Prof. Dr. Mikaela lacobelli

Analysis 3 Priifung

D-ITET

29.01.2020

Name:
Legi-Nr.:
Studiengang:

Bitte legen Sie Ihre Legi offen auf den Tisch. Mo-
biltelefone sind auszuschalten und im Gepéack zu
verstauen. Lesen Sie folgende Hinweise aufmerk-
sam durch.

e Priifungsdauer: 180 Minuten.

e Erlaubte Hilfsmittel: Buch (auch Zusammenfassungen:
4 Seiten, handschriftlich). NICHT erlaubt sind Taschen-
rechner. NICHT erlaubt sind jegliche Form der Aufgaben
der Ubungsserien oder deren Losungen, sowie netzfihige
Geréte wie Tabletcomputer, Mobiltelefone (auch nicht im
Flugzeugmodus), etc.

e Beginnen Sie jede Aufgabe auf einem neuen Blatt und
lassen Sie die obere linke Ecke jedes Blattes zum Heften
frei. Versehen Sie alle abzugebenden Blatter mit Threm
Namen. Sortieren Sie die Blatter.

e Beantworten Sie Aufgabe 1 direkt auf dem Aufgaben-
blatt (Seiten 2 und 3 in der deutschen Version bzw. Seiten
9 und 10 in der englischen Version). Fiillen Sie aber nur
eine Version (entweder die deutsche oder die englische,
nicht beide) aus.

e Schreiben Sie in Blau oder Schwarz. Schreiben Sie nicht
mit Bleistift oder in roter/griiner Farbe. Benutzen Sie kein
Tipp-Ex. Schreiben Sie sauber!

Was nicht eindeutig lesbar ist, wird ignoriert.

e Samtliche Antworten miissen begriindet werden. Wenn
Sie Aussagen aus der Vorlesung verwenden, machen Sie
deutlich, worauf Sie sich beziehen.

e Maximalpunktzahl: 84 Punkte.
Fiir die Bestnote 6 miissen nicht alle Aufgaben vollstandig
gelost werden.

e Falls Thnen eine Aufgabe Schwierigkeiten bereitet oder
Sie gerade nicht sehen, wie die Aufgabe anzupacken ist,
gehen Sie zur nichsten Aufgabe, um keine Zeit zu verlieren.

Tabelle nicht ausfiillen!

Aufg. | Punkte Kontrolle
1 [14]
2 [17]
3 [11]
4 [12]
5) [12]
6 [18]
Total [84]
Vollstandigkeit
Note




Exam Analysis 3, January 29, 2020
Mikaela Tacobelli

ETH Ziirich

Exercise 1(14 = 2424242424242 points)
Remark: There might be more than one correct answer. Mark all correct answers.

a) State the order and the linearity or type of nonlinearity for the following PDE: e + 221, = e Yy
y Yy y g Yy

[0 3rd order, nonlinear. It is not quasilinear
[J 3nd order, nonlinear. It is quasilinear
[0 2nd order, nonlinear

(] 3rd order, linear

(b) State the order and the kind of nonlinearity for the following PDE: uy,, = u3 + u, + sin(ug;)

[0 2nd order, nonlinear. It is quasilinear
[J 1st order, nonlinear. It is quasilinear
O 2nd order, nonlinear. It is not quasilinear.

[J 1st order, nonlinear. It is not quasilinear.

(c) Consider the PDE gy + uy + 2ugy + uyy + u? = 0. Which of the following statements are correct:

O elliptic for x < 0, y > 0

[0 parabolic for x =0

[0 hyperbolic for x < 0, y <0
O hyperbolic for z < 1,y > 1



(d) Let u: D — R be the solution to the Laplace equation

Au=20 in D,
u = (22 —3y?)%? on OD,

where D = {z% + y? < 1}. What is the minimum of u?
0o
-3
1
09

(e) Let w: [0,1] x [0,400) — R be the solution to the heat equation

Ut — Ugg =0 in [0, 1] x [0, +00),
w(0,t) =1 +sin(t), u(l,t) =1 —3sin(t) fort >0
u(z,0) = 3 + 22 for 0 <z <1.

What is the maximum of u?

02
04
O 7/2
01

(f) Which among the following properties holds only for harmonic functions?

