(x,−t) + u(x, t) = 0

[2 pts]



Exercise 4: Solution (12 points)

Let u solve the following problem with Dirichlet boundary conditions

utt − uxx = −u, (x, t) ∈ (0, π)× (0,∞),
u(0, t) = 0, t ∈ (0,∞),
u(π, t) = 0, t ∈ (0,∞),
u(x, 0) = 2 sin(x), x ∈ [0, π],
ut(x, 0) = 0, x ∈ [0, π].

Find the explicit formula for u.

Sol. In this case, the corresponding base of eigenfunctions is given by vn(x) = sin(nx) and λn = n2

are the eigenvalues. Thus, we are looking for a general solution of the form

u(x, t) =
∑
n≥1

Tn(t) sin(nx).

Indeed, since the function Xn(x) = sin(nx) satisfies Xn(0) = Xn(π) = 0 for each n ≥ 0, it follows that
u(0, t) = u(π, t) = 0 for all t ≥ 0.

[4 pts]

Remark: students may also find the above formula by analyzing in detail the structure
of separate of variable solutions. Partial credit is awarded if mistakes are done during
this deduction.

From the initial conditions,

T1(0) = 2, Tn(0) = 0, for all n ≥ 2.

T ′n(0) = 0, for all n ≥ 1.

[2 pts]

On the other hand, imposing that utt − uxx + u = 0,∑
n≥1

(T ′′n (t) + n2Tn(t) + Tn(t)) sin(nx) = 0.

[1 pt]

That is,
T ′′n (t) + (n2 + 1)Tn(t) = 0, for all n ≥ 1.

[1 pt]

Solving the corresponding ODEs,

(n = 1) In this case,

T ′′1 (t) + 2T1(t) = 0, T1(0) = 2, T ′1(0) = 0 ⇒ T1(t) = 2 cos(
√

2t).

[2 pts]



(n ≥ 2) In this case,

T ′′n (t) + (n2 + 1)Tn(t) = 0, Tn(0) = 0, T ′n(0) = 0, ⇒ Tn(t) = 0.

[1 pt]

And the general solution is given by

u(x, t) = 2 cos(
√

2t) sin(x).

[1 pt]



Exercise 5: Solution (12 points)

Consider polar coordinates (r, θ) in R2, and define the domain D = {1 < r < 2, 0 < θ < π/2}. Let
u : D → R be the solution to the Laplace equation

∆u = 0 in D,
u(2, θ) = sin(2θ) for 0 < θ < π/2,
u(1, θ) = 2 sin(4θ) for 0 < θ < π/2,
u(r, 0) = u(r, π/2) = 0 for 1 < r < 2.

Find the explicit formula for u.
Hint: use that the functions {rn sin(nθ)}n>0 and {r−n sin(nθ)}n>0 are harmonic in R2 \ {0}.

Solution. Notice that {sin(nθ)}n>0 vanish at both θ = 0 and θ = π
2 only for n even.

[1 pt]

Thus, we consider the functions {r2n sin(2nθ)}n>0 and {r−2n sin(2nθ)}n>0. We look for a solution of
the form

u(r, θ) =
∑
n≥1

(
Anr

2n sin(2nθ) +Bnr
−2n sin(2nθ)

)
.

With this definition, u(r, 0) = u(r, π/2) = 0 for 1 < r < 2.

[3 pts]

For 0 < θ < π/2 and r = 2 we have∑
n>0

(22nAn + 2−2nBn) sin(2nθ) = sin(2θ),

which implies
4A1 + B1

4 = 1, 22nAn + 2−2nBn = 0 for n > 1.

[2 pts]

On the other hand, for 0 < θ < π/2 and r = 1 we have∑
n>0

(An +Bn) sin(2nθ) = 2 sin(4θ),

which implies
A2 +B2 = 2, An +Bn = 0 for n 6= 2.

[2 pts]

From these relations, one deduces that An = Bn = 0 for n ≥ 3

[1 pt]

For A1 and B1 we get
4A1 + B1

4 = 1, A1 +B1 = 0,

thus A1 = 4
15 and B1 = − 4

15 .



[1 pt]

Finally, for A2 and B2 we get

16A2 + B2
16 = 0, A2 +B2 = 2,

thus A2 = − 2
255 and B2 = 2 + 2

255 = 512
255 .

[1 pt]

In conclusion

u(r, θ) = 4
15r

2 sin(2θ)− 4
15r

−2 sin(2θ)− 2
255r

4 sin(4θ) + 512
255r

−4 sin(4θ).

[1 pt]



Exercise 6: Solution (18 = 4+7+7 points)

(a) Let u : D → R be the solution to the Laplace equation{
∆u = 0 in D,
u = x2 + 2y2 − 1 on ∂D,

where D = {x2 + y2 < 1}.

