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Fundamental exercises - make sure to try to solve and
understand the solutions

Exercise 1. Practice computing integrals by different integration methods in the
Moodle course Integral-Trainer.

Exercise 2. (Multiple Choice from old exams) Choose the correct answer. Exactly
one answer is correct.

1. The function f: R — R,  — max(z,1 — x) is
A) is not continuous.
B) continuous but not differentiable.
C) differentiable but not continuously differentiable.
D) continuously differentiable but not twice differentiable.
2. Let a < b. What is true for all functions f : [a,b] — R?
A) If f is continuous, then f is differentiable.

B) If f is monotonically increasing, then f is bounded.

C) If for every = € [f(a), f(b)] there is a ¢ € [a, b] such that f(c) = =, then f

is continuous.
D) If f has a maximum and a minimum, then f is continuous.

Solution. 1. We can rewrite f as

im f@)=1-4=3= lim f@)=f(3)

I—>(§)7 x—>(§)+

e f is not differentiable at x = %, since
3= -a|

so the left and right derivatives are different.


https://moodle-app2.let.ethz.ch/course/view.php?id=27005
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Therefore f is continuous but not differentiable. So the correct answer is B.

2.

A) This is false in general. A counterexample is f(z) = |z| on [—1,1]: f is
continuous but not differentiable at x = 0.

B) This is true. If f is monotonically increasing on [a, b], then for all z € [a, b],

fla) < f(z) < f(b),
so f is bounded from below by f(a) and from above by f(b).

C) This is false in general. The given property is the intermediate value property,
which is implied by continuity, but does not imply continuity: there exist
discontinuous functions that still have the intermediate value property. Hence
the statement need not hold for all f.

D) This is false. Consider for example
0, z€la,b),
€Tr) =
o= {0 2El

which is discontinuous at « = b, but has minimum 0 and maximum 1 on [a, b].

Thus, only statement B is true.

Exercise 3. () Let I C R be an interval and f : I — R a convex function. Show
that every local minimum of f is a global minimum.

Reminder: Let I C R be an interval, and let f : I — R. Then f is called convez if
for all a,b € I with a < b and all t € (0, 1), the inequality

(1=t +th) < (1 - t)f(a) + tf(b)
is valid. We say that f is strictly convex if the inequality is strict.

Solution. Let xg be a local minimum of f. We want to show that for all x1 € I it
cannot be true that f(z1) < f(zo). Suppose such an x; existed. Then consider

= (1 —t)z1 + txo for t € (0,1).
By the convexity of f we have

flae) = f((L= )2y + two) < (1—1)f(21) + tf(wo) < (1 —1)f(wo) + tf(20) = f (o).
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Thus, for every ¢t we have found a point z; such that f(z:) < f(xo). But since
|z — xo| = (1 — t)]z1 — o]

can be made arbitrarily small (for ¢ close to 1), this contradicts the assumption that xg
is a local minimum, because then we would have f(x;) < f(z) for points arbitrarily
close to xg.

Therefore, we conclude that f(zg) < f(z) for all x € I.

Exercise 4. (xx) Let f: [a,b] — R be a continuous function. Prove that
b
=0 / \f(2)|dz = 0.
a

Solution. =: This direction is clear because f = 0 is a step function.

<: Suppose that f is continuous. We assume that f # 0 and then show that the
integral [ f | f| dx cannot be zero.

Since also |f| # 0, there exists a point x € [a, b] such that |f(z)| = ¢ # 0. By the
continuity of |f|, there exists an interval B = (z — 0,2 4+ §) with § > 0 such that

[fI(B) € (c— 5, c+35).
If z is close to the boundary of [a, b], that is, close to a or b, we simply take

B = (x—6,x+9)N]a,b.

For all y € B we now have |f(y)| > §, since
IfWlec—35 c+5).

Define the step function g : [a,b] — R by

5, T € DB,
g(z) = ,
0, otherwise.

Then g < |f|. Its integral is

b
/ gdx = length(B) - g > 0.

Since g < |f], it follows that
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Further exercises

Exercise 5. (x*x*) Let f : R — R be a differentiable function such that f(z) = f'(z)
holds for all z € R. Show that a real number ¢ exists with f(z) = ¢ - exp(z).

Solution. Let f : R — R be a differentiable function such that f = f’. Define a
function g : R — R by
f(z)

exp(z)’

g(z) =

We compute its derivative using the quotient rule:

f'(@) exp(x) — f(x) exp’(x)
exp(2x) )

g'(x) =

Since f' = f and exp’ = exp, the numerator becomes

f(z) exp(x) — f(z) exp(z) =0,

so the derivative is
g'(x) = 0.

Therefore g is constant, that is, g(z) = ¢ for all z € R. Since f(z) = g(x) exp(z), it
follows that

f(@) = ¢ exp(a).

Exercise 6. (xx) (Part b is an old exam Exercise)
a) Show that f: I — R is convex if and only if for all € (a,b) C I the inequality
flx) = fla) _ f(b) = [(=)

T —a - b—=x

holds, and strictly convex if the above inequality is strict.

b) Let f now be a convex function R — R such that f(z) < 2023 for all z € R.
Show that f is constant.

