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Exercise 1. We “show” that all elephants are pink in the following way. “Proof”
by induction on the number of elephants: For 0 elephants, the assertion is correct.
Let us inductively assume that in any set consisting of n elephants, all the elephants
are pink. Let X be a set with n + 1 elephants and we take out one elephant E. The
remaining n elephants are all pink according to the induction assumption. We can
choose E so that it is pink: If it would not be pink, we replace it with one of these n
pink elephants. So all n + 1 elephants are pink. Where is the mistake?

Exercise 2. Let (K, ≤) be an ordered field. Show that

x ≤ y ⇐⇒ x3 + x ≤ y3 + y

holds for all x, y ∈ K.

Exercise 3. (Inverse triangle inequality) Let (K, ≤) be an ordered field. Show that
for all x, y ∈ K the inequality. ∣∣|x| − |y|

∣∣ ≤ |x − y|

holds. In which cases does equality hold?

Exercise 4. We consider the following set.

Q[
√

2] :=
{

p

q
+ r

s

√
2 : p, q, r, s ∈ Z, q, s ̸= 0

}
.

Notice that Q[
√

2] ⊆ R. Therefore, we can equip the set Q[
√

2] with the usual order
relation of the real numbers (Q[

√
2], ≤), as well as the operations of addition and

multiplication of the reals.

(a) Show that (Q[
√

2], ≤) is an ordered field.

(b) Show that Q ⊆ Q[
√

2] ⊆ R. Show as well that Q[
√

2] ̸= Q and Q[
√

2] ̸= R.

Exercise 5. Write the solutions of the following equations for z ∈ C in the form
z = a + bi with a, b ∈ R.

(a) z = (2 + 3i)(2 + i) (c) z = 4+3i
2−i (e) z3 = i

(b) z = (2 − i)3 (d) z = 2−i
4+3i (f) z2 + 3 + 4i = 0
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Exercise 6. Recall the concept of equivalence relation.

(a) Let C∗ := C \ {0} be the complex plane without the origin. We define a relation
∼C∗ on C∗ given by

z ∼C∗ w ⇐⇒ z

w
∈ R for z, w ∈ C∗.

Is ∼C∗ an equivalence relation?

(b) Let X be a non-empty set and let P be the collection of all non-empty subsets
of X. This is,

P := {S ⊆ X : S ̸= ∅}.

We define a relation ∼P on P given by

A ∼P B ⇐⇒ A ∩ B ̸= ∅ for A, B ∈ P.

Is ∼P an equivalence relation?
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