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Fundamental exercises - make sure to try to solve and
understand the solutions

Exercise 1. Practice computing integrals by different integration methods in the
Moodle course Integral-Trainer. The aim is for you to be able to calculate integrals
quickly and reliably, especially using partial integration and substitution.

Exercise 2. (Old Exam Box-Question: only the final answer is marked and not the
resolution path) Please note that this was only one of several computation exercises
in the exam. You should be able to solve it reasonably fast.

1. Calculate the indefinite integral
∫

x2 cos xdx.

2. Calculate the integral
∫ 4

1
exp(

√
t+1)√
t

dt.

3. Calculate the indefinite integral
∫ 1

t2/3+t1/2 dt on R>0.

Solution.

1. We compute using integration by parts:∫
x2 cos x dx = x2 sin(x) −

∫
2x sin(x) dx

= x2 sin(x) − 2
(

x(− cos(x)) −
∫

1 · (− cos(x)) dx

)
= x2 sin(x) − 2

(
−x cos(x) +

∫
cos(x) dx

)
= (x2 − 2) sin(x) + 2x cos(x) + C.

2. With the substitution u =
√

t + 1 and du
dt = 1

2
√

t
we obtain

∫ 4

1

exp(
√

t + 1)√
t

dt = 2
∫ 3

2
exp(u) du

= 2 exp(u)
∣∣3
2 = 2(e3 − e2).
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3. We set u = t1/6, which gives du
dt = 1

6 t−5/6 = 1
6u−5, and therefore t2/3 = u4 and

t1/2 = u3. Substituting, we compute∫ 1
t2/3 + t1/2 dt =

∫ 1
u4 + u3 6u5 du

= 6
∫

u2

u + 1 du

= 6
∫ (

u − 1 + 1
u + 1

)
du

= 6
(1

2u2 − u + log(u + 1) + C

)
= 3t1/3 − 6t1/6 + 6 log(t1/6 + 1) + C.

Exercise 3. (Exam-style question)

(a) Let f be a continuous and increasing function on the interval [1, ∞). Prove that
for every integer n ≥ 2,

f(1) + f(2) + · · · + f(n − 1) ≤
∫ n

1
f(x) dx ≤ f(2) + f(3) + · · · + f(n).

(b) Apply the previous formula with f(x) = log x to show that, for every integer
n ≥ 1,

nn

e n−1 < n! <
(n + 1)n+1

e n
.

Why can we deduce, from part (a), that in this particular case the inequalities
are strict?

(c) Use the previous part to prove that

lim
n→∞

(n!)1/n

n
= 1

e
.

Solution.

(a) Let f be continuous and increasing on [1, ∞) and fix an integer n ≥ 2. For each
integer k = 1, 2, . . . , n − 1 and every x ∈ [k, k + 1] we have

f(k) ≤ f(x) ≤ f(k + 1),

because f is increasing. Integrating this inequality over the interval [k, k + 1]
gives

f(k) (k + 1 − k) ≤
∫ k+1

k
f(x) dx ≤ f(k + 1) (k + 1 − k),
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that is,

f(k) ≤
∫ k+1

k
f(x) dx ≤ f(k + 1).

Now sum these inequalities for k = 1, 2, . . . , n − 1:

n−1∑
k=1

f(k) ≤
n−1∑
k=1

∫ k+1

k
f(x) dx ≤

n∑
k=2

f(k).

Since the integral is additive over disjoint intervals,

n−1∑
k=1

∫ k+1

k
f(x) dx =

∫ n

1
f(x) dx.

Thus

f(1) + f(2) + · · · + f(n − 1) ≤
∫ n

1
f(x) dx ≤ f(2) + f(3) + · · · + f(n),

as desired. Note the analogy of this fact with Theorem 7.19 in the lecture notes.

(b) Apply part (a) with f(x) = log x and n replaced by n + 1. Since log x is
continuous and strictly increasing on [1, ∞), we obtain

log 1 + log 2 + · · · + log n ≤
∫ n+1

1
log x dx ≤ log 2 + · · · + log(n + 1).

Because log 1 = 0, this simplifies to

log(n!) ≤
∫ n+1

1
log x dx ≤ log

(
(n + 1)!

)
.

We compute the integral:∫ n+1

1
log x dx =

[
x log x−x

]n+1
1 = (n+1) log(n+1)−(n+1)+1 = (n+1) log(n+1)−n.

Thus
log(n!) ≤ (n + 1) log(n + 1) − n ≤ log

(
(n + 1)!

)
.

Exponentiating gives

n! ≤ (n + 1)n+1

e n
≤ (n + 1)!.