[0 Weak maximum principle
O Strong maximum principle
[0 Mean value theorem

0 Rankine-Hugoniot condition

(g) Let u : D — R be the solution to the Laplace equation with Neumann boundary conditions

Au=0 in D,
Ou=ar’+3ry+y*+ B ondD,

where D = {z? + y? < 1}. For which values a and 3 is the previous problem solvable?

O For all o, 5 € R.

O For all o, 8 € R such that a +25+1=0.
O For all o, 5 € R such that a + 28 +4 = 0.
O For all a, 5 € R such that a + 28 = 0.



Exercise 2 (17 = 7410 points)
(a) Consider the following problem

u(0,y) = y*.

(i) [2 points] Check whether the initial condition satisfies the transversality condition.

{ 2uy + yuy = 2u,

(ii) [5 points] Find the explicit formula for u.

(b) Consider the scalar conservation law

%u—i—a%f(u):o,
1 forx<0 ,
4 forz>0

u(x,0) =
with f(u) = $u?.

(i) [2 points] Write down the equation for the characteristics inside the regions

{z <y} and {z > 4y}.

(ii) [6 points] Verify that the following is a weak solution:

for z < %y,
for %y <z <2y,
for 2y < x < 4y,
for z > 4y,

ui(z,y) =

ey N -

(iii) [2 points| Does u; satisfy the entropy condition? Justify your answer.



Exercise 3 (11 points)

Let u solve the one dimensional wave equation

(i)

(ii)

(iif)

U — Cugy =t for x € R, t € R,
u(z,0) = f(zr) forx € R,
ut(x,0) = g(x) for x € R,

[3 points] Suppose f(z) = 1if x > 0 and f(z) = 0 if x < 0, and suppose that g is a smooth
function. Without computing the explicit formula for u, discuss where the singularities of u are
located.

[4 points| Suppose that f(z) =0 and g(x) = cos(z). Compute the explicit solution u, and use
it to compute the limit
t
lim u(@, ),
t—00 #+3

for every xz € R.

[4 points] Suppose, again, that f(z) =0 and g(z) = cos(z). Compute u(z,t) + u(x, —t) without
using the explicit formula for u.
Hint: look at the equation satisfied by v(x,t) = —u(x, —t).



Exercise 4 (12 points)

[12 points] Let u solve the following problem with Dirichlet boundary conditions

Ut — Ugy = —U, (x,t) € (0,7) x (0,00),
u(0,t) = 0, t € (0,00),
u(m,t) = 0, t € (0,00),
uw(z,0) = 2sin(z), x€]0,7],
ug(x,0) = 0, x € [0, 7].

Find the explicit formula for u.



Exercise 5 (12 points)

[12 points] Consider polar coordinates (r,#) in R?, and define the domain D = {1 <7 < 2,0 <6 <
w/2}. Let w: D — R be the solution to the Laplace equation

Au=20 in D,
u(2,0) = sin(20) for 0 <60 < 7/2,
u(1,6) = 2sin(40) for 0 <6 <m/2,

u(r,0) =u(r,7/2) =0 for 1 <r <2.

Find the explicit formula for u.
Hint: use that the functions {r"sin(nf)},~o and {r~"sin(nf)},>o are harmonic in R?\ {0}.



Exercise 6 (18 = 44747 points)

(a) Let uw: D — R be the solution to the Laplace equation

Au=20 in D,
u=2x2+2y>—1 ondD,

where D = {2 + y% < 1}.

(i) [2 points] Compute u(0,0).

(ii) [2 points] What is the maximum of u?

(b) Let u: D — R be the solution to the Laplace equation

Au=0 in D,
u=g ondD,

where D = {2% + y? < 1} and g satisfies g > zy.
(i) [4 points] Prove that u(1/2,1/4) > 1/8.
Hint: note that w = zy is harmonic.

(ii) [3 points] Assume that u(1/2,1/4) = 1/8. Prove that ¢g(0,1) = 0.

(c) Let D C R? be a bounded domain, T > 0, and set Q7 = D x [0,T]. Let u : Q7 — R be a classical
solution to the PDE

2

Ut =Y Uxx+x2uyy+ux+uy for (a:,y,t) € Qr,
u(z,y,t) = g(,y,t) on 0D x [0, 7]
u(z,y,0) = f(z,y) on D,

namely, u is twice differentiable with respect to (x,y) in Qr, once differentiable with respect to ¢ in
@7, and continuous in Q7.

