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Fundamental exercises - make sure to try to solve and
understand the solutions

Exercise 1. (x) Calculate the Taylor approximations of the following functions at
x = 0 up to fourth order. Specify the error terms and the little-o and big-O notation
exactly.

a) f(x) =

b) f(x) = ( )

c) f(z) = cos’(z)

d) f(z) =log(1+ z)
Solution.

a) There are two ways to find this Taylor expansion. The first is to recognize
the geometric series. However, we want to practice the standard method and
therefore compute derivatives:

fla)=
'@ = =
') = _Qx)g,
@) = =
0@ =

Evaluating at = 0, we obtain

f(O) =1, f/<0) =1, f”(O) =2, f(g)(o) =0, f(4)(0) =24.

The numerators cancel with the factorials, and by Taylor’s theorem (e.g. Corol-
lary 7.59) we get

f(@) =1+ + 2% +2° +2* + Rs(w),
where the remainder Rs(z) is of order 2°. More precisely, from the Lagrange
form of the remainder,
fO0 5 120 25 af
~ 5l S (1-6)5120 (1 —¢)5
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for some ¢ between 0 and z. Hence R5(z) = O(|x|°) as # — 0, and in particular
Rs5(z) = o(z*). Thus

flx)=1 +rx+2?+23 +:E4+O(|x]5).

The cosine function is smooth, and its derivatives are

f(x) = cos(z),
f'(x) = —sin(z),
f'(@) = —cos(x),

fO () = sin(x),
fO (@) = cos()

Since cos(0) = 1 and sin(0) = 0, we have

fO)=1, f()=0, f'0)=-1, fP0)=0, fD0)=1
Therefore the Taylor expansion at 0 up to order 4 is

2 IE3 $4 12 IE4

x
=1 r— = il 12
f(z) +0- -z 2+0 6+24+R6(x) 2+24—|-R6(w),
where the next nonzero term is of order 8. Hence Rg(z) = O(|z|%) as  — 0,
and in particular Rg(x) = o(z?) (it is also true that Rs(x) = o(z*)). Thus
2 4

_q T 6
flx)y=1 5 +24+O(]a:| ).

Again, the function is smooth. We could compute derivatives directly, but it is
easier to use the trigonometric identity

14 cos(2x)
=—

We already know the Taylor expansion of cos at 0:

(22)* | (20)*
2 + 24

cos?(z)

cos(2z) = 1 — +O(a]f) = 1— 222 + %# +0(2[f).

Therefore
1+ cos(2x)
2

1 2
-1 (1 P12y 2oty O(|$|6)>

cos?(z) =

1
=1-z22+ §x4 + O(|z[%).
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The error term is again of order z%, so it satisfies O(|z|%) and hence is o(x?).
Alternative solution for (c) by squaring the Taylor polynomial of cosx:
We know the Taylor expansion of cos(x) at x = 0 up to order four:

z?2 2t

=1—"4+=40(z%.
cos(x) 5 + o + O(|z|°)
We square this expression:
2 4 2
20— (12 % 6
cos (a:)-(l 5 +24+O(|:c| )) .

Expanding term by term we obtain

1 1
208 1.2 (L) 4 6
cos®(x) =1 x+(4+12>x + O(|z|°).

Since
1 1 3 1 4 1

4+12_12+12_12 3’

we conclude that

1
cos’(x) =1 — a2 + §x4 + O(|z[%).

d) As before, we compute derivatives:

f(z) =log(1 + ),

fa) =

1@ =~
9@ =
f(4)(x):_(1fx)4'

Evaluating at x = 0, we get

fO0)=0, f(0)=1, f(0)=-1, fP0)=2 fH0)=-6

Thus, using Taylor’s theorem,

1, 2, -6
f(x) :0+1-m+7x2+6x3+ﬂx4+R5($)
1’2 333 .I4
ooyt o W),
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where the next term is of order 2°. Hence Rs(x) = O(|z|?) as # — 0, and in
particular Rs(z) = o(z*). Therefore

2 3 4

@) =2 -5 +5 = +0(aP).