Solution.



D-MATH Analysis |: one Variable ETH Zirich

Prof.

Alessio Figalli Solutions 10 HS 2025

2)

We consider an arbitrary point « € I. This point lies in (a,b) if and only if
there exists a t € (0,1) such that

x=(1—1t)a+td.
Solving for t gives

T —a b—=x
t T and t [

Since both z — a and b — x are strictly positive, the inequality in the problem
statement is equivalent to

(f (@) = fa)(b—=) < (f(b) = f(2))(z — a).

Dividing by b — a > 0 and identifying ¢t and 1 — ¢ yields

(f (@) = fla))(X =) < (f(b) = f(x))t.

After canceling the term —tf(x) and rearranging slightly, we obtain

f((L=ta+1tb) = f(z) < (1 =1)f(a) +1f(b).

The equivalence of the two inequalities follows by reversing each algebraic step.
The same argument applies to the strict inequality.

Let f be convex and non-constant. Then there exist points a < z in R such
that f(a) # f(x), hence either f(a) < f(x) or f(a) > f(z). Consider the first

case. Then
f(z) — f(a)

Tr—a

> 0.

Now choose b > x arbitrarily, so that x € (a,b), and apply part (a) to deduce

f@) = fla) _ fb) - f(z)

T—a - b—=x

Rearranging gives

f(@) ~ fla)

r—a

f0) = f(x) + (b— =)

It follows that as b — oo, also f(b) — oco. This contradicts the assumption that
f(b) <2023. An analogous contradiction arises in the second case.
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Exercise 7. (xxx) Let I C R be an interval, f : I — R a convex function,
x1,%9,...,2, € I and tq,ta,...,t, € [0,1] with t; +to + - -+ + ¢, = 1. Show that

fltizy +tawa + -+ tawn) < G f(21) +t2f(z2) + - +tnf(2n)
is valid. This inequality is called Jensen’s inequality.

Conclude from this that for any positive real numbers x1, x2, ... x, the inequalities

n r1+x0+ ...+ x)p
1 1 1 Snxle"'mng
L4l 4L n

apply.

Solution. We give a proof of Jensen’s inequality by induction.

n =1,2: For n = 1 the statement is trivial: f(1lz) = 1f(x). For n = 2 it is exactly
the definition of convexity:

f(A =ty +tag) < (1 —1)f(x1) +tf(22).

n > 2: Assume the statement holds for n; we prove it for n + 1. Let z1,...,2p41 €
and t1,...,th41 € [0, 1] with

t1+to+ -+t =1

If t,,41 = 0, the inequality follows directly from the induction hypothesis for n. Thus
assume t,41 > 0. Then

n+1 n—1 t ¢ 1
trxy | = tray + (ty +t L X+ — x )
f(lcz—:l k k) f(Z KTk + (tn + tny1) (tn+tn+1 T

k=1

n—1
tn tn—l—l )
< E tpf(xg) + (Tn +1 ( Tp + T
P k:f( k) (n n+1)f tn+tn+1 n tn+tn+1 n+1

<Y tuf(on) + b+t Fon) + fani) )
k=1

n
tn + tn+1 tn + tn—i—l
n+1

=3 tif (k)
k=1

tn tn+l
T xn_17 tn“l‘tn+1 x’r“ tn“l‘tn+1 $n+1

where we used the induction hypothesis once for x1, ..
and once convexity (n = 2) of f.
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Geometric—arithmetic mean inequality: We first prove the second inequality. If one

of the z; is zero, the inequality is trivial. Using that exp is a convex function (since

exp” = exp > 0), we obtain for arbitrary x; > 0 and the choice t; = %:

1 1 1
Yxy - Ty = €xp (n log(zy - - xn)> = exp (n log(zy) + -+ - log(:vn)>

T+ +

1 1
< = 1 e = 1 n)) =
< — exp(log(a)) + -+ + — exp(log(w)) -

The first inequality follows from the second by applying it to x% instead of x; and

observing that
1 1
mt e, ot 11
n - €1 T Yx1- Ty

Exercise 8. (xx) Let f,g: [a,b] — R be continuous functions such that

/ab f(z)dz = /abg(x)dx.

Show that there is a y € [a, b] such that f(y) = g(y).
Hint: Use Exercise 4.

Solution. We prove the contrapositive: If there is no y € [a, b] such that f(y) = g(y),
then

[ s@yae# [ gty an

From f(y) # g(y) for all y € [a,b] it follows that either f < g everywhere or g < f
everywhere. Indeed, if we had points y1,y2 € [a,b] with

flyr) <g(yr) and  g(y2) < f(y2),

that is,
fly1) —g(y1) <0< fy2) — 9(y2),

then by the Intermediate Value Theorem applied to the function f — g, there would
exist some y between y; and yo with f(y) — g(y) = 0, contradicting our assumption.

Assume now that g < f. Then f — g =|f — g| > 0, and from Exercise 4 we obtain:

[ -g@ar= [~ @z >o,
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hence

/abf(:v) dx > /abg(x) dx.

The argument for the case f < g is analogous.



