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Fundamental exercises - make sure to try to solve and
understand the solutions

Exercise 1. (x) Calculate the Taylor approximations of the following functions at
x = 0 up to fourth order. Specify the error terms and the little-o and big-O notation
exactly.

a) fo) = =

b) f(z) = cos(x)

c) f(z) = cos®(z)
d) f(z) =log(1+ x)

Exercise 2. (xx) Use suitable Taylor polynomials to compute the limits at the origin

lim f(z),

z—0

of the following functions:

xr —tanx

(a) f(z) = W

o) = 1 — cos(z?)
(b) fla) = arcsin(z?)
(€) flo) = S
1 —cosx)3
@ £ =TS
cosz — e~ /2
(e) f(z)= W
sing — )% — L6
0 flay= T
arctan(z) cos(z?) —
(8) flx) = TR AT
sin(z?) — sin?(x
() fla) = ST S)
_ ozt log(1 — x)
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Exercise 3. (MC) Let I = [a,b] be a compact non-empty interval. Which of the
following statements are true and which ones are false?

(a) All differentiable functions on I are bounded.
(b
(c

(d) By the Fundamental Theorem of Calculus, all Riemann integrable functions on
I are differentiable.

All bounded functions on I are Riemann integrable.

All differentiable functions on I are Riemann integrable.

)
)
)
)

Exercise 4. (xx) Solve for the unknown function u(z) in the following ODEs. Where
is the solution defined?

Lo/ (z)+2% u(z) =0

2. u'(x) = ff;é
3. u(x) + € u(xr) = —2e*
4. o/ (z) + UT‘T) =22

Further exercises

Exercise 5. (MC from past exam) It holds

Exercise 6. (x) Evaluate the following expressions, involving the Gamma function T.

) 60T (5)
I(7)

b) [o° 2zte! " dx
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Exercise 7. (xx) Let f:]0,1] — [0, 1] be the function f(z) = x. We know that f is
Riemann integrable on [0, 1] and

/Olf(:v)dx: %

We want to approximate f by step functions. To do so, we fix n € N={1,2,3,...}
and we decompose

lrk ok
[0,1]:kL:JO[n, Zl>u{1}.

For every n € N={1,2,3,...}, consider the sequence of step functions ¢, : [0,1] —
[0,1] (indexed by n)

Oo(z) = {Z, if z belongs to the interval [%7 m)

n
1, ifz=1.

Let . )
N = min{neN:/O (f(x) —Lly(z)) de < 10}.

Compute the value of N.

Exercise 8. (x# %) Let f and g be functions that are differentiable up to order n
on an open interval containing 0, with ¢g(0) = 0. Assume that ¢ admits a Taylor
expansion of order n at 0,

& g(0)

gla) = Yo TPt o+ ofan),
k=0 ’

and that f admits a Taylor expansion of order n at 0,

n )
flx) = kz:% fk!(O)xk +o(a™).
(a) Show that
n k)
Flo@) = 3 T o) + ofgla)
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(b) Using the Taylor expansion of g, prove that

(¢) Conclude that the Taylor polynomial of degree n of the composition f o g at
0 can be obtained by composing the Taylor polynomials of f and g, up to an
o(z™) error term.



