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5.1. Weak Solutions

Consider the transport equation :

uy + ∂x

(
u2

2

)
= 0. (1)

(a) Suppose that u is a classical solution to the previous transport equation. What
equation does v = ln(u) fulfil (assuming u > 0)? Write it in the form

vy + ∂x (G(v)) = 0, (2)

for some appropriate G.

(b) Consider the weak solution of Equation (1) given by

w(x, y) =
{

4 if x < 5
2y

1 if x > 5
2y.

Show that v = ln(w) is not a weak solution of (2). Explain the mathematical principle
violated here.

SOL:

(a) Let v = ln(u). We compute the partial derivatives using the chain rule:

vy = ∂y(ln u) = 1
u

uy, vx = 1
u

ux.

The original equation for u is uy + uux = 0, which means uy = −uux. Substituting
this into the expression for vy:

vy = 1
u

(−uux) = −ux.

Now we use the second relation, ux = uvx, to express ux in terms of v:

vy = −uvx = −evvx.

We want this in the form vy + ∂x(G(v)) = 0, where ∂x(G(v)) = G′(v)vx. Thus, we
require G′(v) = ev. Integrating this gives G(v) = ev. The equation for v is:

vy + ∂x (ev) = 0.
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(b) Let v = ln(w). We must check if v is a weak solution to vy + ∂x(ev) = 0. The
jump values for v are:

v− = ln(w−) = ln(4) and v+ = ln(w+) = ln(1) = 0.

The required shock speed σ′ for v to be a weak solution must satisfy the Rankine-
Hugoniot condition for the flux G(v) = ev:

σ′ = G(v+) − G(v−)
v+ − v− = e0 − eln(4)

0 − ln(4) = 1 − 4
− ln(4) = −3

− ln(4) = 3
ln(4) .

The actual discontinuity curve of w (and therefore v) is x = 5
2y, which has an actual

shock speed (slope) of σ = 5
2 .

Since 5
2 ̸= 3

ln(4) , v = ln(w) is not a weak solution of (2).

The derivation in part (a) relies on the chain rule (e.g., uy = ue−vvy and ∂x(u2) =
2uux), which is mathematically rigorous only for smooth functions. This exercise
actually shows that the chain rule is false for functions with jumps and one needs to
be careful when dealing with weak solutions.

5.2. Balance laws II A generalization of the conservation law are the so called
balance lawsuy + (f(u, x, y))x = g(u, x, y),

u(x, 0) = h(x).

Recalling that here y > 0 represents the time variable, the above PDE models the
flow of mass with concentration u(x, y) associated to a flux depending on the density,
the time and the space. The term g represents the source term of the system.

(a) Consider the transport equation with source term: f(u, x, y) = u, and g(u, x, y) =
3x. Find a solution. Do the same for a general space dependent source term g = g(x).

(b) Consider a modified linear advection equation: f(u, x, y) = xu, g ≡ 0. Set the
initial condition h(x) = x if x ∈ [0, 1] and h(x) = 0 otherwise. Find a solution. What
is the main difference with the solution of the classical linear advection equation
(f = cu)?

SOL:
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(a) The PDE is uy + ux = g(x), with u(x, 0) = h(x). The associated ODE system is:
dx
dt

= 1, x(0, s) = s,
dy
dt

= 1, y(0, s) = 0,
dũ
dt

= g(x), ũ(0, s) = h(s).

The first two ODEs have solutions x(t, s) = t + s and y(t, s) = t. The last ODE is
dũ
dt

= g(x) = g(t + s).

ũ(t, s) =
∫ t

0
g(τ + s) dτ + h(s).

Inverting the variables t = y and s = x − t = x − y, we get the general solution:

u(x, y) = h(x − y) +
∫ y

0
g(τ + x − y) dτ.

When the source term is linear in space, g(x) = 3x, we get:

u(x, y) = h(x − y) +
∫ y

0
3(τ + x − y) dτ = h(x − y) + 3

[
τ 2

2 + τ(x − y)
]y

0
.

u(x, y) = h(x − y) + 3
(

y2

2 + y(x − y)
)

= h(x − y) + 3xy − 3y2

2 .

