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10.1. Unique solution

(a) Let k¥ > 0. Let D be a bounded planar domain in R% Let v = u(z,y) be a
solution to

Au(z,y) — ku(z,y) = 0, for (z,y) € D,
u(z,y) = g(x,y), for (z,y) € aD.

Show that there exists at most a unique solution twice differentiable in D and
continuous in D, that is, u € C*(D) N C(D).

Hint: Assume that there exist two solutions uy; and us, and consider the difference
V=1UL — Ug.
(b) Let k¥ > 0. Let D be a bounded planar domain in R?. Let u = u(x,y) be a
solution to

Au(x,y) + uy +uy — ku(z,y) = 0, for (z,y) € D,

u(z,y) = g(z,y), for (z,y) € ID.

Show that there exists at most a unique solution twice differentiable in D and
continuous in D, that is, u € C*(D) N C(D).
SOL:

(a) Let us use the hint. Let us suppose that there exist two solutions u; and usy
fulfilling the Dirichlet problem. Let v = u; — uy. Notice that v = v(z,y) solves

Av(z,y) — kv(z,y) = 0, for(z,y) €D,
v(z,y) = 0, for (z,y) € dD.

We just need to prove that v = 0 in D. To do so, we will show that maxzv =
miny v = 0. We show both equalities by contradiction.

Notice that maxyv > 0, since v =0 on dD. Let us suppose that maxyv = M > 0.
In particular, there exists some (z.,y,) € D such that v(z.,y,) = M > 0, that is, v
has a maximum at (z.,¥,). In particular, we know that Av(z,,y,) < 0. Therefore,

0= Av(o,Yo) — kv(xo,ys) =< —kM < 0,
a contradiction.

On the other hand, minyv < 0, since v = 0 on dD. Let us suppose that minyv =
m < 0. In particular, there exists some (z,,y,) € D such that v(x,,y,) = m < 0,
that is, v has a minimum at (z.,¥,). In particular, we know that Av(z,,y,) > 0 .
Therefore,

0= Av(xo, yo) — kv(z0,yo) > —km > 0,

a contradiction. Therefore, if there exists a solution, is unique.
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(b) Again, it is enough to prove that, if v solves

Av(:c,y)+vz+vy—k’v(:c,y) = 07 for (‘ray> GD,
v(r,y) = 0, for (z,y) € dD,

then v = 0. To do so, we will show that maxzv = minyv = 0. Again, we argue
by contradiction. Notice that maxzv > 0, since v = 0 on dD. Let us suppose
that maxzv = M > 0. In particular, there exists some (z.,y,) € D such that
v(xo,yo) = M > 0, that is, v has a maximum at (z.,y,). In particular, we know that
Av(zo,Y,) < 0 and Vu(x,,y,) = 0. Therefore,

0 = Av(o, Yo )+0(To, Yo )0y (To, Yo ) —kv(Zo, Yo) = Av(To, Yo )—kv(To, Yo) < —kM <0,

a contradiction.

On the other hand, minyv < 0, since v = 0 on dD. Let us suppose that minyv =
m < 0. In particular, there exists some (z,,y,) € D such that v(x.,y,) = m < 0,
that is, v has a minimum at (x,,%,). In particular, we know that Av(z,,y,) > 0 and
Vou(zo,ys) = 0. Therefore,

0 = Av(Zo, Yo) + V(o) Yo) + vy (2o, Yo) — kv(20,yo) > —km > 0,

a contradiction. Therefore, if there exists a solution, is unique.

Notice that the proof is the same as in point (a). In point (a) we used that if we have
an interior maximum or a minimum of v we know the sign of Av. Here we are using
the additional information that Vv = 0 at a critical point.

10.2. The mean-value principle Let D be a planar domain, and let Bgr((xo, ys))
(ball of radius R centered at (x.,%,)) be fully contained in D. Let u be an harmonic
function in D, Au = 0 in D. Then, the mean-value principle says that the value of u
at (zo,ys) is the average value of u on 0Bg((x.,y,)). That is,

1 1

2
w(xo, yo) = u(x(s),y(s))ds = %/0 u(xo + Rcos,y, + Rsind) db.

21 R JoBr((xo,ys))
Show that u(wx,,,) is also equal to the average of u in Br((.,¥,)), that is,

1
oy Yo) = T55 s dx dy.
u(s, Yo) I /BR((%%))U(SC y) dx dy

SOL:
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Let us use polar coordinates to compute

1 1 R r2m '
- /BR((%yO)) u(z,y)de dy = T /o /o u(zo 4+ rcosb, yo + rsin@)r do dr
1 R 27
:ﬁ/ 7“(/ U($o+rcosé’,yo+rsin9)d9>dr
mR? Jo 0

1 R
= W/o 2rru(xs, yo) dr

1
= u(o, yo)ng[Wz]oR

We have used here the boundary mean value principle in the balls B, ((x.,y,)) for
each r € (0, R).

