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Exercise 1. Show by induction the following identities for integers n > 1:

a) 142+ ... +n= "0

b) 34+224 ... +nd=(1+2+...+n)
Solution.

a) Base case n = 1: We see directly that 1 = 1(12“).

Inductive step: Assume the equation holds for n, and prove it for n 4 1:

m n(n+1)

1+2+...+n+(n+1)—T+n+1
~nn+1)+2n+1)  (n+1)(n+2)
B 2 B 2 '

b) Base case n = 1: We see directly that 13 = 12.
Inductive step: Assume the equation holds for n, and prove it for n 4 1:

B2+ 40+ m+ 1321424 +n)2+ (n+1)>

=(1+2+...+n)2+nn+1)?+(n+1)?
1+2+... 402 +nn+Dn+1)+ (n+1)?

= (
D124 402420424 +n)n+1)+(n+1)?
=((1+2+...4+n)+ (n+1)>%

Exercise 2. Draw V points on a sheet of paper. Connect the points with enough
lines (which do not intersect and have different start and end points) so that you get
a connected picture. That is, there is a path from each point to every other point
along the drawn lines. Let F be the number of lines and F' the number of areas into
which the lines divide your sheet of paper. Calculate,

V-E+F

for different examples and make a conjecture. Prove the conjecture by induction.

Solution. We observe that
V-FE+F

is always equal to 2!! This even holds for drawings that include segments whose start
and end point coincide (loops).
We prove this by induction on the number of points V.
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Base case V. = 1: The drawing has only one point in the plane. If there are no
segments then V = 1, E = 0, F = 1, which satisfies the claim. Any segment that
starts and ends at this point splits the sheet into two faces. Hence with E such
segments, there are F' = E 4 1 faces. We compute V — E + F = 2.

Inductive step: Assume the statement holds for V' — 1 and prove it for V. Let G be a
drawing with V' > 2 points, F segments, and F faces. Since V > 2 and the drawing
is connected, there is at least one segment L between two distinct points. Call its
endpoints A and B. To apply induction, we want a drawing G’ with one fewer point
that is still connected. We obtain this by contracting the segment L, i.e., merge A, B
into a single point AB. If F4 segments were incident to A and Ep segments were
incident to B, then E4 + Ep — 1 segments are incident to AB (we removed L). The
drawing G’ then has V/ =V —1 points, £/ = E — 1 segments, and F’ = F faces. Thus

V-E+F=(V-1)—-(E-1)+F=2.

e Drawings like the above are studied in graph theory. The letters come from
G(raph), V (ertices), E(dges), F'(aces). See https://de.wikipedia.org/wiki/
Graph_(Graphentheorie).

e Further link: https://de.wikipedia.org/wiki/Planarer_Graph

e Many different proofs of this famous statement can be found at https://www.
ics.uci.edu/~eppstein/junkyard/euler/all.html.

Exercise 3. Find a relation on the natural numbers N fulfilling the following
properties:

a) only the symmetry,

b) the transitivity (and the antisymmetry),

c) the reflexivity and the transitivity but not the symmetry .
Solution.

a) The relation # satisfies symmetry only. Reflexivity fails because a # a is false.
Moreover, a # b and b # ¢ do not imply a # ¢, since one can have a = ¢ # b.

b) The relation < satisfies transitivity and (vacuously) antisymmetry. Reflexivity
a < a is false. a < b does not imply b < a, hence antisymmetry holds because
there is nothing to check.


https://de.wikipedia.org/wiki/Graph_(Graphentheorie)
https://de.wikipedia.org/wiki/Graph_(Graphentheorie)
https://de.wikipedia.org/wiki/Planarer_Graph
https://www.ics.uci.edu/~eppstein/junkyard/euler/all.html
https://www.ics.uci.edu/~eppstein/junkyard/euler/all.html
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c¢) The divisibility relation | satisfies reflexivity and transitivity, but not symmetry:
2|4, but 4|2 is false.

Exercise 4. Let (X, <) be an ordered set. If there exists m € X such that x <m
holds for all z € X, then m € X is called a/the maximum of X. Convince yourself
that X can have at most one maximum.

Solution. Let m,m’ € X be maxima of X. We show m = m/. Since m is a maximum
of X, we have m’ < m. Since m/ is a maximum of X, we have m < m/. Because < is
antisymmetric, it follows that m = m/.

Exercise 5. We consider the set of all points on a circular line in the plane R?. For
two points P and ) we say that P < @ holds if P = @, or if the arc from P to () in
the counterclockwise direction is (strictly) shorter than the arc from @ to P in the
counterclockwise direction.

Is the relation defined in this way an order relation on the points of the circular line?
Can there be an order relation on this set at all?

Solution. The defined relation is not an order. Assume the circle is the unit cir-
cle (so we have coordinates to describe points). Let P, = (1,0), P, = (0,1) and
Py = (—@, —@) These points lie on the unit circle and P < P, P, < P3. By
transitivity we would need P; < P3. But also P3 < Pi, since the counterclockwise arc
from Pj to Pj is shorter. By antisymmetry this would force P; = Ps. This contradicts
the definition.
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There do exist order relations on the circle. A trivial example is: define P < Q) if and
only if P = Q.

Exercise 6. Let Sy be the set of all permutations of the set {1,2}. This is, given a
set with two elements, 1 and 2, we consider their possible rearrangements:

id (do nothing, keep the order {1,2})
(12) (swap 1 and 2, so we get {2,1})

(a) Is S = {id, (1 2)} a group? Is it a commutative group?

(b) Let Sy be the set of all permutations of the set {1,2,3,4}. Is Sy a commutative
group?

Solution.
(a) So = {id, (1 2)} with the operation of composition is a group:
e (Closure: The composition of two permutations in So is again in 5.
o Identity and inverses: id is the identity, and (1 2)~! = (1 2).
o Associativity: holds in general for composition of functions.
Since (1 2)oid =ido (1 2) = (1 2), Se is also commutative (abelian).

(b) Note that S, is commutative for n < 2, but not for n > 2. In Exercise 2.2 of
the lecture notes we saw that S3 is a non-commutative group. From this we
can conclude that Sy is also non-commutative, for instance by checking that

o= (12)and 7= (23)

do not commute in Sy.