(b) The PDE we want to solve is uy + (xu)x = 0, which is uy + u + xux = 0, with
initial condition u(x, 0) = h(x). The ODE system is:

dx
dt

= x, x(0, s) = s,
dy
dt

= 1, y(0, s) = 0,
dũ
dt

= −ũ, ũ(0, s) = h(s).

The second ODE gives y(t, s) = t. The first gives x(t, s) = set. The third gives
ũ(t, s) = h(s)e−t. Inverting the variables t = y and s = xe−y. The solution
u(x, y) = ũ(y, xe−y) is:

u(x, y) = h(xe−y)e−y.

The initial condition h(x) is non-zero only for x ∈ [0, 1], so u(x, y) is non-zero only
where 0 ≤ xe−y ≤ 1, or 0 ≤ x ≤ ey. For x ∈ [0, ey], the solution is u(x, y) =
(xe−y)e−y = xe−2y.

u(x, y) =
xe−2y, if 0 ≤ x ≤ ey,

0, otherwise.
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The main difference with the classical linear advection equation (uy +cux = 0, solution
u(x, y) = h(x − cy)) is that the characteristics x(t, s) = set are not parallel straight
lines (x = s + ct), but exponential curves that fan out as t increases. This is due to
the flux f = xu which is larger at larger x.

5.3. Multiple choice Cross the correct answer(s).

(a) The second order linear PDE given by

uyy + uxx + xuxy + eyux − sin(x)uy = 0,

is

X hyperbolic if |x| > 2

⃝ everywhere elliptic

X elliptic if |x| < 2

X parabolic if x = ±2

SOL: The classification is determined by the sign of δ := b2 − ac. The PDE is
auxx + buxy + cuyy + · · · = 0. Here a = 1, b = x, and c = 1. Therefore δ = b2/4 − ac =
(x)2/4 − (1)(1) = x2/4 − 1. The PDE is:

• Elliptic if δ < 0 =⇒ x2/4 < 1 =⇒ x2 < 4 =⇒ |x| < 2.

• Parabolic if δ = 0 =⇒ x2/4 = 1 =⇒ x = ±2.

• Hyperbolic if δ > 0 =⇒ x2/4 > 1 =⇒ |x| > 2.

(b) Let A = (aij) be a (2 × 2) real matrix, and f : R2 → R any smooth function.
The PDE Trace

(
A · D2u

)
= f is

X hyperbolic if A is symmetric and
det(A) < 0

⃝ elliptic if A is symmetric and a12 = 0

X parabolic if A is a diagonal matrix
and a11a22 = 0

X parabolic if A is symmetric and
det(A) = 0

SOL: We have Tr(A · D2u) = a11uxx + a22uyy + (a12 + a21)uxy. The coefficients are
a = a11, b = (a12+a21), c = a22. The discriminant is δ = b2/4−ac =

(
a12+a21

2

)2
−a11a22.

If A is symmetric (a12 = a21), then δ =
(

2a12
2

)2
− a11a22 = a2

12 − a11a22 = − det(A).

• Hyperbolic if δ > 0, which for symmetric A means − det(A) > 0 =⇒ det(A) <
0.

• Parabolic if δ = 0, which for symmetric A means − det(A) = 0 =⇒ det(A) = 0.
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• Elliptic if δ < 0, which for symmetric A means − det(A) < 0 =⇒ det(A) > 0.

(c) The same options as point (b), but with the PDE

div
(

A · ∇u
)

= f.

SOL: The solution is exactly the same as the previous point when one realizes that
div(A · ∇u) = (a11ux + a12uy)x + (a21ux + a22uy)y = a11uxx + a22uyy + (a12 + a21)uxy =
Tr(A · D2u). Be careful, if A depends on x and y, then this identity is false!

(d) The following conservation lawuy + f(u)x = 0,

u(x, 0) = c > 0 for x < 0 and u(x, 0) = 0 for x ≥ 0,

has a shock curve of slope equal to 8 if

X c = 2 and f(u) = u4

⃝ c = 1 and f(u) = u3

⃝ c = 2 and f(u) = −u4

X c = 1 and f(u) = 2u2 + 6u − 1

SOL: Recalling the Rankine-Hugoniot condition, we have that u+ = 0 and u− = c,
so that

σ′(y) = f+ − f−

u+ − u− = −1
c
(f(0) − f(c)) = 8,

if and only if 8c = f(c) − f(0).

