D-MATH Analysis 3 ETH Ziirich
Prof. M. Iacobelli Exam Solutions HS 2021

1. Multiple choice questions. [12pt=2+42+42+42+42+2]
Cross the unique correct answer.
(a) State the order and the linearity or type of nonlinearity for the following PDE:
e’ (ugC + cos(y)u, — u)5 = sin(z? + 7).
x First order, linear.
U] First order, nonlinear. It is not quasilinear.
[0 Second order, nonlinear. It is not quasilinear.

[J Second order, nonlinear. It is quasilinear.

(b) State the order and the linearity or type of nonlinearity for the following PDE:
(14 u})log(Au + u,) = 2022.

L] First order, non linear. It is not quasilinear.
[J First order, nonlinear. It is quasilinear.
[0 Second order, nonlinear. It is not quasilinear.

x Second order, nonlinear. It is quasilinear.

(c) State the order and the linearity or type of nonlinearity for the following PDE:
Uy Uyyyy — uiy =1.

[J Second order, nonlinear. It is quasilinear.

x Second order, nonlinear. It is not quasilinear.

[J First order, nonlinear. It is not quasilinear.

[J Second order, linear.
(d) Let @ € R be a constant. Then, the function
1, ifx > ay,
u(z,y) = .
0, ifz<ay,
is a weak solution of the conservation law

uy + (2u +v*)u, =0, (x,9) € R x (0,+00),
u(z,0) =1, x>0,
u(z,0) =0, z <0,

if
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(e) Let u be the solution of

Ut — Ugye = 0, (I’,t) - R X (0, +OO),
u(z,0) = I21+1, r € R,
ug(z,0) =0, r € R.

Then, for every & € R the asymptotic value lim;_, o u(Z,t) is equal to

0 +4o0.
O 1.
[ —oo.
x 0.

(f) The PDE e" ¥y, + 26%Uy, — (697 — 2)uy, + Tu = cos(z?), is

[J nowhere hyperbolic.
[J parabolic when = # y.
x parabolic when z = y.

[0 everywhere elliptic.
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2. Wave equation. [16pt=6+10]

Let u = u(x,t) be a solution of the wave equation

Ut — 9um = 0, (SC,t) S RQ,
u(z,0) = f(z), =z€R,
ui(z,0) =sin(z), =z € R,

where f(z) =z, if |z| <2 and f(z) =0, if |z| > 2.

(a) [6 pt] Where are the discontinuities of u and is u(-,¢) odd/even? Justify your
answer before solving point (b).

SOL: We recall that singularities travel along characteristics. Characteristics are
curves of the form x + 3t = constant and x — 3t = constant [2pt]. The function f
is singular at = € {—2,2} when ¢ = 0, and therefore the singularities are located on
r+3t=—-2,x+3t=2and x — 3t = —2 and z — 3t = 2 [2pt]. Since f(x) and sin(z)
are odd, we know that the solution must be also be odd, since the solutions of the
one dimensional wave equations preserve the symmetries of the boundary data [2pt].

(b) [10pt] Compute the explicit solution u, and compute (3, 3).

SOL: We apply the d’Alembert formula for homogeneous one dimensional wave
equation [2pt]:

3t — 3t 1 pet3t
u(z,t) = flo+3) + f@ ) + f/ sin(y) dy.
2 6 Jo—3t
Since
0, |z — 3t] > 2 and |z + 3t| > 2,
3t -3t
flat3t) + flz ): x, |z —3t| <2 and |z + 3t] <2,

723t x££ 3t] < 2 and |z F 3t| > 2,

2 )
and

z+3t
/ sin(y) dy = cos(z — 3t) — cos(z + 3t) = 2sin(x) sin(3t),
z—3t

we conclude that [6pt]

sinz)sm(3) |z — 3t| > 2 and |z + 3t| > 2,

u(z,t) = x—i—w, |z —3t] <2 and |z + 3t] <2,

oddt | n(@s@) -y 4 3¢ < 2 and |z F 3t| > 2,
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Now, when (z,t) = (7, %), we are in the third option above because |5 —3%| = § < 2
and |3 + 3% = 2% > 2. Hence [2pt]