10.3. Neumann problem Let R > 0 and consider the disk of radius R Dg :=
{(m, y) eR?: Va2 + 2 < 7‘}. Assume that there exists a solution u € C%*(D) to the
Neumann problem

{Au(:p, y) =0, in Dpg, (1)

dyu(z,y) = sin(x + y) + arctan(z) + 3y, on ODg,
(a) Prove that the compatibility condition is satisfied and that the solution u is not
unique.
(b) Prove that there is a solution ug to (1) with — [, ur = R.
(c) Prove that if vy € C*(D) solves (1) with — [, vg = R then vg = ug.
Hint: integrate by parts [ |V(ur — vg)|?
(d) Study the behavior of ug(0,0) as R — oo.
SOL:

(a) Notice that sin(x + y) + arctan(z) + 3y is a skewsymmetric function, therefore
its integral over the sphere 0Dy is zero (we are using that the sphere is symmetric:
—dDp = 0Dg). Therefore we have

/ 0=0= / sin(x + y) + arctan(z) + 3y = dyu,
Dgr 0DRr 0DR

that is the compatibility condition. Now notice that if u is a solution to (1) so is
u + C' for any constant C', then the solution is not unique.
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(b) If u is a solution to (1), set ug := u — — [p, u+ R. Then

1 / 1 / 1 / 1 n 1 R
— Up = ——— U— —— — U+ ——
TR? Jpg B R Dg TR? Jpp TR? /Dy TR? Jpg

1 |Dg| 1 / | Dg
=75 — — R
TR?2 /DRU TR? TR? DRU + TR?

1 1
= — - — R=R.
TR?2 /DRU TR?2 /DRU *

Since ug — u is constant, ug solves (1) .

(c) Following the Hint, set wg := ug — vg, that solves
Aw(z,y) =0, in Dg,
dyw(x,y) =0, on dDg,

%RQIDRUJ:O

Integrating by parts [p,, [Vw|* we get

/DR|Vw]2:/DRVw-Vw

= div(wVw) — wAw

Dgr Dpg

= div(wVw)

Dpg

= wo,w
DR

= 07

where in the third line we used Aw = 0, in the fourth line we used the divergence
Theorem and in the last line we used 9, w = 0.

We proved that

[ vul =0,
Dgr

that implies Vw = 0 on Dpg, and therefore w = ¢ is constant on Dg. Since [p, w =0,
w must be identically zero. Since w = ur — vy we finally obtain ug = vg.

(d) Using exercise 10.2 and the definition of ur we have

1
UR(()aO) = TRQ/D ug = R,
R

therefore I%E};o ug(0,0) = oco.
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10.4. Maximum principle Consider the disk D := {(x, y) ER?: Va2 + 2 < 1}.

Let u = u(x,y) be a function twice differentiable in D and continuous in D, solving
{Au(m, y) =0, in D,
u(z,y) = g(x,y), onadD,
for some given function g.
(a) Suppose g(x,y) = 2% + %y Compute u(0,0) and max, ,ep u(z,y).

(b) Suppose now that g is any smooth function such that g(x y) > (3z — y). Show
that u(1/3,0) > 1, with equality if and only if g(x,y) = 3z —

Hint: the function 3x — 1y is harmonic.

SOL:

(a) By the mean value property

1 1 gon )y 2
O)_%/é)ngl_g/o cos(6)” + \/§sm()d9—%—§.

By the Maximum Principle

2
MAX U = Max u = max g = max {cos( )2+ —=sin(0)}.

D oD oD 6€[0,2 \/5

Setting g(#) = cos?(6) + % sin(f), we have that (up to periodicity)

J(0) = (:08(9)(\3§ — 2sin(0)) =0,

if and only if § € {%,%F, %, 37} A quick check shows that maxg g(f) = g(r/4) = 3

(b) It is convenient to set the auxiliary function w := u — 3z +y. Then

Aw =0, in D
w=g—3z—y)>0, ondD,

by the very assumption on g. Applying the Maximum Principle to w, we get that

o o e — i S
mDm(u (3x —y)) minw = minw 2 0,
implying that u(x,y) > 3z —y in D. In particular,

1
u(1/3.0) 235 = 1.
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If u(1/3,0) = 1, then w attains its minimum in D since w(1/3,0) = u(1/3,0) —1 = 0.
This implies by the strong maximum principle that w = 0, and hence u(z,y) = 3z —y.
In particular, g(x,y) = u(z,y) = 3z —y on dD. This shows the ’only if’ direction.

The ’if” direction is a consequence of uniqueness of solution of the Laplace equations
with Dirichlet boundary condition on w. More precisely, if ¢ = 3z — vy, then this
solves the boundary condition and it is itself harmonic in the D. Since solutions of
Laplace’s eqn. are uniquely determined by their boundary conditions, we must have
that g = 3z — y being the unique solution and we see that u(1/3,0) = 1.
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10.5. Multiple choice Cross the correct answer(s).

