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11.1. Separation of variables: Superposition and Source Terms

(a) Find a harmonic function u(x, y) on the square [0, π]2 satisfying the boundary
conditions:

∆u = 0, (x, y) ∈ [0, π]2,
u(0, y) = 0, y ∈ [0, π],
u(π, y) = 3 sin(2y), y ∈ [0, π],
u(x, 0) = u(x, π) = 0, x ∈ [0, π].

(b) Find a solution to the Poisson problem:

∆u = − sin(x) − sin(y), (x, y) ∈ [0, π]2,
u(x, 0) = sin(x) + sin(2x), x ∈ [0, π],
u(x, π) = sin(x), x ∈ [0, π],
u(0, y) = sin(y), y ∈ [0, π],
u(π, y) = sin(y) + sinh(3π) sin(3y), y ∈ [0, π].

Hint: Find a particular solution up to the non-homogeneous equation first. Then
define v := u−up and use the superposition principle to handle the remaining non-zero
boundary conditions.

SOL:

(a) We seek a solution of the form u(x, y) = X(x)Y (y). Substituting this into the
Laplace equation ∆u = 0, we obtain the separated ODEs:

X ′′(x)
X(x) = −Y ′′(y)

Y (y) = λ.

Looking at the homogeneous boundary conditions u(x, 0) = u(x, π) = 0, we choose to
solve the eigenvalue problem for Y first:

Y ′′(y) + λY (y) = 0, Y (0) = 0, Y (π) = 0.

This yields the eigenvalues λn = n2 and eigenfunctions Yn(y) = sin(ny) for n =
1, 2, . . . .

The corresponding equation for X is X ′′
n(x)−n2Xn(x) = 0. Since we have the condition

u(0, y) = 0 (implying X(0) = 0), it is convenient to use the basis {sinh(nx), cosh(nx)}
or simply set Xn(x) = An sinh(nx).
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Thus, the general solution is:

u(x, y) =
∞∑

n=1
An sinh(nx) sin(ny).

We determine An using the final boundary condition at x = π:

u(π, y) =
∞∑

n=1
An sinh(nπ) sin(ny) = 3 sin(2y).

Comparing coefficients, we see that for n = 2, A2 sinh(2π) = 3, so A2 = 3
sinh(2π) . All

other An = 0. The solution is:

u(x, y) = 3sinh(2x)
sinh(2π) sin(2y).

(b) We first deal with the source term ∆u = − sin(x) − sin(y). We observe that
∆(sin(x)) = − sin(x) and ∆(sin(y)) = − sin(y). Therefore, a particular solution is:

up(x, y) = sin(x) + sin(y).

Let us define v(x, y) = u(x, y) − up(x, y) = u(x, y) − sin(x) − sin(y). The function v
satisfies ∆v = 0. We calculate the new boundary conditions for v:

v(x, 0) = u(x, 0) − (sin(x) + sin(0)) = (sin(x) + sin(2x)) − sin(x) = sin(2x),
v(x, π) = u(x, π) − (sin(x) + sin(π)) = sin(x) − sin(x) = 0,

v(0, y) = u(0, y) − (sin(0) + sin(y)) = sin(y) − sin(y) = 0,

v(π, y) = u(π, y) − (sin(π) + sin(y)) = sinh(3π) sin(3y).

So, v is harmonic with non-zero boundary conditions on the bottom edge (y = 0) and
the right edge (x = π). We split v into two sub-problems v = v1 + v2, as illustrated
below:

0

v
=

sinh(3
π

)
sin(3

y)v = sin(2x)

0

∆v = 0 0

v
=

sinh(3
π

)
sin(3

y)0

0

∆v2 = 0⇝ +0 0

v1 = sin(2x)

0

∆v1 = 0

Figure 1: Splitting of the Laplace equation.
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Solving for v1 (Non-zero on y = 0): The eigenfunctions in x are Xn(x) = sin(nx).
The y-dependent part must vanish at y = π. A convenient basis is sinh(n(π − y)).

v1(x, y) =
∞∑

n=1
An sin(nx) sinh(n(π − y)).

