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Fundamental exercises - make sure to try to solve and
understand the solutions

Exercise 1. (Important)

a) Be aware of the Study Center, in case you would like some help to learn to solve
math problems.

b) Go to the website of Respect @ ETH Zurich and find out what you can do if
you experience or observe something similar.

¢) Watch some videos on the Youtube channel Polyquity EPFL.

Exercise 2. (Multiple Choice) We say that a function f : D — R has a local
maximum at xg if there exists 6 > 0 such that

f(x) < f(zo) Vo e DN (xg— 9,20+ 0).

Which of the following statements are true?
a) If z¢ is a local maximum of f, then f(zg) > f(z) for all x € D.

b) If f is differentiable on D and f’(z) = 0, then f has a local maximum or a
local minimum at xg.

c) If f is differentiable on D and f has a local maximum or a local minimum at
xg, then f'(x¢) = 0.

d) If f is not differentiable on D, then f cannot have a local maximum on D.

Exercise 3. (x) Calculate the derivative of the following functions f; : R — R:

8) file) = VI+ a2

fs(z) = xS (defined only for x > 0)


https://studycenter.ethz.ch
https://respekt.ethz.ch/
https://www.youtube.com/channel/UCKIm2MkfTj2Q40xuf4E05Qg
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Exercise 4. (x) Calculate the following limits using ’Hopital’s rule.

: _ T _ 1 4 _ 4%
(a) lim M (b) lim S (c) lim L
a—0 22 sin(x) z—0 cosx — 1 a2 sinmwr
1
si 22
(d) lim 23" (e) lim ( m:v)
T——00 z—0 T
Exercise «x) Suppose we know that f is continuous and differentiable on the

5. (
interval [—5,0], that f(—5) = —3 and that f’(x) < 2. What is the largest possible
value for f(0)?

Further exercises

Exercise 6. (xx) Let D C R be a non-empty subset without isolated points, and let
f,g € C™(D). Explain why fg € C™(D) holds and show

(fg)™ = zn: (Z) fWgn=h,

k=0

Note: The aim of this exercise is to formulate the proof of Corollary 5.11. f(® denotes
the n-th derivative of f.

Exercise 7. (xx) We consider the function

fm:R—=>R
x — sgn(z)z" L,
for every non-negative integer n € Ny.
a) Show that f,, is continuous.

b) Show that the derivatives f, fT(LQ), ey f,(Ln) exist.

c¢) Calculate fén) and conclude that the inclusions C"*1(R) ¢ C™(R) are strict
inclusions.
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Figure 1: Graph of the function of exercise 8.

Exercise 8. (x % %) We consider the function ¢ : R — R, defined by

exp (—%) ifx>0

x ER -
4 { 0 ifx <0

Show that ) is smooth on R and that all its derivatives vanish at 0.

Hint 1: Show by induction that for z > 0

va) =exp (1) 1 ;)

where f,(z) is a polynomial.

Hint 2: To calculate the derivative at x = 0, use that the exponential function grows
faster than any polynomial i.e.

n

i Y
im
y=oo exp(y)

and set x = i

Exercise 9. (x* ) Follow the steps below to prove the following statement:

Let f : (a,b) — R be differentiable, and let zy < x1 be points in (a,b) with f'(x¢) #
f'(xz1). Show that, for every a between f’(xg) and f’(x1), there exists ¢ € (xg,z1)
such that f'(c) = a.

1. Without loss of generality, assume f'(zo) < f'(z1) and fix a € (f' (o), f'(x1)).

2. Consider the auxiliary function g(z) = f(x) — axr and show that g attains a
minimum at some ¢ € [zg, z1].

3. Prove that ¢ cannot be one of the endpoints:
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(i) Since
g(wo + h) — g(xo)
h h—0+

and f'(x¢) < a, conclude that ¢ # xo.

g (wo) = f'(w0) — a,

(ii) Similarly, using that

g(w) - Zm ) ——g(@) = [(21) ~a,

and f'(x1) > a, conclude that ¢ # x;.

4. Deduce that ¢ € (29, 1), and use Proposition 5.26 to show that ¢’(¢) = 0, hence
7o) = .