Exercise 2. (xx) Use suitable Taylor polynomials to compute the limits at the origin

lim f(x),

z—0

of the following functions:

xr —tanx

(a) f(z) = m

1 —cos(z?)
(b) fla) = arcsin(z4)
(€) fla) = S0
B (1 — cos x)3
@ (o) = 2tk
cosz — e~ % /2
© flo) = 25
sing —x)%2 — a6
0 fa)= I "
arctan(x) cos(z?) — x
(g) f(a) = AR T
sin(z?) — sin?(x
(1) () = S SD)
x + log(l — z)

i) flz) = —— 2

O 1@ =T A=
Solution. We use Taylor expansions of the standard functions around z = 0 and
compare the leading orders of numerator and denominator.
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Recall the following Taylor expansions at 0:

2P
. _ . xz O 7
sinx = x 6+120+ (x"),
2 4
cosa:zl—%+:2n—4+0(az6),
3 220
t = — 40
an x+3+ 15+ ("),
u? ol 4
log(l—i—u):u—?—i-?—FO(u ),
. U3 5
arcsinu = u + o + O(u°),
2?2 23 2t
T _1q v < < 5
e =14t 5+ + 5 +0(),
2 4
e_$2/2:1—%—|—%+0(936),
u  u? 3
\/1+u:1+§—§+0(u ).
r—tanx
(a) f(if)—m-
We have
t + 3+2UC5+O( )
anr =+ — + — x
3 15 ’
SO 5 5
2z
—t == - 4+ 0(z").
xr —tanx 3 15 +O(z")
Also
26
log(1 — 2%) = —2® — 1 + O(z%)
Thus
r—tanx $3<§,+1%$2+0(334)> _}1
_ 23y 3 97
log(1 — ) #(1+ 9 +0@%) 3
SO
lim f(z) = 3
(b) f() 1 — cos(z?)
x)= ——F7".
arcsin(z?)
We have
cos(x2)—1—x—4+x—8+0(x12)
B 2 24 ’
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SO A .
x* oz
1— 2y T _ T o2
cos(x?) 5 "o T (%)
Also
. g, 2 20
arcsin(z”) = 2° + — + O(x*")
Hence 4
1 — cos(z?) _ Z +0(a®) . 1
arcsin(z?)  zt+O(212) 2’
So)
lim £(z) = 3
w507 T
e* —x —coszw
@ F@) = 5w
First,
2 3
¢ =l+z+ o+ 4 0%Y,
2 6
72
cosx =1-— 5t O(x").
Thus
2 3 2
e’ —x —cosx = <1+x+x2+x6+0(x4)> —z— <1$2+O(x4)>
) @ 4
=z°+ 3 + O(z%).
Also
23
sinz =2 — 3 + O(z"),
S0)
2 3
x
sin®z = 23 (1 % + O(x4)> =23+ 0(2°).
Hence

e —x —cosx

?+ 2 +0(@!)  11+E+0(?)

sin® x

3 +0(5)  x

14+ O(x?)

As x — 0, this behaves like %, so the limit is infinite (it goes to +00 as x — 0
and to —oo as x — 07). Thus

lim f(z) does not exist (diverges to =+ co).