(a) Consider the Neumann problem for the Poisson equation
Au=p, in D,
d,u=g, ondD,

where D = B(0, R) is the ball of radius R > 0 with centre in the origin of R? and p
and g are given in polar coordinates (r,0) by

p(r,0) = r*sin?(9), and g(r,0) = C cos*(#) + r***! sin(),

for some constants a > 0 and C' > 0. For which values of C' > 0 does the problem
satisfy the Neumann’s necessary condition for existence of solutions?

__ Rotl _ Rpo+t?
X C= t2 O ¢ = a+2
— Bt _ Rt
O ¢= a+1 O ¢ = a—1

SOL: We say that the Neumann Problem for the Poisson equation satisfies the
necessary condition for existence of solutions if the identity

/8D9=/Dp, (2)

holds. In our particular case we can compute in polar coordinates

R 27 Ra+2
/ p:/ T/ r*sin?(0) df dr = :
D 0 0 a+ 2

and parametrizing 0D with the curve 6 — (R cos(0), Rsin(6)) we have that

2
/8 g= / R(C’ cos?(0) + R sin(@)) df = RCT.
D 0

Plugging this in Equation (2) we obtain that the identity

a2
RCr=mn i ,
a4+ 2
. . . . RaJrl
is valid if and only it ' = .

(b) Consider the Dirichlet problem
Au =0, in D,
U = on 0D,

T
Z‘2_;'_:,42

where the domain D is the anulus defined by D := {(I, y) eR?: 1< Va2 +2 < 2}.

What is the maximum of u?
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SOL: By the weak maximum principle, maxp u = maxgp u = maxyp %erz Writing
OD = {2*+y? = 1} U{2?+y* = 4} = ST US? we check that maxg v = maxg z = 1,

_ _ 1 _ 1
and maxg» v = maxg: § = 5. Hence maxpp u = max{1,5} = 1.

Extra exercises

10.6. Weak maximum principle Let B; denote the unit ball in R? centered at
the origin, and let u = u(x,y) be twice differentiable in B; and continuous in Bj.
Suppose that u solves the Dirichlet problem

Au(z,y) = -1, for (x,y) € By,
u(z,y) = g(z,y), for (z,y) € dB.

Show that

maxu < — 4+ maxg.
By 2 aBl

Hint: search for a simple function w such that Aw = 1, and use it to reduce the
problem to an application of the weak mazximum principle for harmonic functions.

SOL:

We just need to find a function w(z,y) such that Aw(z,y) = 1, and then consider
v(x,y) = u(z,y) +w(z,y). The simplest function such that Aw(z,y) =1 is w(z,y) =
2%, Thus, let us define
1
U(Ilf,y) = U([E, y) + 5[13'2.
Then, v solves

Av(z,y) = 0, for (z,y) € By,
v(z,y) = glz,y)+32% for (z,y) € 0B

By the weak maximum principle, we know that
() = ma (gl0) + 54%) < max gl o) + a2
maxv(z, y) =max | g(z,y) + 57" | < maxg(z,y) + max ;2"

B1

Notice that maxyp, 12° = 1, so

max v\T +maxg$ .
3, YY) > 9 OB Y
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On the other hand, v(z,y) > u(z,y) for all x,y € By, so

1
max u(x,y) < maxv(z,y) < = + maxg(x Y),
B B 2 0B

as we wanted to see.
10.7. The mean-value principle IT (Hard) Let u be an harmonic function in R?,

Au = 0 in R2. Use the result in Exercise 10.2 to show that for any smooth, radial,
compactly-supported ¢ : R? — R with [z2 ¢(z,y) dv dy = 1, we have

w(Zo,Yo) = /R2 u(z,y)e(ro — x,yo — y) dx dy.

(Harder) Use the above to show that u must be infinitely differentiable.
SOL:

Due to radial symmetry, we can write ¢(z,y) = ¢(R) in polar coordinates. Now the
condition on ¢ translates to

/mﬂRMMR:L
0
Now we have

[t y)e(e =2,y = y)dady = [ ulwe+ 2,9, +y)e(—a, ~y) ddy

u(xo + Rcosb,y, + Rsinf)p(R) dYRAR
0

00 27
:/ ﬂ@R/ w(we + Reosd, yo + Rsin6) dgdR
0 0

:iéw¢QﬂRu@@deR==U@myJ'

We used a change of variable and radial symmetry of ¢ in the first line and the mean
value priniciple of Exercise 10.2 in the fourth line.

To show that u is infinitely-differentiable, let us suppose that u is just C* for some
2<keN. So Ogﬁgu exists and is continuous for a + < k. So, by the above we
have

éﬁ%MMM:mM/UWWW%—%%—wM@
/ 3‘“85 Yo(zo — Yo — y) dx dy

_ aW/ (2, 1)0°0 9 (0 — 7, yo — y) da dy
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where in the third line we integrated by parts (here, we used that ¢ is compactly-
supported to make sure the integrals are finite). But now we see that

(1 [ duule, )220 ol — .y, — y) da dy

is a well-defined expression for 8,0200u and satisfies the usual limit definition of
taking a derivative. Similarly for d,. Thus, we see that « € C**!. But this contradicts
that u is just C*. Thus, u must be infinitely-differentiable.
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