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Exercise 1. Let X be a set and let A C P(X) be a collection of subsets of X. Show
the De Morgan laws for unions and intersections of sets:
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Exercise 2. (Multiple choice) Consider the set

G [0,1—1/n],

consisting of a countable union of closed intervals. Which of the following assertions
are true?

a) B is an open set.

b) B is a closed set.

)
c) B is a bounded interval.
)

d) B is an unbounded interval.

Exercise 3. Let (z,,)52, be a bounded sequence in R, and let £ C R be the set of
accumulation points of (z,,)5%,. Show that

h:;n_}s;p xn = max(FE), llnrglcgf xn = min(E).

Exercise 4. Find an example of a continuous function f : R — R such that the
limit of the sequence (f(n))5e, exists, but not the limit li_>m f(x). Interpret this in
T—00

terms of Lemma 3.57, and the following question: For a real number A, how does one
translate the statement

lim f(z) =

T—00

correctly into a statement about convergence of sequences?

Hint: Fxercise 7 of sheet 5 could provide inspiration for a counterexample.
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Exercise 5. Study the pointwise and uniform convergence of the following sequences
of functions:

a) fo(z) = Yz, x>0,n>1,
fo(z) =5 2>0mn>1,

) fu(2)
¢) falz)=e ™ zeRn>1,
) fu(@)

reRn>1.

Exercise 6. Check if the following series converge or diverge to +oo. Calculate the
value of the series in case they converge.

> n = log(2™)
(a) nZ::On‘lJrn?Jrl (b)nzzjl en

Exercise 7. The hyperbolic sine and hyperbolic cosine are defined by the power

series io: . i o
sinh(z) = ) ——, cosh(x) = .
= (2k+1)! = (2k)!

Prove that the identity
cosh?(z) — sinh?(z) = 1 VzeR.

holds.

Exercise 8. (Hard) Let f : R — R be a function that satisfies the Cauchy functional

equation:
f@+y) = fl@)+ f(y), foralle,yck.

a) Assume that f is continuous everywhere and satisfies the Cauchy functional
equation. Prove that f(z) = ax for some constant a € R.

Hint: First prove that f(z) = ax for x € Q.

b) Assume that f is continuous at 0 and satisfies the Cauchy functional equation.
Prove that f is continuous everywhere in R.



