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Fundamental exercises - make sure to try to solve and
understand the solutions

Exercise 1. (Old exam question) Solve the initial value problem

{y’ =2y + 2,
y(0) = 1.

Solution. By separating variables, we obtain

g—i =z +z=x(y® +1),
from which it follows that
/1d = /mdaz
21T ‘

From the formula sheet we can read off that

1
arctan(y) = §x2 +C,

and therefore y(z) = tan(%mQ + C’). We determine C' using the initial value
1 =1y(0) =tan(C), C = arctan(l)=7/4.
Altogether, we obtain

1
y(z) = tan(2:p2 + Z) .

Exercise 2. (Old exam question) Find the solution y: I — R of the initial value
problem

L
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We substitute the initial value and solve for C:

2=y(1)

Exercise 3. (Old exam question) Find all solutions y : R — R of the differential
equation
y =e"Y,

that are defined on the entire R.

Solution. We rewrite the differential equation using the method of separation of

variables in the form
V@l (z) = e®.

The left-hand side is (e¥®)) = e*, so y is a solution exactly when
V(@) — o C,

for all x € R and some constant C. The right-hand side is positive for all x € R
precisely when C' > 0. Thus the general solution defined on all of R is

y(z) = log(e” 4+ C), C >0.

Exercise 4. (#x) Solve the following ordinary differential equations (ODEs):
a) u’(x) +u(x) = sin(2z), u(0) =0, «/(0)=1.
Hint: Look for a particular solution of the form asin(2z) + bcos(2x).
b) u”(x) + 4u(x) = cos(2z), u(0)=1, «/(0)=0.
Hint: Look for a particular solution of the form az cos(2x) + bx sin(2z).
c) u"(z) + ' (z) — 2u(z) = 22, u(0) =2, 4/ (0)=1.
Hint: Look for a particular solution of the form ax? + bz + c.
d) u"(z) + 2u/(x) — 3u(x) = cos(x) + x, u(0) =1, /(0)=1.
Hint: Look for a particular solution of the form asin(x) 4 bcos(z) + cx + d.
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Solution. In this exercise we mainly want to focus on the particular solutions wuy(z).
We therefore keep the solutions to the homogeneous problem short; these can always
be found easily using Theorem 8.16.

a)

We set u,(2) = asin(2x) + bcos(2z). Then we compute
uy () + up(x) = —3asin(2z) — 3bcos(2z).

Thus we choose a = —% and b=0, i.e.

up(z) = —% sin(2x).

We now look for a solution of the form u(z) = v(z) + up(x), where v(zx) is a
solution of the homogeneous problem. The initial conditions for v(z) follow
from
0= u(0) = v(0) + u,(0) = v(0)

and 5

1 =4/(0) = v'(0) 4 u,(0) = v'(0) — 3
Thus we must find a solution to v”(z) + v(z) = 0 with v(0) = 0 and v'(0) = 3.
The general solution of such an ODE is v(z) = Asin(x) + B cos(x). The initial
conditions give B =0 and A = % We conclude that

5 . .
u(z) = 3 sin(z) — 3 sin(2x).

Now we set uy(z) = ax cos(2x) + bx sin(2z) and compute
up () + dup(x) = 4bcos(2z) — 4asin(2z).
We choose b = % and a = 0, i.e.
up(z) = %sin(Qw).
This satisfies u,(0) = 0 and u,(0) = 0. The solution of the homogeneous problem
is v(x) = Asin(2x) + B cos(2z). The initial conditions yield v(0) = B =1 and

v'(0) =0 = —2A. Hence

u(z) = cos(2z) + %sin(2$).
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c¢) We consider u,(x) = az? + bx + ¢ and compute

up () + uy(x) — 2up(z) = 20 + (202 +b) — 2(az?® + bz + c)
= —2az® + (2a — 2b)z + 2a + b — 2c.

Thus we must choose a = —% in order to obtain the z? term. To avoid
a term in x, we need 2a — 2b = 0, hence a = b = —%. Finally, we need
c=a+ %b = —% — i = —% so that no constant term remains. Therefore,
15 1 3
Up(r) = —=a° — —x — -

The solution of the homogeneous problem is
v(z) = Ae™* 4 Be®,

‘We now insert the initial conditions:

u(O)zv(O)Jrup(O):AJrB—Z:Z,
1
wmpﬂ/m+%my>4A+B—§:1
Solving yields A = % and B = % Thus
5 o T, 1, 1 3 1, _, )
_ T o T2~ T 28 — _ o )
u(x) 3¢ + 3¢ T3 T 3T T 1T 3 (56 + 28e” — 6x“ — 6x 9)

d) We proceed as before: For uy,(z) = asin(z) + bcos(z) + cx + d, we compute

up () + 2up () — 3up(z) = —2(b+ 2a) sin(z) + 2(a — 2b) cos(x) — 3cx — 3d + 2c.

Choosing a = %, b= —%, c= —%, and d = —% gives exactly cos(z) + x. Thus
1 . 1 1 2
up(z) = 1 sin(z) — R cos(z) — 3%~ g

The general solution to the homogeneous problem is
v(x) = Ae 3% 4+ Be”.

We still need to determine the constants:

1 2
IZU(O):Aﬁ-B—g_*a

1
1=u/(0)= -3A+B+— — .
u'(0) 3A+ +1O 3

=
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Solving yields A = 1= and B = %. Therefore

360
1 11 1 1 L9
u(zr) = £7Oe—3x + gefﬁ + 10 sin(x) — 5 cos(x) — 35
1
= g (1767 +495¢" 4 36sin(z) + T2 cos(x) — 1202 — 80).

