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Exercise 1. Let D C R be a subset. A function f : D — R is called Lipschitz
continuous if there exists an L > 0 such that |f(z) — f(y)| < L|x — y| holds for all
x,y € D.

a) Show that a Lipschitz continuous function is also uniformly continuous.

b) Show that the root function [0, 1] — R given by = +— /z is uniformly continuous
but not Lipschitz continuous.

c) Show that the root function [1,00) — R is Lipschitz continuous and uniformly
continuous.

Exercise 2. Let a € R. Calculate the following limits:
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d) Timy o 252,

In each case, choose a suitable domain on which the given formula defines a function.

Exercise 3.
a) Show the following asymptotics for z — oo:
i) 223 + 322 = O(2?)
ii) 2P = O(exp(x)) for any natural number p > 0
iii) log(z) = O(z%) for any natural number p > 0
b) Show the following asymptotics for z — oo:
i) 2P = o(x?) for natural numbers 0 < p < ¢
ii) 2P = o(exp(x)) for all natural numbers p > 0
iii) log(x) = o(2P) for all natural numbers p > 0
c¢) Show the following asymptotics for z — 0:
i) % = o(aP) for all the natural numbers 0 < p < q.

ii) exp(z) =1+ o(1)
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Exercise 4. Given a € R, consider the sequence (x,)52; given by z, = ¥/n% Show
that this sequence converges, with

lim vne =1.

n—oo

Exercise 5. For each n € N define the sequence of functions

nx
fn(x) = m, for x € [0, ].]
(a) Show that (f,,) converges pointwise on [0, 1]. To which function does it converge
pointwise?

(b) Show that the convergence is not uniform on [0, 1].

(c) Now, fix m € N\ {0} and restrict to the set E,, = [-,1] C [0,1]. Does (fy)
converge uniformly to the constant function 1 on each E,,? Justify your answer.

Exercise 6.

(a) Let (fn)nen be a sequence of continuous functions on [0, 1]. Let (25, )nen C [0, 1],
(Yn)nen C [0, 1] be two sequences of points in the domain, such that

fn(zn) = max fu(z),

z€[0,1]

fn(yn) = min_f,(x).

z€[0,1]
Assume that (f,,) converges uniformly to a limit function f, and suppose that

the limits for (z,,) and (y,,) exist and coincide lim, o0 Ty, = limy, 500 Yp. Show
that the limit function f is constant.

(b) Show that in (a), the uniform convergence cannot be relaxed to pointwise
convergence. In other words, give an example of sequence of functions (g,) and
its pointwise (not uniform) limit g that satisfy the hypotheses in (a), but such
that g is not constant.

Exercise 7. Let (a,)22, be a sequence of real numbers with 0 < a, such that

Y o G, converges. Show that then 07, ‘/;LT" also converges.



