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4.1. Critical Time and Conservation Laws Consider the conservation law

uy + ∂x(f(u)) = 0 .

For the following cases, compute the critical time yc (i.e., the first time when the
solution becomes nonsmooth):

(a) f(u) = u3, the initial datum is u(x, 0) = e−x2 .

(b) f(u) = u2 − u, the initial datum is u(x, 0) = 1
1+x2 .

(c) f(u) = u6, the initial datum is u(x, 0) = x.

SOL: Recall the formula for the critical time

yc := inf
{

− 1
c′(u0(s))u′

0(s) : s ∈ R, c′(u0(s))u′
0(s) < 0

}
,

where c(u) = f ′(u) and u0(s) is the initial datum evaluated at x = s.

(a) In this case, the flux function is f(u) = u3, so the characteristic speed is
c(u) = f ′(u) = 3u2. The initial datum is u0(s) = e−s2 .

We compute the term c′(u0(s))u′
0(s):

• c′(u) = 6u.

• c′(u0(s)) = 6e−s2 .

• u′
0(s) = −2se−s2 .

Hence, c′(u0(s))u′
0(s) = 6e−s2(−2se−s2) = −12se−2s2 .

We need this quantity to be strictly negative:

−12se−2s2
< 0 ⇐⇒ s > 0 .

The critical time is then given by

yc = inf
s>0

{
− 1

−12se−2s2

}
= inf

s>0

e2s2

12s
.

To find the infimum, we find the minimum of the function g(s) = e2s2

12s
for s > 0.

g′(s) = 12(4s2e2s2) − 12e2s2

(12s)2 = e2s2(4s2 − 1)
12s2 .

Setting g′(s) = 0 for s > 0 gives 4s2 − 1 = 0, so s = 1/2. This is a minimum since
g′(s) changes sign from negative to positive at s = 1/2.
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The critical time is

yc = g(1/2) = e2(1/2)2

12(1/2) = e1/2

6 =
√

e

6 .

(b) In this case, f(u) = u2 − u, so c(u) = f ′(u) = 2u − 1. The initial datum is
u0(s) = 1

1+s2 .

We compute c′(u0(s))u′
0(s):

• c′(u) = 2.

• c′(u0(s)) = 2.

• u′
0(s) = −2s

(1+s2)2 .

Hence, c′(u0(s))u′
0(s) = 2 · −2s

(1+s2)2 = −4s
(1+s2)2 .

We need this quantity to be strictly negative:

−4s

(1 + s2)2 < 0 ⇐⇒ −4s < 0 ⇐⇒ s > 0 .

The critical time is then given by

yc = inf
s>0

{
− 1

−4s
(1+s2)2

}
= inf

s>0

(1 + s2)2

4s
.

To find the infimum, we find the minimum of the function h(s) = (1+s2)2

4s
for s > 0.

h′(s) = 4s · 2(1 + s2)(2s) − (1 + s2)2 · 4
(4s)2 = 4(1 + s2)[4s2 − (1 + s2)]

16s2 = (1 + s2)(3s2 − 1)
4s2 .

Setting h′(s) = 0 for s > 0 gives 3s2 − 1 = 0, so s = 1/
√

3. This is a minimum.

The critical time is

yc = h(1/
√

3) = (1 + (1/
√

3)2)2

4(1/
√

3)
= (1 + 1/3)2

4/
√

3
= (4/3)2

4/
√

3
= 16/9

4/
√

3
= 16

9 ·
√

3
4 = 4

√
3

9 .

(c) In this case c(u) = f ′(u) = 6u5, and u0(s) = s. Again, c′(u0(s))u′
0(s) = 30s4.

This quantity is always non negative, hence yc = inf ∅ = +∞. There is no formation
of shock waves in this lucky case.
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4.2. Weak solutions Consider the PDE (Conservation Law)

∂yu + ∂x

(
u3

3

)
= 0

in the region x ∈ R and y > 0.

(a) Show that the function u(x, y) :=
√

x
y

is a classical solution of the PDE for
x/y > 0.

(b) Show that the function

u(x, y) :=
0 if x < 0,√

x
y

if x ≥ 0.

is a weak solution of the PDE in the domain y > 0.

SOL:

(a) We calculate the partial derivatives of u(x, y) = x1/2y−1/2 for x > 0, and we write
them tracking the dependence on u:

• uy = x1/2 · (−1
2y−3/2) = −1

2

√
x
y3 = − 1

2y

√
x
y

= − u
2y

.

• ux = (1
2x−1/2)y−1/2 = 1

2

√
1

xy
= 1

2x

√
x
y

= u
2x

.

The flux function is f(u) = u3/3, so ∂x(f(u)) = f ′(u)ux = u2ux. We check the PDE:

∂yu + ∂x

(
u3

3

)
= uy + u2ux

= − u

2y
+ u2

(
u

2x

)

= − u

2y
+ u3

2x

Since u =
√

x/y, we have u3 = u · u2 =
√

x/y · (x/y) = x3/2y−3/2. Substituting
u3

2x
=

√
x/y

2x
· x

y
= 1

2y

√
x
y

= u
2y

. Thus,

uy + u2ux = − u

2y
+ u

2y
= 0 .