(i) [4 points] Prove that u attains its minimum on the parabolic boundary
opQr = (D x {0}) U (8D x [0,T1).

Hint: consider v(z,y,t) = u(x,y,t) + et with € > 0, and prove that v can attain a minimum only

on apQT.

(ii) [3 points] Prove that, given f and g, there is at most one classical solution.



Exercise 1: Solution (14 = 2424242424242 points)
Remark: There might be more than one correct answer. Mark all correct answers.

a) State the order and the linearity or type of nonlinearity for the following PDE: uyyp + 22, = e vy
(a) y or typ y g y

[J 3rd order, nonlinear. It is not quasilinear
[0 3nd order, nonlinear. It is quasilinear
[0 2nd order, nonlinear

X 3rd order, linear

(b) State the order and the kind of nonlinearity for the following PDE: uy,, = u? + u, + sin(ugy)

[0 2nd order, nonlinear. It is quasilinear
[J 1st order, nonlinear. It is quasilinear
X 2nd order, nonlinear. It is not quasilinear.

(] 1st order, nonlinear. It is not quasilinear.

(c) Consider the PDE zuyy + ug + 2ugy + Uy + u? = 0. Which of the following statements are correct:

O elliptic for x < 0, y >0

[ parabolic for x =0

X hyperbolic for z < 0, y <0
X hyperbolic for x < 1,y > 1

(d) Let w: D — R be the solution to the Laplace equation

Au =0 in D,
u= (22 —3y?)? on 4D,

where D = {z% + y? < 1}. What is the minimum of u?
X 0
-3
01
19



(e) Let w: [0,1] x [0,4+00) — R be the solution to the heat equation

Up — Ugy = 0 in [0,1] x [0, +00),
u(0,t) =1 +sin(t), u(1,t) =1 —3sin(t) for ¢ >0
u(z,0) = 5 + 22 for0 <z <1.

What is the maximum of u?

02
X 4
0 7/2
01

(f) Which among the following properties holds only for harmonic functions?

[0 Weak maximum principle
[0 Strong maximum principle
X Mean value theorem

[0 Rankine-Hugoniot condition

(g) Let u: D — R be the solution to the Laplace equation with Neumann boundary conditions

Au=0 in D,
Ou=ax?+3zy+y>+ B ondD,

where D = {2% + y? < 1}. For which values « and 3 is the previous problem solvable?

O For all o, 5 € R.

X For all o, 5 € R such that a +28+ 1 = 0.
O For all o, 8 € R such that a + 25 +4 = 0.
O For all o, 5 € R such that a + 25 = 0.



Exercise 2: Solution (17 = 7410 points)

(a) Consider the following problem

2uy + yuy = 2u,
u(0,y) = y*.

(i) [2 points] Check whether the initial condition satisfies the transversality condition.

(ii) [5 points] Find the explicit formula for u.
Solution of (a)-(i). We parameterize the initial condition by
s = (z0(s), yo(s), Go(s)) = (0, s, s?) € R3.

[1 pt]

We check whether the transversality condition holds. This amounts to compute the determinant

2 2 s
det(tasﬂO %)zdet(o 1)22740.
Js Js

Hence the initial condition is noncharacteristic.

[1 pt]

Solution of (a)-(ii). We compute the equations for the characteristics:

27?(757 s) =2, zo(s) = 0,
ats)=y(t.s), wyols)=s,
%(t,s) = 2i0i(t,s), fp(s) = s
[1 pt]
Solving each equation, we find
x(t,s) = 2t,
y(t,s) = se,

a(t,s) = se?.

[2 pts]
Hence, from the first relation we get
t=ux/2,
and then from the formula of y we obtain
s = ye~t = ye /2,

[1 pt]

Thus, replacing these identities in the formula for %, we conclude that

u(x,y) — (ye—w/2)4623§/2 — y4€_$.



[1 pt]

(b) Consider the scalar conservation law

Su+ g f(u) =0,

1 forx<0 ,
u(x,O)—{4 for x > 0

~ _ 1,2
with f(u) = Ju”.
(i) [2 points] Write down the equation for the characteristics inside the regions

{z <y} and {z > 4y}.

