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1. Multiple choice questions. [12pt=2+2+2+2+2+2]

Cross the unique correct answer.

(a) State the order and the linearity or type of nonlinearity for the following PDE:
ex
(
ux + cos(y)uy − u

)5
= sin(x2 + 7).

x First order, linear.

� First order, nonlinear. It is not quasilinear.

� Second order, nonlinear. It is not quasilinear.

� Second order, nonlinear. It is quasilinear.

(b) State the order and the linearity or type of nonlinearity for the following PDE:
(1 + u4

x) log(∆u+ uy) = 2022.

� First order, non linear. It is not quasilinear.

� First order, nonlinear. It is quasilinear.

� Second order, nonlinear. It is not quasilinear.

x Second order, nonlinear. It is quasilinear.

(c) State the order and the linearity or type of nonlinearity for the following PDE:
uxxuyy − u2

xy = 1.

� Second order, nonlinear. It is quasilinear.

x Second order, nonlinear. It is not quasilinear.

� First order, nonlinear. It is not quasilinear.

� Second order, linear.

(d) Let α ∈ R be a constant. Then, the function

u(x, y) =

1, if x ≥ αy,

0, if x < αy,

is a weak solution of the conservation law
uy + (2u+ u3)ux = 0, (x, y) ∈ R× (0,+∞),
u(x, 0) = 1, x ≥ 0,
u(x, 0) = 0, x < 0,

if
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� α = 3.

x α = 5
4 .

� α = 3
2 .

� α = 1.

(e) Let u be the solution of
utt − uxx = 0, (x, t) ∈ R× (0,+∞),
u(x, 0) = 1

x2+1 , x ∈ R,
ut(x, 0) = 0, x ∈ R.

Then, for every x̄ ∈ R the asymptotic value limt→+∞ u(x̄, t) is equal to

� +∞.

� 1.

� −∞.

x 0.

(f) The PDE ex+yuxx + 2exuxy − (ey−x − 2)uyy + 7u = cos(x2), is

� nowhere hyperbolic.

� parabolic when x 6= y.

x parabolic when x = y.

� everywhere elliptic.
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2. Wave equation. [16pt=6+10]

Let u = u(x, t) be a solution of the wave equation
utt − 9uxx = 0, (x, t) ∈ R2,

u(x, 0) = f(x), x ∈ R,
ut(x, 0) = sin(x), x ∈ R,

where f(x) = x, if |x| ≤ 2 and f(x) = 0, if |x| > 2.

(a) [6 pt] Where are the discontinuities of u and is u(·, t) odd/even? Justify your
answer before solving point (b).

SOL: We recall that singularities travel along characteristics. Characteristics are
curves of the form x + 3t = constant and x − 3t = constant [2pt]. The function f
is singular at x ∈ {−2, 2} when t = 0, and therefore the singularities are located on
x+ 3t = −2, x+ 3t = 2 and x− 3t = −2 and x− 3t = 2 [2pt]. Since f(x) and sin(x)
are odd, we know that the solution must be also be odd, since the solutions of the
one dimensional wave equations preserve the symmetries of the boundary data [2pt].

(b) [10pt] Compute the explicit solution u, and compute u(π2 ,
π
3 ).

SOL: We apply the d’Alembert formula for homogeneous one dimensional wave
equation [2pt]:

u(x, t) = f(x+ 3t) + f(x− 3t)
2 + 1

6

∫ x+3t

x−3t
sin(y) dy.

Since

f(x+ 3t) + f(x− 3t)
2 =


0, |x− 3t| > 2 and |x+ 3t| > 2,
x, |x− 3t| ≤ 2 and |x+ 3t| ≤ 2,
x±3t

2 , |x± 3t| ≤ 2 and |x∓ 3t| > 2,

and ∫ x+3t

x−3t
sin(y) dy = cos(x− 3t)− cos(x+ 3t) = 2 sin(x) sin(3t),

we conclude that [6pt]

u(x, t) =


sin(x) sin(3t)

3 , |x− 3t| > 2 and |x+ 3t| > 2,
x+ sin(x) sin(3t)

3 , |x− 3t| ≤ 2 and |x+ 3t| ≤ 2,
x±3t

2 + sin(x) sin(3t)
3 , |x± 3t| ≤ 2 and |x∓ 3t| > 2,
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Now, when (x, t) = (π2 ,
π
3 ), we are in the third option above because |π2 − 3π3 | =

π
2 < 2

and |π2 + 3π3 | =
3π
2 > 2. Hence [2pt]

u(π, π3 ) =
π
2 − π

2 +
sin(π2 ) sin(π)

3 = −π4 .
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3. Method of Characteristics. [16pt=6+10]

Consider the first order PDEux + log(u)uy = 2u, (x, y) ∈ R2,

u(x, 0) = ex, x ∈ R.