Extra exercises

5.4. Weak solutions II

Consider the equation
e−uux + uy = 0,

with initial value u(x, 0) = 0 if x < 0, and u(x, 0) = α > 0 if x > 0.

(a) Find a weak solution for any α > 0 with a single discontinuity for y ≥ 0.

(b) Show that such solution fulfils the entropy condition for all α > 0.

SOL:
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(a) Let us express our equation in the form (2). By inspection, we reach that
F (t) = −e−t. The curve of discontinuity of our Cauchy problem is then x = γ(y) with

γy(y) = F (u+) − F (u−)
u+ − u− = −e−α + 1

α
> 0,

and our solution is given by

u(x, y) =
{

0 if x < 1−e−α

α
y

α if x > 1−e−α

α
y.

(b) The entropy condition is

Fu(u−) > γy > Fu(u+), where Fu(t) = e−t.

That is,
1 >

1 − e−α

α
> e−α ⇐⇒ α > 1 − e−α > αe−α

The first inequality holds, since d
dα

α = 1 > e−α = d
dα

(1 − e−α) for α > 0, and for
α = 0 they coincide.

The second inequality corresponds to checking

f(α) := 1 − e−α > αe−α =: g(α),

for α > 0. Both sides coincide for α = 0, f(0) = g(0). Then, it is enough to check
that f ′(α) > g′(α) for all α > 0. Indeed

f ′(α) = e−α > e−α − αe−α = g′(α),

and we are done.

5.5. Finding shock waves

Consider the transport equation

uy + u2ux = 0,

with initial condition u(x, 0) = 1 for x ≤ 0, u(x, 0) = 0 for x ≥ 1, and

u(x, 0) =
√

1 − x for 0 < x < 1.

(a) Find the solution using the method of characteristics. Up to which time is the
solution defined in a classical sense?
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(b) Find a weak solution for all times y ≥ 0.

SOL:

(a) First notice that the solution has a derivative blowing up for all times y ≥ 0,
since the initial datum is non-smooth. However, we can solve the initial value problem
up until the characteristics intersect.

The characteristic equations and parametric initial conditions are given by

xt(t, s) = ũ2, yt(t, s) = 1, ũt(t, s) = 0,
x(0, s) = s, y(0, s) = 0, ũ(0, s) = h(s),

where h(s) = 1 if s ≤ 0, h(s) = 0 if s ≥ 1, and h(s) =
√

1 − s otherwise. Notice that
y(t, s) = t, ũ(t, s) = h(s), and x(t, s) = s + h(s)2t.

Let us invert the characteristics:

• If s ≤ 0, x(t, s) = s + y(t, s), (t, s) = (y, x − y). Note that, since s ≤ 0, we have
x ≤ y.

• If 0 < s < 1, x(t, s) = s + (1 − s)t, and (t, s) =
(
y, x−y

1−y

)
. Since 0 < s < 1, then

0 < x−y
1−y

< 1 implies either y < x < 1, or y > x > 1.

• If s ≥ 1, (t, s) = (y, x). In this case, x ≥ 1.

The characteristics are intersecting at the point (x, y) = (1, 1). Thus, the solution is
defined up to y = 1. For y ≤ 1, it is:

u(x, y) =


1 if x ≤ y
0 if x ≥ 1
h
(

x−y
1−y

)
=
√

1−x
1−y

if y < x < 1

(b) Let us express the equation in the form

uy + ∂x (F (u)) = 0.

In this case, a simple inspection yields F (u) = 1
3u3.

We are trying to solve uy + ∂x (F (u)) = 0 with initial value u(x, 1) = 1 if x < 1, and
u(x, 1) = 0 if x > 1.

We just have to compute the slope of the curve of discontinuity, given by

γy(y) = F (u+) − F (u−)
u+ − u− = 1

3
0 − 13

0 − 1 = 1
3 .
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Thus, the solution for y ≥ 1 is given by

u(x, y) =
{

1 if x < 1
3(y − 1) + 1

0 if x > 1
3(y − 1) + 1,

and for y ≤ 1, as before.
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