D-MATH Analysis 3 ETH Ziirich
Prof. M. Iacobelli Serie 0, Solutions HS 2025

0.1. Solutions to 1st order linear ODEs Solve the following ODEs.
(a) 2/(t) + Az(t) = 0, with 2(0) = x.

(b) 2/(t) + Az(t) = 1, with z(0)

Zg-.

(c) 2'(t) + 3z(t) = t?, with z(0) = 1.

(d) 2/(t) + z(t) = €', with z(0) = 1.

(e) 2/(t) + tan(t)z(t) = cos®(t), find a general solution.
(f) 2/(t) — e'x(t) = e*, find a general solution.

(g) «/(t) + 3x(t) = ¢ + 1, find a general solution.
SOL:

(a) Dividing both sides by x(¢) and integrating we get

/t 7(5) 4o — _x
O M

(s)
and since fc/((;)) = Lln(z(s)), we get In(z(t)) — In(zg) = —At, obtaining z(t) =
eln(zo)f)\t — ZL‘QGi/\t.

b) Multiplying the ODE by e* we get!
( ying y g

eMa'(t) + NeMa(t) = M.

Now, note that the left hand side is equal to 4 (e*z(t)), so integrating

[ &ty ds = [
dsex 8—06 s,

one gets

l(e)‘t —1).

eMa(t) — zg = 3

Rearranging we finally get z(t) = 3 (1 — ™) 4 zge ™.

n general, for first order linear ODE of the from a’(t) + a(t)x(t) = b(t), the trick is to multiply
everything by eA®), where A'(t) = a(t), so that 4 (eAz(t)) = eA®b(t). The solution follows
by integration.
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(c) Multiplying by €%, we get

e’ (t) + 3w (t) = 2™,

and since the left hand side of this expression is equal to (e3tm(t)), we can integrate,
obtaining
t
a(t) —1= / s’ ds = —[s%e*] — / se3* ds
0 3
:1t263t_7 / &35 ds
3 9
1 2 2
_ 12t Syt 1
3t Ty T 27<6 )
where we integrated by parts the term s%e3*. Rearranging,
&t 2 e 3t
=2 —2-+— 425"
w) =3 =25 T 7 F 5

(d) Multiplying by €' and integrating we get

t 1
elr(t) — 1= / e* dt = 5(6% —1),
0

obtaining

z(t) = ;(et +e7") = cosh(t).

t
(e) For |t| < Z, we multiply the equation by elotansds _ o—logleos(t) — L 4nq

27 cost’
integrating we get

x(t)

—c+/ cossds = ¢+ sint,
cost

where c is an arbitrary constant. Rearranging,

1
x(t) = ccost +sintcost = ccost + 5 sin(2t).
(f) Multiplying by e~ and integrating we get

t t
—es __ oS
t):c+/eee2sds:/eeesesds,
0 0
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where c is an arbitrary constant. Using that e e® = —%6*65 and integrating by

parts we get

Rearranging,

o(t) = ce® —et — 1.

1
=d
s _ 6210g|t\ — 42

t
(g) Multiplying by 2 s and integrating by parts we get

2 tg t25 tg 2.t ! s
x(t)t :c+——|—/sed8:c+——l—te—2/seds
3 1 3 1
£, ¢ ¢
:c+§+te — 2te" + 2e’.

Rearranging,
ot ot

¢
el _9% 9%
o(t) = t2+3+6 ;e

0.2. Solutions to 1st order separable ODEs Solve the following ODEs.
(a) 2'(t) = 3t2e==),

(b) #/(t) = H25, with 2(0) = 7.
c) 2/(t) = B2 with 2(0) = 7.
cos(z(t))”’

(t

(d) 2'(t) = 2*(t)log(t + 3).

(e) ta'(t) = a(t )(1 —t4).

(f) =(t)2'(t) = e *Dsint.

SOL:

(a) Multiplying by e*® we get?
jte = 3t

2In general, for first order ODE of the from a/(¢) = b(t) f(z(t)), the trick is to divide everything by
f(z(t)), so that % (g(2(t))) = b(t), where ¢'(z) = f(lz). The solution follows by integration.
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and integrating we have
) =3 4 ¢

Taking the logarithm of the previous equation we conclude
x(t) = log(t* + ¢),

where ¢ is an arbitrary constant.

(b) Multiplying by cos(x(t)) we get

d
pr sin(z(t)) = 1+ 3t%,

and integrating between 0 and ¢ we have

V2

sin(z(t)) = sin(x(0)) +t +1* = 5 +t+ 17

Therefore, for ¢ in a neighbourhood of 0,

2
x(t) = arcsin (é— +t+ t3>.

(c) Arguing as in the previous point we have

sin(z(t)) = sin(x(0)) +t +t° =t + ¢°.