(a) [6pt] Check the transversality condition.

SOL: First of all, we parametrize the initial curve as Γ(s) = (x0(s), y0(s), ũ0(s)) =
(s, 0, es). Notice that the given PDE is of the form a(x, y, u)ux+b(x, y, u)uy = c(x, y, u),
where a(x, y, u) = 1, b(x, y, u) = log(u) and c(x, y, u) = 2u [2pt]. The implicit
function theorem ensure local invertibility of the systemx = x(s, t),

y = y(s, t),

around (s, t) = (s, 0) provided

0 6= det
[
∂x
∂t

∂y
∂t

∂x
∂s

∂y
∂s

]
=
[
a(x0(s), y0(s), ũ0(s)) b(x0(s), y0(s), ũ0(s))

dx0
ds

(s) dy0
ds

(s)

]
.

In our particular case [3pt]

det
[
a(x0(s), y0(s), ũ0(s)) b(x0(s), y0(s), ũ0(s))

dx0
ds

(s) dy0
ds

(s)

]
= det

[
1 log(es)
1 0

]
= −s.

Therefore, the transversality condition is satisfied for all s 6= 0 [1pt].

(b) [10pt] Solve the above PDE using the Method of Characteristics.

SOL: Keeping the same notation of the first point, the system of ODE associated to
the characteristics curves (x(s, t), y(s, t), ũ(s, t)) is given by [2pt]


d
dt
x(s, t) = 1, x(s, 0) = x0(s) = s,

d
dt
y(s, t) = log(ũ(s, t)), y(s, 0) = y0(s) = 0,

d
dt
ũ(s, t) = 2ũ(s, t), ũ(s, 0) = ũ0(s) = es.

We have that x(s, t) = x0(s) + t = s + t and ũ(s, t) = ũ0(s)e2t = es+2t. Subtituting
the expression for ũ in the ODE for y(s, t) we have that

d

dt
y(s, t) = log(es+2t) = s+ 2t,
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giving us y(s, t) = st+ t2 [4pt]. We have to invertx = s+ t,

y = y(s, t) = st+ t2.

Substituting s = x− t in the expression for y we get y = (x− t)t+ t2 = xt, giving us,
for x 6= 0 that [2pt]s = x− y

x
,

t = y
x
.

Hence, u(x, y) = exp{x− y
x

+ 2 y
x
} = exp{x2+y

x
}, [2pt].
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4. Separation of variables. [12pt]

Solve the Laplace equation

∆u = 0, (x, y) ∈ [0, 2π]× [0, π],
u(x, 0) = sin(x), x ∈ [0, 2π],
u(x, π) = 3 sin(x/2), x ∈ [0, 2π],
u(0, y) = 0, y ∈ [0, π],
u(2π, y) = 2 sin(10y), y ∈ [0, π].

SOL: By linearity, we start by splitting the solution u as the sum u = u1 + u2 in
order to obtain two problems with only opposite sides boundary conditions different
from zero, as in the picture [2pt]:

u
=

0

u
=

2sin(10y)u = sin(x)

u = 3 sin(x/2)

∆u = 0
u

2
=

0 u
2 =

0

u2 = sin(x)

u2 = 3 sin(x/2)

∆u2 = 0 +

u
1

=
0

u
1 =

2sin(10y)u1 = 0

u1 = 0

∆u1 = 0

We start by solving for u1. We apply the separation of variables u1(x, y) = ∑
nXn(x)Yn(y).

Setting the Laplacian of one arbitrary term equal to zero, we obtain thatX ′′n(x)Yn(y) =
−Xn(x)Y ′′n (y). Dividing by Y (y)

X(x) we have that X′′

X
= −Y ′′

Y
= λn = constant, since the

two variables must be independent. Since Y (0) = Y (π) = 0 and Y ′′ + λnY = 0, we
obtain the family of solutions

Yn(y) = an sin(ny), λn = n2.

