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5.1. Weak Solutions

Consider the transport equation :

Uy + O, (“22) = 0. (1)

(a) Suppose that u is a classical solution to the previous transport equation. What
equation does v = In(u) fulfil (assuming v > 0)? Write it in the form

vy + 0, (G(v)) = 0, )
for some appropriate G.
(b) Consider the weak solution of Equation (1) given by

] 4 ifx<gy
w(x,y){l if z > 2y.

Show that v = In(w) is not a weak solution of (2). Explain the mathematical principle
violated here.

SOL:

(a) Let v =1In(u). We compute the partial derivatives using the chain rule:

1
vy = Oy(Inu) = Uy Vs = s
The original equation for u is u, 4+ uu, = 0, which means u, = —uu,. Substituting

this into the expression for v,:

vy = E(—uux) = —u,.

Now we use the second relation, u, = uv,, to express u, in terms of v:
J— _ v
Uy = —UVy = —€"V;.

We want this in the form v, + 0,(G(v)) = 0, where 0,(G(v)) = G'(v)v,. Thus, we
require G'(v) = e”. Integrating this gives G(v) = e¥. The equation for v is:

vy + 0, (e”) = 0.

October 22, 2025 1/8



ETH Ziirich Analysis 3 D-MATH
FS 2025 Serie 5, Solutions Prof. M. Iacobelli

(b) Let v = In(w). We must check if v is a weak solution to v, + 0,(e”) = 0. The
jump values for v are:

v" =In(w)=1In(4) and o' =In(w")=1In(1)=0.

The required shock speed o’ for v to be a weak solution must satisfy the Rankine-
Hugoniot condition for the flux G(v) = e:

, Gt —G™) e —e® 1-4 -3 3
g = = = = =

vt — v~ 0—1In4) —In(4) —In(4) In(4)

The actual discontinuity curve of w (and therefore v) is = 2y, which has an actual
shock speed (slope) of o = 2.

Since 3 # ﬁ, v = In(w) is not a weak solution of (2).

The derivation in part (a) relies on the chain rule (e.g., u, = ue v, and 9,(u?) =
2uu, ), which is mathematically rigorous only for smooth functions. This exercise
actually shows that the chain rule is false for functions with jumps and one needs to
be careful when dealing with weak solutions.

5.2. Balance laws II A generalization of the conservation law are the so called
balance laws

{uy + (f(u,2,9))e = glu, ,y),
u(x,0) = h(x).

Recalling that here y > 0 represents the time variable, the above PDE models the
flow of mass with concentration u(x,y) associated to a flux depending on the density,
the time and the space. The term ¢ represents the source term of the system.

(a) Consider the transport equation with source term: f(u,z,y) = u, and g(u,z,y) =
3z. Find a solution. Do the same for a general space dependent source term g = g(z).

(b) Consider a modified linear advection equation: f(u,z,y) = zu, g = 0. Set the
initial condition h(x) = z if = € [0, 1] and h(x) = 0 otherwise. Find a solution. What
is the main difference with the solution of the classical linear advection equation

(f = cu)?
SOL:
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(a) The PDE is uy + u, = g(x), with u(x,0) = h(x). The associated ODE system is:

fl—f =1, z(0,s) = s,
% =1, y(0,s) =0,
& — g(x), @(0,s) = h(s).

The first two ODEs have solutions x(,s) = ¢ + s and y(¢,s) = t. The last ODE is
G =9(@) =g(t+s).

u(t,s) = /Ot g(T 4+ s)dr + h(s).

Inverting the variables t =y and s = x —t = & — y, we get the general solution:
y
w(z,y) = h(z —y) —i—/o g(T+x —y)dr.

When the source term is linear in space, g(z) = 3x, we get:

u(:v,y):h(x—y)+/0y3(7+m—y)d7:h(a:—y)—i—?)lT;jLT(:U—y)r.

u(x,y)zh(x—y)+3<y;+y(x—y)> Ih(r—y)+3wy—3‘32-

(b) The PDE we want to solve is u, + (zu), = 0, which is u, + u + zu, = 0, with
initial condition u(x,0) = h(z). The ODE system is:

@ — g, z(0,s) = s,
- =1 y(0,s) =0,

di — g, w(0,s) = h(s).

The second ODE gives y(t,s) = t. The first gives x(t,s) = se’. The third gives
a(t,s) = h(s)e'. Inverting the variables ¢ = y and s = ze™¥. The solution
u(z,y) = u(y,xe ) is:

u(z,y) = h(xe ¥)e .

The initial condition h(z) is non-zero only for x € [0, 1], so u(z,y) is non-zero only
where 0 < ze™¥ < 1, 0or 0 < o < e¥. For z € [0,¢Y], the solution is u(z,y) =
(xe™¥)e ¥ = xe V.

(z,7) re ¥, if0<x<eY,
u(z,y) =
Y 0, otherwise.
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The main difference with the classical linear advection equation (u, +cu, = 0, solution
u(z,y) = h(xz — cy)) is that the characteristics x(t, s) = se' are not parallel straight
lines (z = s + ct), but exponential curves that fan out as ¢ increases. This is due to
the flux f = xu which is larger at larger x.