If in the inequality above we replace n by n − 1, we obtain

(n − 1)! ≤ nn

e n−1 ≤ n!,
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whence, dropping the middle term on the left and the middle term on the right,

nn

e n−1 ≤ n! ≤ (n + 1)n+1

e n
.

The inequalities strict: For f(x) = log x, the function is strictly increasing and
not constant on any subinterval. For each k and x ∈ (k, k + 1) we have

log k < log x < log(k + 1),

so ∫ k+1

k
log x dx > log k and

∫ k+1

k
log x dx < log(k + 1).

Summing over k as in part (a) gives

n−1∑
k=1

log k <

∫ n

1
log x dx <

n∑
k=2

log k,

and similarly with n replaced by n + 1. After exponentiating, the strict inequal-
ities are preserved, so in this particular case we get

nn

e n−1 < n! <
(n + 1)n+1

e n
.

(c) From part (b) we have, for every n ≥ 1,

nn

e n−1 < n! <
(n + 1)n+1

e n
.

Taking n-th roots yields

(
nn

e n−1

)1/n

< (n!)1/n <

(
(n + 1)n+1

e n

)1/n

,

i.e.
n

e(n−1)/n
< (n!)1/n <

(n + 1)(n+1)/n

e
.

Now divide by n:

1
e(n−1)/n

<
(n!)1/n

n
<

(n + 1)(n+1)/n

en
.
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Rewrite the right-hand side:

(n + 1)(n+1)/n

en
= n + 1

n

(n + 1)1/n

e
.

Thus
1

e(n−1)/n
<

(n!)1/n

n
<

n + 1
n

(n + 1)1/n

e
.

We now pass to the limit as n → ∞. We have

lim
n→∞

e−(n−1)/n = e−1 = 1
e

,

and
lim

n→∞
n + 1

n
= 1, lim

n→∞
(n + 1)1/n = 1.

Therefore
lim

n→∞
n + 1

n

(n + 1)1/n

e
= 1

e
.

By the sandwich lemma, we conclude that

lim
n→∞

(n!)1/n

n
= 1

e
.

Further exercises

Exercise 4. (Box-Question) Compute the indefinite integral

I :=
∫

x log x dx.

The final solution is:

I =
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Solution. We use integration by parts. Let

u = log x, dv = x dx.

Then
du = 1

x
dx, v = x2

2 .

Applying integration by parts,

I =
∫

x log x dx

= x2

2 log x −
∫

x2

2 · 1
x

dx

= x2

2 log x − 1
2

∫
x dx

= x2

2 log x − 1
2 · x2

2 + C

= x2

2 log x − x2

4 + C.

Thus,

I = x2

2 log x − x2

4 + C.

Exercise 5. (∗ ∗ ∗) Let f : [0, 1] → R be an integrable function and ε > 0. Show that
there exists a continuous function g : [0, 1] → R such that∫ 1

0
|f(x) − g(x)|dx < ε.

Note: The aim of this Exercise is to show that every Riemann-integrable function can
be approximated “arbitrarily well” with a continuous function.
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Solution. Let ϵ > 0. Then there exists a step function ℓ such that∫ b

a
|f(x) − ℓ(x)| dx =

∫ b

a
(f(x) − ℓ(x)) dx <

ϵ

2 ,

where we have used that we can approximate f from below by step functions with
arbitrary accuracy. Since f ≥ ℓ, the absolute value disappears.

Let 0 = x0 < x1 < . . . < xn = 1 be a partition of [0, 1] such that ℓ is constant and
equal to ck ∈ R on each interval (xk, xk+1). We modify the function ℓ to a continuous
function vδ whose integral is close to that of ℓ. For the moment, let δ > 0 be arbitrary.
We define

vδ(x) =


ck, x ∈ [xk, xk+1 − δ],

ck + x − xk+1 + δ

δ
(ck+1 − ck), x ∈ [xk+1 − δ, xk+1],

for all 0 ≤ k ≤ N − 1. The function vδ is continuous (draw its graph on [xk, xk+2]).

The integral of vδ is

∫ b

a
vδ(x) dx =

N−1∑
k=0

ck(xk+1 − δ − xk) + δ
ck + ck+1

2 .

Thus we obtain ∫ b

a
|vδ(x) − ℓ(x)| dx = δ

N−1∑
k=0

|ck+1 − ck

2 | ≤ ϵ

2

for
δ = 1∑N−1

k=0 |ck+1 − ck|
.

This expression is undefined only when all ck are equal. But in that case ℓ is globally
constant and already continuous, so we may take v = ℓ.

Using the triangle inequality, we finally obtain∫ b

a
|f(x) − vδ(x)| dx <

∫ b

a
|f(x) − ℓ(x)| dx +

∫ b

a
|ℓ(x) − vδ(x)| dx = ϵ.
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