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Fundamental exercises - make sure to try to solve and
understand the solutions

Exercise 1. Practice computing integrals by different integration methods in the
Moodle course Integral-Trainer. The aim is for you to be able to calculate integrals
quickly and reliably, especially using partial integration and substitution.

Exercise 2. (Old Exam Box-Question: only the final answer is marked and not the
resolution path) Please note that this was only one of several computation exercises
in the exam. You should be able to solve it reasonably fast.

1. Calculate the indefinite integral [z coszdz.

2. Calculate the integral f14 L\\/fyl)dt.

3. Calculate the indefinite integral [ dt on Rs.

1
t2/3+t1/2
Solution.

1. We compute using integration by parts:

/172 coszdr = z° sin(x /Q:L‘sm

= 22 sin(z) — 2 ( —cos(x /1 — cos(x da:)
= z?sin(z) — 2 (:c cos(zx) + /cos(:n) d:c)
= (2® — 2) sin(z) + 22 cos(z) + C.

2. With the substitution v = v/t + 1 and % = \[ we obtain

2

/4 exp(vt +1)
1

3
dt:2/ exp(u) du
i , p(u)

=2 exp(u)]g =2(e3 — &?).


https://moodle-app2.let.ethz.ch/course/view.php?id=27005
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3. We set u = t*/6, which gives %‘ = %t_f’/ﬁ = %u‘5, and therefore t2/3 = u* and

t1/2 = 3. Substituting, we compute
1 1 5
/t2/3 + t1/2 it = / ut + u? Gu”du
2
= 6/ Y du
u—+1

26/<u—1—|— 1 )du
u—+1

1
:6(2u2—u—|—log(u+l)—|—0)

= 3t/3 — 6t1/% + 6log(t/6 +1) + C.

Exercise 3. (Exam-style question)

(a) Let f be a continuous and increasing function on the interval [1, 00). Prove that
for every integer n > 2,

FO) + @)+ + fn—1) < /1nf($)d:v < F@)+FB) + o+ f(n),

(b) Apply the previous formula with f(x) = logz to show that, for every integer
n>1,
nn OZ%—l)n+1

<nl<
enfl en

Why can we deduce, from part (a), that in this particular case the inequalities
are strict?

(c) Use the previous part to prove that

N/
lim (n}) = —.
n—o0 n e

Solution.

(a) Let f be continuous and increasing on [1,00) and fix an integer n > 2. For each
integer k =1,2,...,n — 1 and every = € [k, k + 1] we have

f(k) < f(x) < f(k+1),

because f is increasing. Integrating this inequality over the interval [k, k + 1]
gives
k+1

f)(k+1—k) < /k fx)de < f(k+1)(k+1—k),
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that is,
k+1
F0 < [ f@dn < fh+ ).
2
Now sum these inequalities for k =1,2,...,n — 1:

k+1

n—1 n—1
k) <
ICIE kz/k

Since the integral is additive over disjoint intervals,

fa)yde < 3 F(k).
k=2

n—1

Z /:H f(z)dx = /lnf(x) dzx.

k=1

Thus
FO+ SR+ 4 fn=1) < [ f@)dn < FQ) 4 F3) 4+ f0)

as desired. Note the analogy of this fact with Theorem 7.19 in the lecture notes.
Apply part (a) with f(z) = logz and n replaced by n + 1. Since logz is

continuous and strictly increasing on [1, 00), we obtain

n+1
logl+1log2+---+logn < / logxdr < log2+---+log(n+1).
1
Because log 1 = 0, this simplifies to
n+1
log(n!) < / logzdzr < log((n+ 1)!).
1
We compute the integral:

n+1
/ logzdr = [z log:c—x]?Jrl = (n+1)log(n+1)—(n+1)+1 = (n+1) log(n+1)—n.
1

Thus
log(n!) < (n+1)log(n+1)—n < log((n+1)!).