Further exercises

Exercise 5. (Old exam question) Consider the following differential equation for
twice continuously differentiable functions u : Rvg — R:

zu(x) + 20/ () + wizu(x) =0,

where w > 0 is a fixed constant. Find all bounded solutions of this differential
equation.

Hint: Consider the function v(z) = zu(x).
Solution. The differential equation satisfied by the proposed function v is
v (x) 4+ w?u(z) = 0,
whose solutions are well known to be
v(x) = ¢1 cos(wz) + ¢ sin(wx),
where ¢y, co € R. It follows that the solutions of the original differential equation are

cos(w) n sin(wz)

y(l’) = z C2 T )

where again c¢1, co € R. Hence the bounded solutions are

sin(wz)

y(z) = c——,

for c € R.

Exercise 6. (Old exam question) Find the general solution of the differential equation

) = Y+ 12+ y?
:E )
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for x > 0.

Solution. After the substitution we can separate the variables and obtain

y(z) = xsinh(log(x) + C).

In the exam only the final result was graded, but we include the intermediate steps
here: Since y = ux, we have

2
y’:u’x—i—u:%%— 1+%:u+\/1+u2.

Thus we must solve the following differential equation for wu:
1
v = V14 u2.
x
We can solve this differential equation by separation of variables:

dﬁ — lw /1 + U,2
dr =z

1 1
——du=—d

T u=—dz
1 1

——du = / —dx
/ V14 u? x
arsinh(u) = log(x) + C
u = sinh(log(x) 4+ C)
y = xsinh(log(x) 4+ C).

L1l

Hint: Use the substitution u = y/x.

Differential Equations with Power Series In the following two Exercises, we want
to learn a new technique for finding solutions to certain differential equations. The
idea is to write the function as a Taylor series, differentiate term by term, substitute
this into the differential equation, and derive conditions for the coefficients.

More specifically, we proceed as follows:

1. We assume that the solution y(z) of a differential equation can be written as a
Taylor series, that is

oo
y(x) = Z anz”.
n=0
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2. We differentiate the Taylor series term by term and obtain
oo
Y (x) = Z na,z" !
n=1

and -
Y (z) = Z n(n — 1)apz" 2,
n=2

3. We substitute this into the differential equation and simplify (we may need to
redefine the indices of the series).

4. We compare the coefficients with the same powers of = to determine the coeffi-
cients a,,.

5. We substitute the coefficients back into the Taylor series.

Exercise 7. (x* %) Use the solution method with the Taylor series to find a solution
to the differential equation
(%) + 22y(z) = 0.

Do you know a function whose Taylor series is exactly the one you obtained as a
solution? Verify that your solution is correct by substituting this function back into
the differential equation.

Note: If you don’t know such a function, solve the differential equation by separating
variables and verify that the solutions match.

Solution. We substitute the Taylor expansions of y(z) and y/(z) into the differential
equation. We obtain

o oo
0= Z na,z" ' + 2z Z anx"
n=1 n=0
o0 o0
= Z na,z™ ' + Z 2a,2"
n=1 n=0

o0 o0
=aj + Z na,z" "t + Z 2a,x" 1

n=2 n=0
o x

=aqa; + Z(n + 2)an+2x"+1 + Z 2a,z" !
n=0 n=0

o0
=a1+ Y (n+2)an+2 + 2a,) 2™

n=0
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We therefore see that

2

=0 d = ——
al an An+2 nt 2an

It follows directly that a,, = 0 for all odd n. Furthermore,

J— 2 JE—
a2 = 2a0— ao,
21
a4 = 4a2 - 2a07
2 1
ag = _6a4 = _EGIO?

a2k = Qg Ll

Thus we have found a solution, since

Exercise 8. (xx*) (Bessel equation with a = 0) Find a solution to the differential

equation

w2y”+xy’+x2y20.

Note: This is the ODE from Example 8.2, item 4, for o = 0.

Solution. We substitute the Taylor expansions into the differential equation:

0—3:22 (n—1apx"" 2+xZnan n 1—1—3:22%

n=1 n=0
o0
Z (n—1apx —I—Znanx +Zanx
n=2 n=1 n=0
o0
Z (n—1apx" —|—a1x+2nan:ﬂ —}—Zan ox"
= n=2 n=2

—a1x+z (n—1)an + nay + an—2)

= a1+ Z (nQan + an_Q) T

n=2
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We therefore conclude that
a) = 0
and that for all n > 2,
1

Ay = ——50p_9.
n2

It follows in particular that all coefficients a,, with odd index must be zero. For the
even coefficients we observe:

1
ag = —27(10,

1 1
“E TR et

1 1 ao ap agp
621 62422270 T (6.4-2)2

o= BENCEEI A EI G,

_ (=D*ag
2k = gaR(g)2

Hence we obtain

S (=
y(z) = ag ,;) W$2k‘

With Mathematica or a similar tool we can visualize this function. We consider the
case ag = y(0) = 1 and use the Mathematica code

ylx_1 = Sum[(-1)"k/((2)"(2 k) k!)"2) x~(2 k), {k, 0, 20}];
Plot[y[x], {x, -15, 15}, PlotRange -> 1]

The resulting plot is shown in Figure 1.
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Figure 1: Solution y(x) using the first 20 terms.
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