(ii) [6 points] Verify that the following is a weak solution:

for z < %y,
for %y <z <2y,
for 2y < z < 4y,
for x > 4y,

Ul(l', y) =

g N =

(iii) [2 points| Does u; satisfy the entropy condition? Justify your answer.

Solution of (b)-(i). The equation for the characteristics are given by

s+y fors<0,

— / pr— =
:L‘—s+f(u(5>0))y—5+“(3’0)y_{ s+4y for s> 0,

[1 pt]

Since u is constant along the characteristics, we deduce that

u(z,y) =1 for {z <y}, u(z,y) =4 for {x > 4y}.

[1 pt]

Solution of (b)-(ii). Note that u; is continuous everywhere, except along the line {x = 3y} along
which it has a shock.

[1 pt]
Also, uy is constant in each of the regions {z < 3y}, {3y < 2 < 2y}, and {z > 4y}, thus it is a solution
there.

[1 pt]

Furthermore, inside the region {2y < = < 4y} we check that the function m is a solution:

0(w>+<w)3(x)_m+w.10
oy \y y/) oz \y vy oy



[2 pts]

Finally, we need to check that u; satisfies the Rankine-Hugoniot condition across the line {z = 3y}. [1
pt]

This amounts to
fh) —flu) 122-1> 3

ut—u= 22—-1 2
This proves that u; is a weak solution.

[1 pt]

Solution of (b)-(iii). The solution u; does not satisfy the entropy condition since, on the shock
{z = 3y}, we have

[2 pts]



Exercise 3: Solution (11 points)

Let u solve the one dimensional wave equation

Ut — gy =t for x € R, t € R,
u(z,0) = f(z) for x € R,
ug(x,0) = g(x) for z € R,

(i) [3 points] Suppose f(x) =1 if x > 0 and f(x) = 0 if z < 0, and suppose that g is a smooth
function. Without computing the explicit formula for u, discuss where the singularities of u are
located.

(ii) [4 points] Suppose that f(z) =0 and g(z) = cos(z). Compute the explicit solution u, and use
it to compute the limit
t
lim u(@, )
t—00 3

for every z € R.

(iii) [4 points] Suppose, again, that f(z) = 0 and g(x) = cos(z). Compute u(z,t) + u(z, —t) without
using the explicit formula for u.
Hint: look at the equation satisfied by v(x,t) = —u(x, —t).

Solution of (i). We recall that singularities travel along characteristics. Since g does not have
singularities (it is smooth), the only singularities are those for f. Characteristics are curves of the form
x + ct = const and x — ct = const.

[2 pts]
Since f is singular at x = 0 for ¢ = 0, therefore, singularities are located on the lines

x+ct=0 and x—ct =0.
[1 pt]

Solution of (ii).

Using d’Alembert’s formula we get

1 T+t 1 t T+c(t—7)
u(x,t) = 2— COSTdT‘}'? </ Td£> dr
CJz—ct €Jo z—c(t—7)
. W _ 1 t x—i—c(t—T)
_ sin(z + ct) — sin(x — ct) . 7/ 7_</ df) dr
2c 2c Jo z—c(t—T)
sin(z + ct) —sin(z —ct) 1 /t
= — 2¢(t — 7)) d
5 + g [, T2t =)l dr
. o _ t t
_ sin(z +ct) —sin(z — ct) +t/ —dr _/ 2 dr
2c 0 0
_ sin(z + ct) —sin(z — ct) n (1 B 1>t3
2¢ 2 3
i — i —ct 1
_ sin(z +ct) —sin(z — ct) ]

2c 6



[2 pts]

Thus,
. u(z,t) . osin(w4ct) —sin(z—ct) 1 1
A, B A 2ct3 TsT o
for all z € R.
2 pt]
Solution of (iii). One checks by a direct computation that v(z,t) = —u(x, —t) solves
Uy — gy =t forr e R, t € R,
v(z,0) =0 for x € R,
vi(x,0) = cosx for z € R,
[2 pts]
By uniqueness for the wave equation, this implies v(z,t) = u(x,t), or in other words u(x, —t) = —u(z,t)

or u(z, —t) + u(z,t) =0
[2 pts]



Exercise 4: Solution (12 points)

Let u solve the following problem with Dirichlet boundary conditions

Ut — Ugy = —U, (z,t) € (0,m) x (0, 00),
u(0,t) = 0, t € (0,00),
u(m,t) = 0, t € (0,00),
u(z,0) = 2sin(z), x € [0, 7],
ut(z,0) 0, x € [0, 7).