z—0
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(@) fla) = L-osa)
~ sin(a9)
We have
2 4
cosx =1— 5 + 21 + O(a%),
SO
2 a4 )
1- =T T .
COST = o — o +O(z°)
Thus
22 3 6
(1—cosx)® = <2 + O(x4)> =" +0(z%
Also "
sin(z%) = 2°® — % +0(@*) = 25 + O(219).
Therefore .
(1 —cosz)® Z+0(2%) N 1
sin(z6) 204+ O(218) " 8’
S0)
lim f(z) = !
z—0 - 8
_ —x2/2
cosx — e
(©) fla) = 2
We have
2 2t 6
cosac—l—?—i—ﬂ—l—O(:z: ),
2 4
/2 _ 1 _ T T (g0
e 5 + 3 + O(2”)
Thus 4
e 1_1) 1 6y _ T 6
cosx — e (24 5 z* + O(x”) 124—0(33)
Also o
sin(z?) = 2* — % + 0(z%) = 2* + O(z'?).
Hence ) . ‘
cosz —e /2 —% +0(af) N r
sin(z4) 21+ 0(21?) 12’7
SO
lim (z) =~
w0 VT Ty
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(sing — x)? — &af
(f) f(z) = —
x
We know 5 5 .
_ . T 9
sine = =5+ 155 ~50a0 0@
SO 5 ;
sinx —x = —% + 1%0 +0(z").
Then
3 5 2
(sinx —x)° = <_3:6 + 1%0 + O(a:7)>
25 28
_ 9] 10
36 360 0@
Thus g
1 T
o2 e _ T 10
(sinx — x) 36% 360+O(x ),
and so ( ) L6
sinx —r)° — g5 1 9 1
e L O(2?) — ———
8 360 7 0@ 7 ~35p°
hence 1
lim F(#) = =360
arctan(z) cos(x?) — x
(g) fla) = 2etnl)Cosle) 7
x
We have
a? 5 2 ! 8
arctanx:x—§+0(x ), cos(z) :1—?—%0(:5 )

Then, up to order z3,

3 xt 3
arctan z cos(z?) = (:E Yy + 0(335)) (1 ) + O(x8)> =z + O(z),

since the z*-factor only contributes terms of order > z°. Thus

3

arctan(z) cos(z?) — x = —% +O(z°),
and therefore
arctan(z) cos(z?) — x 1 9 1
73 :—§+O($)—>—§,
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o)
lim £(x) =~
am0! T Ty

sin(x?) — sin?(x) '

) f() ="
We have 6
sin(z?) = 22 — % + O(x19),
and 5
sinx =2 — % + O(z°),
S0 r ) y
sin®x = (.CL‘ % + O(a:5)> =z? — 3 + O(x5)
Thus
20 xt xt
sin(z?) — sin’ z = <x2 % + O(x10)> - <x2 Yy + O(x6)> =3 + O(x9).
Therefore (2 2(1)
sin(z?) —sin“(z) 1 9 1
o0 =3 +0(z*) — 3
SO .
ilj}% flx) = 3
i _ x+log(l —x)

Using log(1 —z) = —z — & — & — Z- + O(2”), we get

2 g3 gt 2 g3 gt
log(l—z) =z —o— — -2 _ r T T r 5,
x4+logl—z)=x—=x 5 3 4+O(x) 5 3 4+O(:r)
Also, with u = —22,
2 4
\/1—x2:1—%—%+0(x6),
SO
2 ot 6 2 ot 6
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Thus

Factor z2:

As z — 0, this tends to

SO

Exercise 3. (MC) Let I = [a,b] be a compact non-empty interval. Which of the
following statements are true and which ones are false?

(a) All differentiable functions on I are bounded.

(b) All bounded functions on I are Riemann integrable.

(c) All differentiable functions on I are Riemann integrable.
)

(d) By the Fundamental Theorem of Calculus, all Riemann integrable functions on
I are differentiable.

Solution.

(a) A function that is differentiable on [a, b] is continuous on [a, b]. Every continuous
function on a compact interval is bounded. Hence the statement is true.

(b) This is false. Boundedness alone does not imply Riemann integrability. A
counterexample is the function

po-fs 53

on [a,b]. It is bounded but not Riemann integrable, since the upper and lower
sums never agree. So the statement is false.

(¢) As in (a), a differentiable function on [a,b] is continuous on [a,b]. Every

continuous function on a compact interval is Riemann integrable. Therefore the
statement is true.

10



D-MATH Analysis |: one Variable ETH Zirich
Prof. Alessio Figalli Solutions 12 HS 2025

(d) The Fundamental Theorem of Calculus does not say this. It states that if
[ is continuous, then a primitive F'(z) = [} f(t)dt + C' is differentiable and
F'(z) = f(z). But there are many Riemann integrable functions which are not
differentiable (even not continuous), for example

0, =<0,
fx) =
1, >0,
on [—1,1], which is Riemann integrable but not continuous (hence not differen-
tiable) at © = 0. Thus the statement is false.
Exercise 4. (xx) Solve for the unknown function u(x) in the following ODEs. Where
is the solution defined?