(i) [2 points] Compute u(0, 0).

(ii) [2 points] What is the maximum of u?

Solution of (a)-(i). Note that D = B1 is the ball of radius 1 centered at the origin. By the mean
value theorem

u(0, 0) = 1
2π

∫
∂B1

u(x(s), y(s)) ds = 1
2π

∫ 2π

0
u(cos θ, sin θ) dθ.

[1 pt]

Substituting the value of u on ∂B2 we get

u(0, 0) = 1
2π

∫ 2π

0

[
(cos θ)2 + 2(sin θ)2 − 1

]
dθ = 1

2π

∫ 2π

0
(cos θ)2 dθ + 2

2π

∫ 2π

0
(sin θ)2 dθ − 1 = 3

2 − 1 = 1
2 .

[1 pt]

Solution of (a)-(ii). By the maximum principle,

[1 pt]

since x2 + y2 = 1 on ∂D,

max
D

u = max
∂D

u = max
∂B1

(x2 + 2y2 − 1) = max
∂B1

(
(1− y2) + 2y2 − 1

)
= max

∂B1
y2 = 1.

[1 pt]

(b) Let u : D → R be the solution to the Laplace equation{
∆u = 0 in D,
u = g on ∂D,

where D = {x2 + y2 < 1} and g satisfies g ≥ xy.

(i) [4 points] Prove that u(1/2, 1/4) ≥ 1/8.
Hint: note that w = xy is harmonic.

(ii) [3 points] Assume that u(1/2, 1/4) = 1/8. Prove that g(0, 1) = 0.



Solution of (b)-(i). By the maximum principle applied to v = u − xy (which is harmonic), since
v = g − xy ≥ 0 on ∂D we deduce that v ≥ 0 inside D.

[2 pts]

In particular v(1/2, 1/4) ≥ 0, or equivalently u(1/2, 1/4) ≥ 1/8.

[2 pts]

Solution of (b)-(ii). The assumption u(1/2, 1/4) = 1/8 implies that the harmonic function v attains
its minimum at (1/2, 1/4) ∈ D.

[1 pt]

Hence, by the strong maximum principle v is constant, therefore v ≡ 0.

[1 pt]

This is equivalent to saying that u ≡ xy, and therefore g ≡ xy. In particular g(0, 1) = 0.

[1 pt]

(c) Let D ⊂ R2 be a bounded domain, T > 0, and set QT = D × [0, T ]. Let u : QT → R be a classical
solution to the PDE 

ut = y2uxx + x2uyy + ux + uy for (x, y, t) ∈ QT ,
u(x, y, t) = g(x, y, t) on ∂D × [0, T ]
u(x, y, 0) = f(x, y) on D,

namely, u is twice differentiable with respect to (x, y) in QT , once differentiable with respect to t in
QT , and continuous in QT .

(i) [4 points] Prove that u attains its minimum on the parabolic boundary

∂PQT =
(
D × {0}

)
∪
(
∂D × [0, T ]

)
.

Hint: consider v(x, y, t) = u(x, y, t) + εt with ε > 0, and prove that v can attain a minimum only
on ∂PQT .

(ii) [3 points] Prove that, given f and g, there is at most one classical solution.

Solution of (c)-(i). Consider the function v(x, y, t) = u(x, y, t) + εt with ε > 0.

Claim: v cannot attain a minimum on QT \ ∂PQT .

Indeed, if by contradiction v attains a minimum at (x0, y0, t0), then one sees that

vt(x0, y0, t0) ≤ 0, ∇v(x0, y0, t0) = 0, vxx(x0, y0, t0) ≥ 0, and vyy(x0, y0, t0) ≥ 0.

[1 pt]

Since
vt = ut + ε, ∇v = ∇u, vxx = uxx, vyy = uyy,



[1 pt]

using the equation for u, at (x0, y0, t0) we obtain

0 ≥ vt = ut + ε = y2uxx + x2uyy + ux + uy + ε = y2vxx + x2vyy + vx + vy + ε ≥ ε,

a contradiction.

[1 pt]

This proves that
min
∂PQT

u ≤ min
∂PQT

(u+ εt) = min
QT

(u+ εt) ≤ min
QT

u+ εT,

and the result follows by letting ε→ 0.

[1 pt]

Solution of (c)-(ii). Let u1 and u2 be two classical solutions, and define w+ = u1−u2 and w− = u2−u1.
Then w+ and w− solve 

wt = y2wxx + x2wyy + wx + wy in QT ,
w(x, y, t) = 0 on ∂D × [0, T ]
w(x, y, 0) = 0 on D.

[1 pt]

By step (i)
u1 − u2 = w+ ≥ 0 and u2 − u1 = w− ≥ 0 inside QT .

This proves that u1 = u2, as desired.

[2 pts]