Exponentiating gives

(n 4 1)n+1

n! <
< on

< (n+1)L

If in the inequality above we replace n by n — 1, we obtain

nn

(n_l)‘ < en—1 < n!7
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whence, dropping the middle term on the left and the middle term on the right,

n n+1
IS

em emn

The inequalities strict: For f(z) = logx, the function is strictly increasing and
not constant on any subinterval. For each k and x € (k, k + 1) we have
logk < logz < log(k + 1),

SO
k+1

k+1
/ logzdr > logk and / log z dx < log(k + 1).
k k

Summing over k as in part (a) gives

n—1 n n
> " logk </ logzdx < > logk,
k=1 1 k=2

and similarly with n replaced by n + 1. After exponentiating, the strict inequal-
ities are preserved, so in this particular case we get
nm (n + 1)n+1

T < n! <
enf en

From part (b) we have, for every n > 1,

n 1n+1
KA ) i

em e™
ie. (n4+1)/m
e(nfbl)/n <y < 1 1)e
Now divide by n:
1 (n)Ym (n 4 1) FD/m
0/ =y en
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Rewrite the right-hand side:
(n+ 1)/ 1 (n41)Yn

en n e
Thus
1 (Y™ n+1 (n41)Y7
< < .
e(n=1)/n n n e
We now pass to the limit as n — co. We have
lim e~ (/0 = =1 = 1,
n—oo e
and 1
lim * = =1,  lim (n+1)Y"=1.
n—oo n—oo
Therefore
_on+1m+1DY 1
lim = —.

By the sandwich lemma, we conclude that

nt/n q
lim (n) = —.
n—00 n e

Further exercises

Exercise 4. (Box-Question) Compute the indefinite integral

I::/aclogxd:c.

The final solution is:
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Solution. We use integration by parts. Let

u =logux, dv =z dx.
Then . 2
du:zdx, v:?.
Applying integration by parts,
I = /xlogmdw
:J;bgw—/f-idx
= J;logx—;/xdx
:ailogx—;-x;—i—c
:g;zlog:c—gf—kc.

Thus,

I:gilogx—%—i-(}'.

Exercise 5. (x %) Let f:[0,1] — R be an integrable function and € > 0. Show that

there exists a continuous function ¢ : [0, 1] — R such that

[ 17w~ gt <=

Note: The aim of this Exercise is to show that every Riemann-integrable function can

be approximated “arbitrarily well” with a continuous function.



D-MATH Analysis |: one Variable ETH Zirich
Prof. Alessio Figalli Solutions 11 HS 2025

Solution. Let ¢ > 0. Then there exists a step function £ such that

b b €
| 11@) — @)l da = [ (@) — ) dz < 5.

where we have used that we can approximate f from below by step functions with
arbitrary accuracy. Since f > ¢, the absolute value disappears.

Let 0 =zp < 21 < ... < x, = 1 be a partition of [0, 1] such that ¢ is constant and
equal to ¢ € R on each interval (xy, xg41). We modify the function ¢ to a continuous
function vs whose integral is close to that of £. For the moment, let § > 0 be arbitrary.
We define

o T € [z, Ty — 0],
vs(w) = r—T 0
k+1 T+
Ch + + (Ck-i-l — Ck), T € [-Tk-‘,-l - 67 xk-‘rl]?

for all 0 < k < N — 1. The function vs is continuous (draw its graph on [z, Tr12]).
The integral of vs is

N-1

b
/ vs(z) dr = Z ck(Tpy1 — 0 —xg) + 0

k=0

Ck + Ck+1
—

Thus we obtain

b Nl
k+1 — Ck €
[ losta) — el de = 57 [ < 2

for
1

SNV ek — el

This expression is undefined only when all ¢, are equal. But in that case £ is globally
constant and already continuous, so we may take v = £.

Using the triangle inequality, we finally obtain

/: |f(x) —vs(x)| dx < /ab |f () — €(x)| da + /: 0(z) — vs(x)| dx = e.



