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Exercise 1. Decide for yourself which of the following statements are true and which

are false.
Let X andY be sets, and let f : X — Y be a function. Let A, A1, As be subsets of
X, and B, By, By be subsets of Y.

(1) f(A1)U f(A2) = f(A1U Ag) 4) f~ 1( 1)U fH(By) = f7HB1UBy)
(2) f(A1)N f(A2) = f(A1 N Ag) (5) fHB)NSf (32) ~H(B1N By)
(3) fUf(A)=A (6) f(f'(B)) =

Which of the false statements are true if we also assume that f is an injective function?
And what if instead f is a surjective function? And what if f is a bijective function?

Exercise 2. In this exercise we show the existence and uniqueness of a bijective
function /- : R>g — R>o with property (y/a)? = a for all a € Rxy.

(a) (Existence) For a € R>q set
X ={z R |2*<a}, Y ={y€Rso|y*>a}.

By completeness, there exists c € R with x < c <y forallz € X, y € Y. Show
that ¢ € X NY, hence ¢ = a.

Hint: If ¢ ¢ X (i.e. ¢® > a), choose small € > 0 so that (c—¢)? > a. For instance,
one can choose € = 624;“
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)
(c—e)=c—2cc+e? > —2cc=c —5>a

Hence ¢ — e € Y, contradicting y > cforally € Y.
The case ¢ ¢ Y is analogous.

(b) (Uniqueness) Prove that for every a € R>¢ there is at most one ¢ € R>g with
A =a.
Hint: First, prove that for all 2,y € Rxg, the statements x < y and 2 < y? are
equivalent. Then use this fact to deduce the uniqueness of c.

Define /- : R>g — R>o by y/a = ¢ where ¢ is as above. Show that:
(c) v/~ is increasing: if 0 < x < y then /2 < \/y;
(d) /- is bijective;
(e) oy = /x/y for all z,y € Rxo.
)

(f) Two solutions: Show that for a > 0 there are exactly two real solutions to the
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equation z* = a. How many are there for a = 0 and for a < 07
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Exercise 3. Which of the following subsets are open? Which are closed? Justify.
(a) The point A = {0} in R,
(b) The integers Z in R,
(¢) The interval C' = [0,00) in R,
(d) The interval D = (0,00) in R,
(e) Theseth{% | neN,n>0} in R,
(f) The set FF = EU{0} in R.

Exercise 4. Find the infimum and the supremum of the following subsets of R. Do
they have a minimum, a maximum?

1. A={a—bla,beR, 1 <a<2,3<b<4},
2. B={;7|n €N},
3. C={%|m,neN,m+n <10}

Exercise 5. Show that the irrational numbers R \ Q are an uncountable set.

Hint: you can use the facts from the lectures that Q is a countable set and that R is
an uncountable set.

Exercise 6. (Dirichlet’s approximation theorem) In this exercise, we want approxi-
mate an arbitrary real number by a rational number. Let a € R be any real number.
We want to find p € Z and ¢ € N\ {0} such that

This is, % approximates a up to an error of at most q%.

(a) Consider the @ + 1 fractional parts

{0a} = {0}, {1a}, ..., {Qa},

where {z} = x — |z|. Explain why there exists k € N, 0 < k < @ — 1, such that

two of the fractional parts above lie in the same interval [%, %)
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(b) Show that there exist integers 0 < m < n < @ such that
[{na} — fma}| < ¢
na} — {ma —.
Q

(c) Define g :==n —m and p := |na] — |ma|. Prove that

p 1
——| < .
’ q’ 9Q
(d) Deduce that 1 < ¢ < @ and that we have
P 1
a—=|< .
| q" ¢



