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Exercise 1. Freda is in Ziirich and Georg is in Luzern. Freda drives by car to
Luzern and Georg to Ziirich, both following exactly the same road (but in opposite
directions). They both depart at 1pm and arrive at their respective destinations at
the same time at 2pm. Show with rigorous math, that there exists a time between
1pm and 2pm at which their cars cross.

Exercise 2.

(a) Recall the statement of Theorem 3.21 (Continuity = Sequential continuity)
from the lecture notes. Negate the statement of the theorem: “Let D C R,
f:D—=R,and x € D. Then f is not continuous at z if and only if...”

(b) Show that the function f : R — R defined by

1, z >0,

f(x):{o, £ <0

is not continuous. Do not settle for a picture, but write a formal proof using
part (a) or the definition of continuity.

(c) Show that the function f: R — R defined by
sin (1), x #0,
oy =)
0, z=0
is not continuous.

Note: We will introduce the function sin properly later in the lecture. For this
exercise, continuity of sin : R — R and the usual properties you know from high
school may be assumed.

Exercise 3. Consider the function f : R — R given by f(z) = 2 + 23.

(a) Show that f admits an inverse function g : R — R. In other words, f and g
satisfy that fog(x) =z and go f(z) = x for all z € R.

Hint: You may find Exercise 2 from list 2 useful.

(b) Compute the value of g(10).

Exercise 4. Recall Definition 3.33 in the lecture notes.

1. Give an example of a function f: (0,1) — R, that does not take its maximum
value at any point in (0,1). Justify your answer.
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2. Give an example of a function f : R — R, that takes its maximum value at
0 € R, but that does not take its minimum value at any point in R. Justify
your answer.

Exercise 5. Let I be an interval and f : I — R a continuous, injective mapping.
Show that f is strictly monotone.

Exercise 6. Let I be an interval and f : I — R a monotone mapping such that for
all a,b € I and £ € R between f(a) and f(b) there exists a x € R between a and b
satisfying f(x) = £. Show that f is continuous.

Compare this result with the intermediate value theorem.

Exercise 7. Which of the following functions f : R — R are uniformly continuous?
First convince yourself that each given function is continuous and sketch the graph.

a) f(x) = /zl,

b) f(z) ==?,
c) f(z) = min(y/[z], 2%,
d) f(z) = nf |z — kI,



