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Fundamental exercises - make sure to try to solve and
understand the solutions

Exercise 1. Practice computing integrals by different integration methods in the
Moodle course Integral-Trainer.

Exercise 2. (Multiple Choice from old exams) Choose the correct answer. Exactly
one answer is correct.

1. The function f: R — R, z — max(z,1 — x) is
A) is not continuous.
B) continuous but not differentiable.
C) differentiable but not continuously differentiable.
D) continuously differentiable but not twice differentiable.
2. Let a < b. What is true for all functions f : [a,b] — R?
A) If f is continuous, then f is differentiable.

B) If f is monotonically increasing, then f is bounded.

C) If for every = € [f(a), f(b)] there is a ¢ € [a, b] such that f(c) = z, then f
is continuous.

D) If f has a maximum and a minimum, then f is continuous.

Exercise 3. (x) Let I C R be an interval and f: I — R a convex function. Show
that every local minimum of f is a global minimum.

Reminder: Let I C R be an interval, and let f : I — R. Then f is called convez if
for all a,b € I with a < b and all t € (0, 1), the inequality

F((L=t)a+1tb) < (1 —t)f(a) +1f(b)

is valid. We say that f is strictly convex if the inequality is strict.

Exercise 4. (xx) Let f : [a,b] — R be a continuous function. Prove that

b
=0 / \f(2)|dz = 0.


https://moodle-app2.let.ethz.ch/course/view.php?id=27005
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Further exercises

Exercise 5. (x*x*) Let f : R — R be a differentiable function such that f(z) = f'(z)
holds for all z € R. Show that a real number ¢ exists with f(z) = ¢ - exp(z).

Exercise 6. (xx) (Part b is an old exam Exercise)
a) Show that f: I — R is convex if and only if for all € (a,b) C I the inequality

(@) = fla)  f(b) = f(=)

T —a b—=x

holds, and strictly convex if the above inequality is strict.

b) Let f now be a convex function R — R such that f(z) < 2023 for all x € R.
Show that f is constant.

Exercise 7. (xx ) Let I C R be an interval, f : I — R a convex function,
T1,T9,...,Tn € I and t1,ts,...,t, € [0,1] with t1 +t2 + -+ 4+ t, = 1. Show that

fltizy +toxa + -+ tpxy) < tif(zr) +taf(x2) + -+ taf(zn)

is valid. This inequality is called Jensen’s inequality.

Conclude from this that for any positive real numbers z1, x2, ...z, the inequalities

n 1+ 22+ ...+ 2
I I T < Vxiwe - wp <

apply.
Exercise 8. (xx) Let f,g: [a,b] = R be continuous functions such that
b b
/ f(x)dx = / g(z)dx.
a a

Show that there is a y € [a, b] such that f(y) = g(y).
Hint: Use Exercise 4.