Lo/ (z)+ 2% u(z)=0

2. v (z) = ffr)g
3. u(x) + € u(r) = —2e*
4. u'(x) + uTx) = 22

Solution. We apply Theorems 8.3 and 8.6.
1. u'(z) +2%u(z) = 0.
This is a homogeneous linear ODE with f(x) = 22 and g(x) = 0. We compute
a primitive
23
F(z) :/a:Qdaz: 3
By the homogeneous version of the theorem, the solution is
u(z) = Ae F@) = Ae=°/3, AeR.

Since F' is defined everywhere, the solution is defined on all of R.

2. u/(z) = 11:(_922.

Rewrite in linear form:

1

! S
v -

(x) =0.

Here f(z) = — 5 and the equation is homogeneous. A primitive is

1+

1
F(x) = /—m dx = — arctan(x).

11
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Applying the homogeneous case of the theorem gives
u(x) = Ae F@) = geretan(®) AeR.

Also u = 0 is a solution. Since arctan is defined everywhere, solutions are
defined on R.
3. /() + e"u(x) = —2¢".

This is non-homogeneous with f(z) = e* and g(z) = —2e*. We compute
F(x) :/exdx:ex.

Next, we find a primitive of g(z)e®):

g(x)ef' @ = —2¢7 . ¢¢" = —9et+e",

Let H be a primitive of this: substitute ¢t = e*, so dt = e*dx. Then
H(x) = /—26616’” dx = /—26t dt = —2e' + C = —2¢° + C.
The theorem yields
w(z) = H(z)e 7@ 4 Ae™F@) = (—2¢”" 4 C)e ™ + 4e™¢" = =2+ Be ™,

with B € R. All expressions are defined for € R, so the solution holds globally.

4. v/ (z) + UE:) =22

1
This is non-homogeneous with f(z) = — and g(z) = x?. Note that f is not
x
defined at 0, so we apply the theorem separately on intervals not containing 0.
A primitive of f is
1
F(z) :/fdx:ln]x\.
x

Then
g(x)e" ) = 2% |z| = |z,

On (0, 00), this is simply 23, so a primitive is

H@:%+G

12
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By the theorem,
1 1 2 B

4
w(z) = H(x)e F'® 4 Ae™F) = <Z - c) —HAS =T+

The same form holds on (—o0,0), with possibly different constants

Thus the solutions are
3
x C
= — —_ 0
u(x) TR x # 0,

defined on any interval not containing 0
Further exercises

Exercise 5. (MC from past exam) It holds

/xln(m) sin(z) der = ...

(a) —zIn(z)cos(z) + In(z)sin(z) + sin(z) — [ 2 gy
(b) zln(z)cos(z) + In(x) sin(z) + sin(x).
(¢) 2 In(x)cos(x) + In(z) sin(z) + sin(x) + [ 2 gy,
(d) zIn(z)cos(z) + In(z) sin(z) — sin(z).
Solution. We compute

/ 21n(z) sin(z) dz.

Apply integration by parts with
dv = xsin(z) dz.

u = In(x),
Then .
du = - dzx, v= /xsin(x) dx = —x cos(x) + sin(z).
Hence
In(z)(—x cos(z) + sin(x)) — / - COS(ﬂfi + sin(z) .

/a: In(z) sin(x) dx =

13
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We simplify the remaining integral:

/ —x cos(x) + sin(z) d — / (_ cos(z) + Sin(fL’)) dz = —sin(z) + / smx(x) dz.

T T

Thus
/:1: In(z)sin(x) de = —zIn(z) cos(z) + In(x) sin(z) + sin(x) — / smagat) dx + C.

This matches option (a).

Exercise 6. (x) Evaluate the following expressions, involving the Gamma function I

) 60T'(5)
I(7)

b) [5°2zte! ™" dx

Solution.

a) We use the identity I'(n) = (n — 1)! for positive integers n. Thus

Hence
60T(5) _ 60 - 4! B 60 - 24 _ 1440 _ 9

rw 6! 720 720

b) We rewrite the integral:
o0 oo
/ 22tel ™% da = 26/ zte™® da.
0 0
We recognise the Gamma function definition
o0
F'n+1)= / x"e T dx.
0

Here n =4, so
o)
/ zle™dr =T(5) = 4! = 24.
0

Thus
2¢ - 24 = 4Re.