However, e cannot take the arcsin of the previous expression now. Indeed, if we
did it, we would have z(0) = arcsin(0) = 0, that is a contradiction with the initial
condition #(0) = m. The reason why this happens is that arcsin is the inverse of sin

on the interval [~7, 7], and 2(0) = 7. We can then translate the solution and use
that sin(z — 7) = —sin(x), obtaining

sin(z(t) — ) = —t — 7.
Now it is possible to invert the sin, getting

x(t) = m — arcsin(t + t%).
(d) Dividing the equation by z?(¢) and integrating we have

1
0 :/log(t+3)dt: (t+3)log(t+3) —t+c,
x

where ¢ is an arbitrary constant. Therefore we have

5 1
x<>__(t+3)1og(t+3)—t+c‘
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(e) Dividing the equation by tz(t) and integrating we get
1, ¢
log(z(t)) = /g —t°dt =log(t) — Tt

Thus,

4

x(t) = te" Tt

(f) Multiplying by ¢*®) and integrating we have
G(z(t)) = /et sint dt,

where G'(z) = ze®, and hence G(z) = ze® — e”. Integrating by parts the right hand
side we get

/etsintdt:etsint—etcost—/etsintdt—i-c,

or
. etsint — el cost
/e sintdt = 5 + c.
Finally,
2(t) ,(sint — cost)
eNet)—1)=e—F—+c.

2

0.3. Solutions to 1st order homogeneus ODEs Solve the following ODEs.

() (1) = %2+ 542,

(b) /(t) = “2 4 cos (12).

t

2,2
(C) x’(t) _t ;(t)(t)'
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(a) Set z(t) = tz(t). The equation becomes *
t2'(t) = 22(t).

Dividing by tz2(t) and integrating we get

1
——— =log([t]) + ¢,

2(t)
or
1
)
2(t) log(|t]) + ¢
Therefore
t
) —
z(t) log(|t]) + ¢

(b) Setting z(t) = tz(t) we get
t2'(t) = cos(z(t)).
Therefore
log(|(cos(2(t))) ™" + tan(2(t))|) = log [t| + ¢,

|(cos(2(t))) ™" + tan(2(t))| = [t]e"

(c) Setting x(t) = tz(t) we have

1
t2(t) = —.
2'(t) )
Therefore
2
t
22< ) = log [t| + c.

Solving in x(t) = tz(t) we get

z(t) = +ty/2log |t| + c.

3In general, for first order ODE of the from z’'(t) = f(‘/I;(tt)), the trick is to set z(t) = tz(t), so

that 2/(t) = w Therefore z solves a separable ODE.

6/8
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(d) Setting z(t) = tz(t) we get

) 31+ =(0) — =(t)

t

Thus,

G(=(t)) = log([t]) + ¢,

where G'(z) = g\/llﬁ_z. Integrating and performing the substitution u = /1 + z we
2
find

2u 2u—f
60 = [ gyt [ mat e [ e
(2) Su—u2+1 Y u2+1 u+2 u2+1 du

2 2

3 1
RIS § )
og(\Qu u” + 1J) 2] =D+ D u
3 1 1
1 Zu—ut+1 _/ —
og(|2u u” +1J) — u_ldu

2

3 1
- log(|§u —u? + 1)) — log(ju — 2|) + log(|u — §|) +c
Substituting back u = 1/1 4+ z we find G, and also the equation satisfied by z(t).

0.4. Solutions to higher order ODEs Solve the following ODEs.
(a) 2"(t) + 32'(t) = t*, with 2/(0) = 1, 2(0) = 0.

(b) 2
(c) z”
(d) 2"(t) — 32'(t) 4+ 2x(t) = 0, with z(0) = 0 and z’(0) = 1.
(e) 2"(t) — x(t) = —2sint — t.

'(t) + A\?z(t) = 0, find a general solution.
(

t) — A?z(t) = 0, find a general solution.

(f) 2”(t) — z(t) = te*, find a general solution.
SOL:
(a) Set 2/(t) = y(t). The equation can be rewritten as

y(t) +3yt) =", y(0)=1
Thanks to point (c) of Exerercise 0.1 we have

. t2 t 2 —3t
D=y(t) = — —2° 4 = 40255
vt =ylt) =53 =25+ 50 + 25
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Integrating between 0 and ¢ we get

22 25
r(t) = ———+

4 201 — e,
o "9ttt l—e™)

(b) Clearly cos(At) and sin(At) are solutions to the differential equation. Since the
equation has order 2, the space of solutions has dimension 2. Therefore a general
solution is

Acosh(At) + Bsinh(At), A, B eR.

(c) Clearly cosh(At) and sinh(At) are solutions to the differential equation. Therefore
a general solution is

A cosh(At) + Bsinh(At), A, B eR.

(d) The polynomial associated to the equation is p(z) = 2> =32 +2 = (2 — 1)(z — 2).
Therefore the general solution is

x(t) = Ae' + Be*, A, BeR.
From z(0) = 0 we get A = —B, and from 2/(0) = 1 we get A = —1.
(e) The homogeneous equation is
() = #(1),
that is solved by
z(t) = Acosh(t) + Bsinh(t).
If xp is a particular solution of the given equation, any other solution is given by
x(t) = xp(t) + Acosh(t) + Bsinh(t).
A particular solution of 2%, (t) — xp, (t) = —2sin(t) is by xp, (t) = sin(t).
A particular solution of z’p, (t) — zp,(t) = —t is given by xp,(t) = ¢, and by linearity
we have
xp(t) =xp () + xp,(t) = sin(t) + t.
(f) Arguing as above, we just need to find a particular solution zp(t). We search a

solution of the same form as the right hand side, i.e. z,(t) = (at + b)e**. Imposing
that xp is a solution we get

4(at + b)e** + dae* — (at + b)e* = te*.
Simplifying we obtain
(3a)te® + (3b+ 4a)e® = te*,

and we find a = % andb:—g.
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