Find the explicit formula for w.

Sol. In this case, the corresponding base of eigenfunctions is given by v,(z) = sin(nz) and )\, = n?

are the eigenvalues. Thus, we are looking for a general solution of the form

u(zx,t) = Z T, (t) sin(nx).

n>1

Indeed, since the function X, (z) = sin(nz) satisfies X,,(0) = X,,(7) = 0 for each n > 0, it follows that
u(0,t) = u(m,t) =0 for all t > 0.

[4 pts]

Remark: students may also find the above formula by analyzing in detail the structure
of separate of variable solutions. Partial credit is awarded if mistakes are done during
this deduction.

From the initial conditions,
T1(0) =2, T,(0)=0, forall n > 2.
T, (0) =0, for all n > 1.
(2 pts]
On the other hand, imposing that u; — Uz, +u =0,

Z(T/{(t) + 1T, (t) 4 Ty, (1)) sin(nz) = 0.

n>1

[1 pt]
That is,

T(t) 4+ (n® + 1)T,,(t) = 0, for all n > 1.
[1 pt]

Solving the corresponding ODEs,

(n=1) In this case,

T/ (t) 4+ 211 (t) =0, Ti(0)=2, Tj(0)=0 = Ti(t) = 2cos(V2t).

(2 pts]



(n > 2) In this case,

T'(#) + (n> + 1)T,,(t) =0, T,(0)=0, T,(0)=0,

(1 pt]

And the general solution is given by

u(z,t) = 2cos(v/2t) sin(x).

[1 pt]



Exercise 5: Solution (12 points)

Consider polar coordinates (r,0) in R?, and define the domain D = {1 < r < 2,0 < § < 7/2}. Let
u : D — R be the solution to the Laplace equation

Au=0 in D,

u(2,6) = sin(20) for 0 <6 <m/2,
u(1,6) = 2sin(40) for 0 <6 <m/2,
u(r,0) =wu(r,7/2) =0 for1<r <2.

Find the explicit formula for w.
Hint: use that the functions {r"sin(nf)},~0 and {r~"sin(n#)},~o are harmonic in R?\ {0}.

Solution. Notice that {sin(nf)},~o vanish at both # = 0 and § = 7 only for n even.

[1 pt]

Thus, we consider the functions {r?" sin(2n)},>o and {r=2"sin(2n)},~o. We look for a solution of

the form
u(r,0) = Z (Anr2" sin(2n6) + B,r~ " sin(ZnG)).

n>1
With this definition, u(r,0) = u(r,7/2) =0 for 1 <r < 2.
[3 pts]
For 0 < § < w/2 and r = 2 we have

> (2% Ay + 277" By) sin(2n6) = sin(26),

n>0

which implies

B
41414_?1:17 22" A, +27"B, =0 forn > 1.

[2 pts]

On the other hand, for 0 < § < 7/2 and r = 1 we have

> (An + By) sin(2n6) = 2sin(46),
n>0

which implies
Ay + By =2, A,+B,=0 fOI'TL?éQ.
[2 pts]
From these relations, one deduces that A,, = B,, =0 for n > 3
[1 pt]
For A; and B; we get
4A1+7=1, A1+B1=0,

thus 4 = % and By = —%.



[1 pt]
Finally, for A, and By we get

B
72_0, Ao+ By =2,

164 =
62+16

thusAQ:—% anngz2+%:%§.

[1 pt]

In conclusion

4 4 2 512
u(r,0) = 1—57“2 sin(260) — BT_Q sin(20) — ﬁ# sin(460) + ﬁr_Zl sin(40).

[1 pt]



Exercise 6: Solution (18 = 44747 points)

(a) Let uw: D — R be the solution to the Laplace equation

Au=20 in D,
u=2x2+2y>—1 ondD,

where D = {2 + y% < 1}.

