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Exercise 1. (Old exam question)

a) Show that
∑∞

k=1
1

4k2−1 = 1
2 .

b) Does the following series converge? Does it converge absolutely?

∞∑
n=2

(−1)n

√
n2 − 1

.

Name the convergence tests/theorems that you use.

c) Calculate the radius of convergence of the series

x + 4x4 + 9x9 + 16x16 + · · · =
∞∑

n=0
n2xn2

.

If you are using a result about radius of convergence from the lecture, write
down the complete statement of this result.

Exercise 2. Let s > 1 be a real number. Use the Cauchy condensation test to show
that the series ∞∑

n=20

1
n log n [log log n]s

converges.

Exercise 3. Show that the following series of real numbers converge and calculate
their values.

a)
∑∞

n=0 xn for a real number x ∈ R with |x|<1,

b)
∑∞

n=1
(−1)n2n−1+1

3n

c)
∑∞

n=k
1

5n for k ∈ N,

d)
∑∞

n=0
n
5n ,

e)
∑∞

n=0
n2

5n .

Exercise 4. Let (an)∞
n=0 be a sequence of non-negative real numbers that converges

to 0. We define ∞∏
n=0

(1 + an) = lim
n→∞

n∏
k=0

(1 + ak)

1
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in the same sense as series. Show this:
∞∑

n=0
an converges ⇐⇒

∞∏
n=0

(1 + an) converges, with limit ̸= 0.

Hint: Prove and use that 1
2x ≤ log(1 + x) ≤ x holds for sufficiently small x ∈ R≥0.

Exercise 5. Decide which of the following series converge.

a)
∞∑

n=0

n

n2 + 1 b)
∞∑

n=1

(−1)n

√
n

c)
∞∑

n=1

(−1)n

n2 d)
∞∑

n=0

1
(n!)2

e)
∞∑

n=1
log(n+1

n ) f)
∞∑

n=2

1
log(n)n

g)
∞∑

n=2

1
n(n+1)(n+2) h)

∞∑
n=1

log
(
1 + 1

n2

)

Exercise 6. (Hard)

a) Calculate the radius of convergence R of the power series
∞∑

n=1

(
√

n2 + n −
√

n2 + 1)n

n2 xn.

b) Show convergence of the power series at the two points −R, R ∈ R.

Exercise 7. If {an} is a monotone decreasing sequence of positive terms such that∑∞
n=1 an is convergent, then

lim
n→∞

nan = 0.

Exercise 8.

a) Let w = reiθ ≠ 0. Show that the n-th roots of w (i.e. the solutions z ∈ C of
zn = w) are given by {

n
√

r ei( θ+2πk
n )

∣∣∣ k = 0, 1, . . . , n − 1
}

.

In particular, for w = 1 the n-th roots are{
ei2πk/n

∣∣ k = 0, 1, . . . , n − 1
}
,

and are called the n-th roots of unity.

b) For every integer n ≥ 2, show that
n−1∑
k=0

ei2πk/n = 0.

Illustrate the identity with a sketch for n = 2, 3, 5.
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