14
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Exercise 7. (xx) Let f:]0,1] — [0, 1] be the function f(z) = x. We know that f is
Riemann integrable on [0, 1] and

We want to approximate f by step functions. To do so, we fix n € N={1,2,3,...}
and we decompose
"k k1

o= |

k=0

) u {1},

)
n n

For every n € N={1,2,3,...}, consider the sequence of step functions ¢, : [0,1] —
[0,1] (indexed by n)

lp(x) =

%, if z belongs to the interval [%, %)
1, ifz=1.

Let . .
N := min{n eN: / (f(x) —ly(x))dx < 10}.
0
Compute the value of N.

Solution. We give a geometric solution by interpreting the integral

1 1
| @ - t@yde = [ @ ta@) da
as the total area between the graph of the function f(x) = x and the step function £,,.

Below is a picture illustrating the line y = z, the step function ¢,, for n = 4 (as an
example), and the triangular error regions:

Yy
1 y==x
3 4
4
1
2
1 ly(x)
4
1 3 1 Lz

15
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This picture shows the diagonal y = z, the step approximation ¢4, and the small
triangular regions whose total area equals the integral [y (z — £4(z)) dz.

k k41

On each subinterval [7,
n n

), the function /,, is constant and equal to %, while

f(z) = x is the straight line from % to % Thus the difference x — ¢, (z) is exactly

the vertical distance between the diagonal line y = 2 and the horizontal step y = £

n
on this interval.
Fix k € {0,1,...,n — 1}. On the interval
{k k+ 1)
n n ’

the graph of y = x is a straight line and the graph of y = % is a horizontal line. Their
difference forms a right triangle whose:

e base is the length of the interval:

E+1 Kk 1
base = —— — — = —,
n non

e height is the difference at the right endpoint:
k+ 1) ko1

height = ( —.
n n n

Therefore, on each such interval the area between y = x and y = % is exactly the area
of a right triangle with base and height %:

bint | 1 1 1 1
r r subinterval = = - — . — = —
area per subinterval = o - — - — = o 5
There are n subintervals of the form [£, #H) for £ =0,...,n — 1. Since the error on
each of them is #, the total error is
1 1 1
/0 (x —lyp(x))dx =n 572 = 5
We now impose the condition
1 1
—_ < —_
2n 10
This is equivalent to
1
—<— <<= 10«2 = > 5
2n = 10 " "

16
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The smallest integer n satisfying this inequality is

N =6.

Alternative solution: We first compute the integral

/Ol(f(x) — Ly (x))dx = /Ol(x — ln(2)) da.

Recall that on each subinterval [k @) we have £, (z) = %, and f(x) = x. Thus

1 n—l .(k+1)/n
[e-tatande=3 [ (2= 2) a
0 =0 k/n n
since the point x = 1 has measure zero and does not affect the integral.

Fix k and compute

(k+1)/n k (k+1)/n (k+1)/n [
/ (x—) dx:/ xdx—/ —dz.

We have
(k1) /n 2|5 (k)2 k2 2%+t
/ rdr = 5 =3 5 2] T o2
k/n k/n n n n
and
/(k+1)/nkd k <k;+1 k> k1 k
—ar = — _—— = — . - = .
k/n n n n n n n n?
Therefore

/(’H‘l)/n ( k:> 2k+1 K 1
r——|de=—5——=—
k/n

which is independent of k.

Summing over all k =0,...,n—1,
1 =1 1 1
/0 (o= tn(@) da 192:‘6 o =" 2m2 T 2n
We now impose the condition
1 1
2 =10

17
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This inequality is equivalent to

1 1
%<ﬁ <— 10<2n <= n>>.

Thus the smallest integer n € N satisfying this is

N =6.