T g-—m sin(z)sin(r) 7
3) > 3 4

4/27 March 2, 2022



D-MATH Analysis 3 ETH Ziirich
Prof. M. Iacobelli Exam Solutions HS 2021

3. Method of Characteristics. [16pt=6+10]
Consider the first order PDE
{ux + log(u)u, = 2u, (z,y) € R?
u(z,0) = e”, r € R.
(a) [6pt] Check the transversality condition.

SOL: First of all, we parametrize the initial curve as I'(s) = (z(s), yo(s), Uo(s)) =
(s,0,€°). Notice that the given PDE is of the form a(z, y, u)u,+b(x, y, u)u, = c(x,y,u),
where a(z,y,u) = 1, b(z,y,u) = log(u) and c(x,y,u) = 2u [2pt]. The implicit
function theorem ensure local invertibility of the system

around (s,t) = (s,0) provided

0 # det @2 %ﬂ _ [a(f"’o(s)a%(S)aﬂo(S)) b(xo(S),yo(S)»ﬂo(S))] _

In our particular case [3pt]

o [a@o(s),yf(s),ao(s)) b<xo<s>,yo<s>,ao<s>>] e [1 log<es>1 .

Therefore, the transversality condition is satisfied for all s # 0 [1pt].
(b) [10pt] Solve the above PDE using the Method of Characteristics.

SOL: Keeping the same notation of the first point, the system of ODE associated to
the characteristics curves (z(s,t),y(s,t),u(s,t)) is given by [2pt]

%xs,t =1, x(s,0) = xo(s) = s,
Ly(s,t) =log(a(s,t)), y(s,0)=1yo(s) =0,
La(s, t) = 2a(s, ), u(s,0) = ug(s) = e*

We have that z(s,t) = zo(s) + ¢ = s+t and a(s,t) = Gp(s)e* = e*t?. Subtituting
the expression for @ in the ODE for y(s,t) we have that

d
Ey(s, t) = log(e*™?") = s + 2t,

March 2, 2022 5/



ETH Ziirich Analysis 3 D-MATH
HS 2021 Exam Solutions Prof. M. Iacobelli

giving us y(s,t) = st + t* [4pt]. We have to invert
T =35+t
y=1y(s,t) = st + 12

Substituting s = x — ¢ in the expression for y we get y = (x — t)t + t* = xt, giving us,
for x # 0 that [2pt]

s=x—¥
X
—y
g

Hence, u(z,y) = exp{z — £ + 24} = exp{@}, [2pt].
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4. Separation of variables. [12pt]

Solve the Laplace equation

Au =0, (x,y) € [0,27] x [0, 7],
u(x,0) = sin(z), z € [0, 27],

u(z,m) = 3sin(z/2), =z € ]0,2n],

u(0,y) =0, y €0, 7],

u(2m,y) = 2sin(10y), y € [0, 7).

SOL: By linearity, we start by splitting the solution v as the sum u = u; + us in
order to obtain two problems with only opposite sides boundary conditions different
from zero, as in the picture [2pt]:

u = 3sin(z/2) = u =0 = uy = 3sin(z/2)
o 1|\|'> < [!3 < S5
I Au=0 |E& ~ I} Auy=0 |z + I Au=0 |
3 = — = N
- 3 = 3 o
= =
u=sin(z) & uy =0 < ug = sin(z)

We start by solving for u;. We apply the separation of variables u; (z,y) = >, X, (2)Ya(y).

Setting the Laplacian of one arbitrary term equal to zero, we obtain that X/ (z)Y,(y) =
— X, (2)Y"(y). Dividing by % we have that X7” = —Y7” = )\, = constant, since the
two variables must be independent. Since Y (0) =Y (r) =0 and Y" + \,Y =0, we

obtain the family of solutions
Y, (y) = a,sin(ny), A\, =n’.