5.3. Multiple choice Cross the correct answer(s).

(a) The second order linear PDE given by
Uyy + Ugy + TUgy + €¥u, — sin(x)u, = 0,
IS
X hyperbolic if |z| > 2 X elliptic if |z] < 2
(O everywhere elliptic X parabolic if x = £2

SOL: The classification is determined by the sign of § := b*> — ac. The PDE is
AUgy + DUy +ctiyy +--- = 0. Here a = 1, b = x, and ¢ = 1. Therefore § = b2 /4 —ac =
(r)?/4 — (1)(1) = 2?/4 — 1. The PDE is:

« Ellipticifd <0 = 2?/4<1 = 2? <4 = |z| < 2.
o Parabolicif § =0 = 2?/4=1 = z = £2.
« Hyperbolicif 6 >0 = z*/4>1 = |z| > 2.
(b) Let A = (a;;) be a (2 x 2) real matrix, and f : R? — R any smooth function.
The PDE Trace(A . D2u> = fis
X hyperbolic if A is symmetric and X parabolic if A is a diagonal matrix
det(A) <0 and aj1a9e =0

X parabolic if A is symmetric and
O elliptic if A is symmetric and a12 = 0 det(A) =0

SOL: We have Tr(A - D*u) = ay1Uyy + a2ty + (@12 + a21)u,,. The coefficients are
2
a = a1, b= (a12+as), ¢ = aze. The discriminant is § = b*/4—ac = (%) —a11092.

2a12

2
— 42 —
2 ) — A11G22 = Q79 — A11022 = — det(A)

If A is symmetric (a12 = ag;), then § = (

« Hyperbolic if § > 0, which for symmetric A means —det(A) >0 = det(A) <
0.

 Parabolic if 6 = 0, which for symmetric A means —det(A) =0 = det(A4) = 0.
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« Elliptic if 6 < 0, which for symmetric A means —det(A) <0 = det(A4) > 0.

(c) The same options as point (b), but with the PDE
div(A - Vu) —t
SOL: The solution is exactly the same as the previous point when one realizes that

le(A . Vu) = (auux + alguy)w + (aglux + agguy)y = A11Ugy + agguyy + (a12 + agl)umy =
Tr(A - D?u). Be careful, if A depends on z and y, then this identity is false!

(d) The following conservation law

{uy + f(u):v = Oa

u(z,0) =c¢> 0 for x < 0 and u(x,0) =0 for = > 0,

has a shock curve of slope equal to 8 if

X c¢=2and f(u)
O e¢=1and f(u)

ut O c¢=2and f(u) = —u?
u? X ¢=1and f(u)=2u*+ 6u—1

SOL: Recalling the Rankine-Hugoniot condition, we have that «* = 0 and v~ = ¢,
so that

)= I L) - fe) =8,

ut —u c
if and only if 8¢ = f(c) — £(0).

Extra exercises

5.4. Weak solutions I1

Consider the equation
e "uy + uy = 0,

with initial value u(x,0) =0 if x < 0, and u(x,0) = a > 0 if 2 > 0.

(a) Find a weak solution for any o > 0 with a single discontinuity for y > 0.
(b) Show that such solution fulfils the entropy condition for all a > 0.
SOL:
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(a) Let us express our equation in the form (2). By inspection, we reach that
F(t) = —e~*. The curve of discontinuity of our Cauchy problem is then z = v(y) with

Fut)—F(u~) —e*+1

’Yy<y> - U+ —u = a > O)

and our solution is given by

0 ifz<——
a ifx>—~—

u(z,y) = {

(b) The entropy condition is
F,(u_) >, > F,(u"), where F,(t) =e "

That is,
1—e®

«

«

1> >e Y = a>1—e%>ae

The first inequality holds, since La =1 > ¢ @ = %(1 — e~ ) for @ > 0, and for

da
a = 0 they coincide.

The second inequality corresponds to checking
fla)=1—€e>ae = g(a),

for a > 0. Both sides coincide for o = 0, f(0) = ¢(0). Then, it is enough to check
that f'(a) > ¢'(«) for all @ > 0. Indeed

fla)=e*>e*—ae™®=¢(a),

and we are done.

5.5. Finding shock waves

Consider the transport equation
2, —
Uy + uu, =0,
with initial condition u(x,0) =1 for z <0, u(x,0) =0 for z > 1, and
u(z,0)=+v1—2 for O0<z<l

(a) Find the solution using the method of characteristics. Up to which time is the
solution defined in a classical sense?
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(b) Find a weak solution for all times y > 0.
SOL:

(a) First notice that the solution has a derivative blowing up for all times y > 0,
since the initial datum is non-smooth. However, we can solve the initial value problem
up until the characteristics intersect.

The characteristic equations and parametric initial conditions are given by

ze(t,s) = a?, wy(t,s) =1,
z(0,s) = s,

where h(s) =11if s <0, h(s) =0if s > 1, and h(s) = /1 — s otherwise. Notice that
y(t,s) =t, a(t,s) = h(s), and x(t,s) = s + h(s)?t.
Let us invert the characteristics:
o If s <0, x(t,s) =s+yl(t,s), (t,s) = (y,x — y). Note that, since s < 0, we have
T <.

e If0<s<1,x(t,s) =s+ (1 —s)t,and (t,s) = (y,%z) Since 0 < s < 1, then

0<%‘;’<1implieseithery<x<1,0ry>x>1.

o Ifs>1,(t,s) = (y,z). In this case, z > 1.

The characteristics are intersecting at the point (x,y) = (1,1). Thus, the solution is
defined up to y = 1. For y < 1, it is:

1 if <y
u(mjy): 0 B . lf LEZl
h(%)z - if y<zx<l1

(b) Let us express the equation in the form

uy + 0, (F(w)) = 0.

In this case, a simple inspection yields F(u) = %u?’.
We are trying to solve u, + 0, (F'(u)) = 0 with initial value u(z,1) =1 if x < 1, and

u(z,1) =0if x > 1.
We just have to compute the slope of the curve of discontinuity, given by

Flut)—F) 10-1% 1

uwt—u-  30—-1 3

'Vy(?/) =
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Thus, the solution for y > 1 is given by

1 ife<i(y—1)+1

“(x’y):{ 0 fe>i(y—1)+1,

and for y < 1, as before.
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