Exercise 8. (x %) Let f and g be functions that are differentiable up to order n
on an open interval containing 0, with ¢g(0) = 0. Assume that ¢ admits a Taylor
expansion of order n at 0,

n gk
o) = 3 et ola”),

and that f admits a Taylor expansion of order n at 0,

n )
o) :kz:%f Oty oam),

(a) Show that

n_ f(k)
Flo@) = 3 T g+ olg@)).

k=0

(b) Using the Taylor expansion of g, prove that

k=0 J

k
n (k) n gl A
flgtan =30 T (zg”f%) Foa).
I\

(c) Conclude that the Taylor polynomial of degree n of the composition f o g at
0 can be obtained by composing the Taylor polynomials of f and g, up to an
o(z™) error term.

Solution.

(a) Let us write the Taylor expansion of f at 0 in the form

n k) .
f)=> A0 yF 4+ r(y), where ) ——0.
k=0

k! Yy y—0
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Now we substitute y = g(z). Since g is continuous and ¢g(0) = 0, we have g(z) — 0 as
x — 0. Therefore,

Flate) = 3 T @) + r(o(a)).

But r(g(x)) = o(g(x)™) by definition of o(-), because g(z) — 0. Hence

)
flo@) = 3 T g 4 ofoe)).
k=0 ’

as claimed.

(b) From the Taylor expansion of g we have

n_q(0) ,
g(z) = P(z) + e(x), P(x) := Z g le(o) x? e(x) = o(z™).
=0

First we relate o(g(z)"™) to o(z™). Because ¢g(0) = 0, we can write g(x) = xh(z), where

g9(z)
ha)y=4 = 70
g'(0), ==0,

and h is continuous near 0, hence bounded on a small interval around 0. Thus
lg(x)| < C|z| for some constant C' > 0 when x is close to 0, and so g(z)" = O(z"). If
r(z) = og(x)"), then

an glx)r an —0-C=0,
so r(x) =o(z") as z — 0.
Applying part (a), we have
. fk) (o
Flo@) = 3 P g@) + olg@)).
k=0 ’

Since o(g(x)") = o(x™), it remains to replace g(x)*¥ by P(x)* up to an o(z") error.

We write
g(@)* = (P(z) + e(x))*,

19
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Let us show that
(P(z) + e(x))* = P(z)* + o(z").

We use the binomial formula:

5k 5k
(P+e)f—PF=3%" ( )Pk_mem =e- > ( )Pk_mem_l.
<

m=1 m

Near z = 0, both P(x) and e(x) are bounded; say |P(x)| < M and |e(z)| < 1 for
all sufficiently small . Then each term in the sum me:l (k)Pk_mem_l is bounded
in absolute value by a constant depending only on k and M, so the whole sum is
bounded by some constant C%. Hence

|(P(z) + e(2))* — P()*| < Cle(z)|-
But e(x) = o(z"), so |(P(x) + e(x))* — P(x)*| = o(2™). Thus

g(ac)k = P(w)k + o(z").

Substituting into the expansion from part (a),

n_ (k)
flota) = 3 T (P + o(a) + ofa”)
k=0 '

n_ f(k)

|
= K
since a finite sum of o(z™) terms is still o(z™).

Recalling that P(z) = .7 m:cj, we obtain

— £uy=0 "4l
n 100y (gD (0) )
flagx) =" x ——a’ | +o(a"),
k=0 =0 J

as required.

(c)

From part (b) we have written f(g(z)) as

fg(2)) = Qu(x) + o(z"),
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where

. fk)(o
Zf !()

Qu(z) = (Z 920 xj) k
k=0 par L

k

is a polynomial (we may discard all terms in @, of degree > n if we want the Taylor
polynomial of degree exactly n).

By definition, the Taylor polynomial of degree n of f og at 0 is the unique polynomial
T,, of degree at most n such that

flg(z)) =T (z) + o(z") asz— 0.

Thus T, is obtained by taking the degree-< n part of the polynomial @, (x) above.

In other words, the Taylor polynomial of f o g at 0 is obtained by composing the
Taylor polynomials of f and g (and then truncating terms of degree > n), as claimed.
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