At y = 0, v1(x, 0) = ∑
An sinh(nπ) sin(nx) = sin(2x). This implies n = 2, and

A2 sinh(2π) = 1 =⇒ A2 = 1
sinh(2π) .

v1(x, y) = sinh(2(π − y))
sinh(2π) sin(2x).

Solving for v2 (Non-zero on x = π): The eigenfunctions in y are Yn(y) = sin(ny).
The x-dependent part vanishes at x = 0. A convenient basis is sinh(nx).

v2(x, y) =
∞∑

n=1
Bn sinh(nx) sin(ny).

At x = π, v2(π, y) = ∑
Bn sinh(nπ) sin(ny) = sinh(3π) sin(3y). This implies n = 3,

and B3 sinh(3π) = sinh(3π) =⇒ B3 = 1.

v2(x, y) = sinh(3x) sin(3y).

Final Solution: Combining u = up + v1 + v2:

u(x, y) = sin(x) + sin(y) + sinh(2(π − y))
sinh(2π) sin(2x) + sinh(3x) sin(3y).

11.2. Heat Equation Let u : [0, 1] × [0, +∞) → R be solution of the heat equation
ut − uxx = 0, (x, t) ∈ (0, 1) × (0, +∞),
u(x, 0) = x(1 − x), x ∈ [0, 1],
u(t, 0) = u(t, 1) = 0, t ∈ [0, +∞).

Show that 0 ≤ u(0.5, 100) ≤ 0.00001.

Hint: notice that w(x, t) = e−π2t sin(πx) solves the same PDE with different initial
conditions.

SOL: First, let us check that w := e−π2t sin(πx) solves the equation:

∂tw = −π2w = ∂xxw .
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One can check that sin(πx) ≥ x(1 − x) in the interval [0, 1] (for example, you can use
wolfram-alpha for checking this!). Thus, we have w(x, 0) ≥ u(x, 0).

Similarly, 0 solves the equation and u(x, 0) ≥ 0.

By the comparison principle for solutions of the heat equation (which is an easy
consequence of the maximum principle for parabolic equations), we deduce 0 ≤
u(x, t) ≤ w(x, t) for all x ∈ (0, 1) and t ≥ 0. In particular we find

0 ≤ u(0.5, 100) ≤ w(0.5, 100) = e−100π2 sin
(π

2
)

= e−100π2 ≪ 0.00001 .

11.3. Uniqueness of solutions Let D ⊂ R2 be the unit disk, let f : ∂D → R be
a continuous function defined on its boundary and let a > 0 be a positive number.
Show that the following elliptic problem∆u = 0, in D,

∂νu + au = f, on ∂D,

admits at most one solution in C2(D).

If u1 and u2 solve the same PDE, what can we say about u1 − u2? Prove that the
maximum and the minimum of u1 − u2 are 0

SOL: Let u1, u2 : D̄ → R be two solutions. Let v := u1 − u2 be the difference. Notice
that v satisfies {

∆v = 0 , in D,
∂νv + av = 0, on ∂D,

Assume that v > 0 somewhere in D. Let (x0, y0) ∈ D be the maximum point of v. In
particular, v(x0, y0) > 0.

We have two cases.

If (x0, y0) ∈ D, then v ≡ v(x0, y0) > 0 is constant in D by the strong maximum
principle. Therefore at the boundary ∂νv ≡ 0, and by the boundary condition we get

0 = ∂νv + av = av(x0, y0) > 0,

that is a contradiction. If (x0, y0) ∈ ∂D, we have ∂νv(x0, y0) ≥ 0. Indeed, if we had
d
dt

v(tx0, ty0)|t=1 = ∂ν(x0, y0) < 0 then, for t close to 1, v would be decreasing along
the line (tx0, ty0); but this is not possible, since (x0, y0) is a maximum point of v.
Using the boundary condition we then have

0 ≤ ∂νv(x0, y0) = −av(x0, y0) < 0,

that is a contradiction. Since both cases lead to a contradiction, it must be maxD v = 0.
Since −v satisfies the same equation of v we also have minD v = − maxD(−v) = 0.
Then v = 0, that means, recalling the definition of v, u1 = u2.
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