For X (x), we have that X" (z) — A\, X (z) = 0. Since the has changed we obtain as
general solution a sum of hyperbolic sinus and hyperbolic cosines. For our boundary
conditions, we have seen that it is convenient to express X (x) as a sum of sinh(nz)
and sinh(n(z — 27)), in an equivalent way. Therefore [2pt]
+o00
w(z,y)=> (An sinh(nz) 4+ B,, sinh(n(z — 27r))> sin(ny).

n=1

Now, let us determinate the coefficients A,, and B,,: since

0 =u1(0,y) = ) By, sinh(—2mn) sinh(ny),
n=1
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we have that for every n > 1, B,, = 0. On the other side

+o0
2sin(10y) = ui (27, y) = Y A, sinh(27n) sin(ny),
n=1

2

snczony» and Ay = 0 otherwise. Hence [2pt]

implying Ag =

2
uy(z,y) = Snh(207) sinh(10z) sin(10y).
Repeating exactly the same argument switching the role of x with y, we get the
general expression for uy as [2pt]

us(z,y) = io (C’n sinh(%y) + D, sinh(g(y — W))) sin(%x).

n=1
To determinate the coefficients we set
sin(z) = ug(z,0) = io D, sinh(—@) sin(ﬁx),
2 2

n=1

implying that Dy = L__and D,, = 0 otherwise, and from

h(—)

3sin(z/2) = ug(x, ) = Jio Cy sinh(gw) sin(ﬁx),

n=1 2
implying that C; = m and C,, = 0 otherwise. Finally, from [2pt]
3 i 1 ya! 1 ) .
ug(z,y) = Snh(7/2) 81nh(§y) s1n(§q:) ~ b sinh(y — 7) sin(z),

we conclude that [2pt]

U(;C,y) = ul(x,y) + UQ(Z’,y)

_ 2sinh(10x) |

3 Sinh(%) xzy\  sinh(y — )
ek St 1 i e AL
sinh(207) sin(10y) + o1 ( )

sinh(r/2) T \2 sinh(rr) sin().
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5. Maximum principle [14pt=4+10]
Let B := {(:c,y) eR?: 2?2+ 4% < 4}, and let u = u(x,y) be a function twice
differentiable in B and continuous in B, solving

Au(z,y) = —(2* +9*)3, in B,

u(z,y) = g(z,y), on 0B,
for some given function g.
(a) [4pt] Express the above PDE in polar coordinates (z,y) = (r cos(6), rsin(f)).
SOL: Let w(r,0) := u(rcos(f),rsin(f)) and f(0) := g(2cos(#),2sin(f)) be the
solution and the data on the boundary expressed in polar coordinates. Since r =
V%2 + 3% we have that —(z? + %) = —r?3 = —r% [2pt]. The PDE for w is then
2pt]

Aw = —15, in B,

w(2,6) = £(8), 0¢€0,2r)
where Aw = w,, + %wr + T%wgg is the Laplacian expressed in polar coordinates.

(b) [10pt] Show that

maxu < 4 4+ max g.
B 0B

Hint: Add a polynomial in r to u to obtain an harmonic function.

SOL: Following the hint, we search for a polynomial p(r) = Cr® such that Ap = 5,
so that A(w 4 p) = 0. Now, computing

Ap(r) = CA(r?) = C’(a(a — 1)7“"‘_2 + ozra_2) = Ca’ro2,
we see that for a = 8 we get
Ca’ro™? = C - 6415,

so that for C' = & we obtain Ap(r) = r® [4pt]. Then, setting v(r,0) := w(r,0) + p(r),
we get [2pt]

Av =0, in B,
v(2,0) = f(0) + 528 = f(0) +4, 6¢€[0,27]

Applying the weak maximum principle on v and noticing that v = w + 6%7“8 > w
everywhere [4pt] we conclude that

maxu = maxw < maxv = maxv = max_f(f)+ 1 = max g+ 4.
B B B 0B 0€(0,2m] 0B
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