(i) [2 points] Compute u(0,0).

(ii) [2 points] What is the maximum of u?

Solution of (a)-(i). Note that D = B is the ball of radius 1 centered at the origin. By the mean
value theorem

1

u(0,0) = By /631 u(z(s),y(s))ds !

T o

2w
/ u(cos 0, sin 0) db.
0

[1 pt]

Substituting the value of u on 0By we get

1 27 1 2 2 2 3
u(0,0) = —/ [(cos 0)% + 2(sin §)* — 1] df = —/ (cos0)% db + 7/ (sin@)?df — 1 = 3 1=
0 0 0

1
o o7 2 2

[1 pt]
Solution of (a)-(ii). By the maximum principle,

[1 pt]

since 22 + 4% = 1 on 9D,

2 2 2 2 2
maxu I%aX u I(I?la,f{(l' + Yy ) Igaf{ (( y ) + Yy ) Igaf( y

[1 pt]

(b) Let w: D — R be the solution to the Laplace equation

Au=0 in D,
u=g ondD,

where D = {2% + y? < 1} and g satisfies g > zy.

(i) [4 points] Prove that u(1/2,1/4) > 1/8.
Hint: note that w = xy is harmonic.

(ii) [3 points] Assume that u(1/2,1/4) = 1/8. Prove that ¢(0,1) = 0.



Solution of (b)-(i). By the maximum principle applied to v = u — xy (which is harmonic), since
v=g—xy >0 on dD we deduce that v > 0 inside D.

[2 pts]

In particular v(1/2,1/4) > 0, or equivalently u(1/2,1/4) > 1/8.

[2 pts]

Solution of (b)-(ii). The assumption u(1/2,1/4) = 1/8 implies that the harmonic function v attains
its minimum at (1/2,1/4) € D.

[1 pt]

Hence, by the strong maximum principle v is constant, therefore v = 0.

[1 pt]

This is equivalent to saying that u = xy, and therefore g = zy. In particular g(0,1) = 0.

[1 pt]

(c) Let D C R? be a bounded domain, 7' > 0, and set Q7 = D x [0,T]. Let u : Q7 — R be a classical
solution to the PDE

U = YPugy + xQuyy +uy +u, for (z,y,t) € Qr,
u(z,y,t) = g(,y,t) on 0D x [0, 7]
u(z,y,0) = f(z,y) on D,

namely, u is twice differentiable with respect to (x,y) in Qr, once differentiable with respect to ¢ in
Q7, and continuous in Q7.

(i) [4 points] Prove that u attains its minimum on the parabolic boundary
opQr = (D x {0}) U (8D x [0,T]).

Hint: consider v(z,y,t) = u(x,y,t) + et with € > 0, and prove that v can attain a minimum only

on aPQT.

(ii) [3 points] Prove that, given f and g, there is at most one classical solution.
Solution of (c)-(i). Consider the function v(z,y,t) = u(z,y,t) + et with e > 0.

Claim: v cannot attain a minimum on Qr \ dpQ7.

Indeed, if by contradiction v attains a minimum at (xg, yo, o), then one sees that
Ut(x(]:y()at()) < 07 vv(x(]vy()at()) = 07 vzr(x07y0’t0) > 07 and Uyy(x()vyO?tO) > 0.

[1 pt]

Since
vi=ut+€ Vu=VuU, Upp = Uzz, Vyy = Uyy,



[1 pt]

using the equation for u, at (xg,yo,to) we obtain
0> vy :ut+e:y2um+x2uyy+ux+uy+e:yQUvavayy—kvx—kvy—ke > €,

a contradiction.

[1 pt]

This proves that

min v < min (u + et) = min(u + et) < minu + €7,
opQT opQr Qr Qr

and the result follows by letting € — 0.

[1 pt]

Solution of (c)-(ii). Let u; and ug be two classical solutions, and define w4 = uj —ug and w— = ug—u;.
Then w4 and w_ solve

Wi = Y Weg + T Wyy + Wy + wy  in Qr,
w(z,y,t) =0 on 9D x [0,T]
w(z,y,0) =0 on D.
[1 pt]
By step (i)
uy —ug =w4+ >0 and wup—up=w_ >0 inside Q7.

This proves that u; = us, as desired.

[2 pts]