Hence u is a classical solution.
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(b) Let us recall that a function u is a weak solution if for any x0 < x1 and any
0 < y0 < y1, it holds

∫ x1

x0

(
u(x, y1) − u(x, y0)

)
dx +

∫ y1

y0

(
f(u(x1, y)) − f(u(x0, y))

)
dy = 0 .

In the first point we proved that u is a strong solution in x > 0. Notice that also 0 is
a strong solution, since ∂y0 + ∂x(03/3) = 0. Therefore u is a strong solution also in
x < 0. Since any strong solution is a weak solution, we have that∫ x1

x0

(
u(x, y1) − u(x, y0)

)
dx +

∫ y1

y0

(
f(u(x1, y)) − f(u(x0, y))

)
dy = 0 .

whenever 0 < y0 < y1 and either x0 < x1 ≤ 0 or 0 ≤ x0 < x1. We are then left with
the case x0 < 0 < x1. We can split the x-integral at 0:∫ x1

x0

(
u(x, y1) − u(x, y0)

)
dx +

∫ y1

y0

(
f(u(x1, y)) − f(u(x0, y))

)
dy

=
[∫ 0

x0

(
u(x, y1) − u(x, y0)

)
dx dx +

∫ y1

y0

(
− f(u(x0, y))

)
dy

]
+

[∫ x1

0

(
u(x, y1) − u(x, y0)

)
dx +

∫ y1

y0

(
f(u(x1, y))

)
dy

]
.

Since u(0, y) = 0, f(u(0, y)) = 0, we can rewrite the above sum as
[∫ 0

x0

(
u(x, y1) − u(x, y0)

)
dx dx +

∫ y1

y0

(
f(u(0, y)) − f(u(x0, y))

)
dy

]
+

[∫ x1

0

(
u(x, y1) − u(x, y0)

)
dx +

∫ y1

y0

(
f(u(x1, y)) − f(u(0, y))

)
dy

]
.

Now, we know that each one of the two lines above is equal to 0.Thus, u(x, y) is a
weak solution.

4.3. Multiple choice Cross the correct answer(s).

(a) In all generality, a conservation law (as we defined it in the lecture)

X admits a strong local solution

⃝ admits a strong global solution

⃝ develops singularities

⃝ has finite critical time

X might have several weak solutions

X has straight lines as characteristics
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(b) Consider the conservation law
uy + (u2)ux = 0, (x, y) ∈ R × (0, +∞),
u(x, 0) = α, x < 0,

u(x, 0) = 1, x ≥ 0.

The shock wave solution has a slope σ′ = 1 if

⃝ α = 2

X α = −2

⃝ α = 1

⃝ α = −1

SOL: The slope is computed via Rankine-Hugoniot formula σ′ = f+−f−

u+−u− . Notice that,
in order to have a shock, we need α ̸= 1. Here, u− = α and u+ = 1, and f(u) = u3

3 .
So f− = α3

3 and f+ = 1
3 .

σ′ =
1
3 − α3

3
1 − α

= 1
3

1 − α3

1 − α
= 1

3(1 + α + α2) .

We set σ′ = 1:
1
3(1 + α + α2) = 1 =⇒ α2 + α − 2 = 0 .

The roots are α = −1±
√

9
2 = −1±3

2 .

(c) The conservation law
uy + (u2 + 5)ux = 0, (x, y) ∈ R × (0, +∞),
u(x, 0) = 1, x < 0,

u(x, 0) =
√

1 − x, x ∈ [0, 1],
u(x, 0) = 0, x > 1,

(1)

has a crossing of characteristics at1

⃝ (6, 2)

X (6, 1)

⃝ (1, 2)

⃝ (0, 1)

SOL: Setting the initial curve Γ(s) = (s, 0, h(s)), with h(s) = 1, h(s) =
√

1 − s and
h(s) = 0, according to s < 0, s ∈ [0, 1] and s > 1, we get that y(t, s) = t, u0(s) = h(s)
and dx

dt
= u0(s)2 + 5, x(0, s) = s, so that x(t, s) = t(h(s)2 + 5) + s. In particular,

1You can partially check your answer computing yc. Why?
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when s < 0, the characteristic curves are (x(t, s), y(t, s)) = (6t + s, t), and when
s > 1, (x(t, s), y(t, s)) = (5t + s, t), and when s ∈ [0, 1] they are a collection of affine
lines (given by (x(t, s), y(t, s)) = (t(6 − s) + s, t) which is obtained by plugging in
h(s) =

√
1 − s in the formula for x(t, s)) passing through the same intersection point2.

Therefore, we can restrict our attention computing the intersection between the curves
t 7→ (6t, t) (last characteristic on the left), and t 7→ (5t + 1, t) (first characteristic
on the right). Hence 6t = 5t + 1 implies t = 1, and hence the intersection point is
(x, y) = (6, 1).

(d) The shock wave solution of Equation (1) has slope

X 16
3

⃝ 2
6

⃝ 31
6

⃝ 0

SOL: Applying Rankine-Hugoniot we have that u+ = 0, u− = 1 and f(u) = u3

3 + 5u,
so that

σ′(u) = 1
3 + 5 = 16

3 .

2Check this! Also look at Picture 3.5 in the Lecture Notes: the situation is similar, with α = 1 and
different slopes of the characteristic on the left and right side of the interval [0, 1].

6/6 November 18, 2025