For X(x), we have that X ′′(x)− λnX(x) = 0. Since the has changed we obtain as
general solution a sum of hyperbolic sinus and hyperbolic cosines. For our boundary
conditions, we have seen that it is convenient to express X(x) as a sum of sinh(nx)
and sinh(n(x− 2π)), in an equivalent way. Therefore [2pt]

u1(x, y) =
+∞∑
n=1

(
An sinh(nx) +Bn sinh(n(x− 2π))

)
sin(ny).

Now, let us determinate the coefficients An and Bn: since

0 = u1(0, y) =
∞∑
n=1

Bn sinh(−2πn) sinh(ny),
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we have that for every n ≥ 1, Bn = 0. On the other side

2 sin(10y) = u1(2π, y) =
+∞∑
n=1

An sinh(2πn) sin(ny),

implying A10 = 2
sinh(20π) , and An = 0 otherwise. Hence [2pt]

u1(x, y) = 2
sinh(20π) sinh(10x) sin(10y).

Repeating exactly the same argument switching the role of x with y, we get the
general expression for u2 as [2pt]

u2(x, y) =
+∞∑
n=1

(
Cn sinh

(n
2 y
)

+Dn sinh
(n

2 (y − π)
))

sin
(n

2x
)
.

To determinate the coefficients we set

sin(x) = u2(x, 0) =
+∞∑
n=1

Dn sinh
(
−nπ2

)
sin
(n

2x
)
,

implying that D2 = 1
sinh(−π) and Dn = 0 otherwise, and from

3 sin(x/2) = u2(x, π) =
+∞∑
n=1

Cn sinh
(n

2π
)

sin
(n

2x
)
,

implying that C1 = 3
sinh(π/2) and Cn = 0 otherwise. Finally, from [2pt]

u2(x, y) = 3
sinh(π/2) sinh

(1
2y
)

sin
(1

2x
)
− 1

sinh(π) sinh(y − π) sin(x),

we conclude that [2pt]

u(x, y) = u1(x, y) + u2(x, y)

= 2 sinh(10x)
sinh(20π) sin(10y) +

3 sinh
(
y
2

)
sinh(π/2) sin

(x
2
)
− sinh(y − π)

sinh(π) sin(x).
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5. Maximum principle [14pt=4+10]

Let B :=
{

(x, y) ∈ R2 : x2 + y2 < 4
}
, and let u = u(x, y) be a function twice

differentiable in B and continuous in B̄, solving∆u(x, y) = −(x2 + y2)3, in B,
u(x, y) = g(x, y), on ∂B,

for some given function g.

(a) [4pt] Express the above PDE in polar coordinates (x, y) = (r cos(θ), r sin(θ)).

SOL: Let w(r, θ) := u(r cos(θ), r sin(θ)) and f(θ) := g(2 cos(θ), 2 sin(θ)) be the
solution and the data on the boundary expressed in polar coordinates. Since r =√
x2 + y2 we have that −(x2 + y2)3 = −r2·3 = −r6 [2pt]. The PDE for w is then

[2pt]∆w = −r6, in B,
w(2, θ) = f(θ), θ ∈ [0, 2π],

where ∆w = wrr + 1
r
wr + 1

r2wθθ is the Laplacian expressed in polar coordinates.

(b) [10pt] Show that

max
B̄

u ≤ 4 + max
∂B

g.

Hint: Add a polynomial in r to u to obtain an harmonic function.

SOL: Following the hint, we search for a polynomial p(r) = Crα such that ∆p = r6,
so that ∆(w + p) = 0. Now, computing

∆p(r) = C∆(rα) = C
(
α(α− 1)rα−2 + αrα−2

)
= Cα2rα−2,

we see that for α = 8 we get

Cα2rα−2 = C · 64r6,

so that for C = 1
64 we obtain ∆p(r) = r6 [4pt]. Then, setting v(r, θ) := w(r, θ) + p(r),

we get [2pt]∆v = 0, in B,
v(2, θ) = f(θ) + 1

6428 = f(θ) + 4, θ ∈ [0, 2π].

Applying the weak maximum principle on v and noticing that v = w + 1
64r

8 ≥ w
everywhere [4pt] we conclude that

max
B̄

u = max
B̄

w ≤ max
B̄

v = max
∂B

v = max
θ∈[0,2π]

f(θ) + 1 = max
∂B

g + 4.
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