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Exercise 1. We “show” that all elephants are pink in the following way. “Proof”
by induction on the number of elephants: For 0 elephants, the assertion is correct.
Let us inductively assume that in any set consisting of n elephants, all the elephants
are pink. Let X be a set with n + 1 elephants and we take out one elephant E. The
remaining n elephants are all pink according to the induction assumption. We can
choose F so that it is pink: If it would not be pink, we replace it with one of these n
pink elephants. So all n + 1 elephants are pink. Where is the mistake?

Solution. The induction step from n = 0 to n = 1 does not work. If n = 1, and we
remove the only elephant, then logically all the others (there are no others) are pink.
However, if the only elephant were not pink, we could not replace it with another
elephant from the remaining set, since that set is empty. In short: the mistake lies in
choosing an element from the empty set, which by definition is not possible.

Exercise 2. Let (K, <) be an ordered field. Show that
<y <= a:3+x§y3+y

holds for all z,y € K.
Solution. We will use 2.14(k) from the script. Thus,

0<z <y, 0<z<w = 0 <zz <gyuw.

0<z, y<z = zy < x2,

because
1. from 0 < z,z < y we obtain the inequality xz < yz,
2. from 0 <y, z < w we obtain the inequality yz < yw, and
3. we can then use the transitivity of the order relation <.

Now to the actual problem:
=: We assume z < y and prove that 2% + 2 < 9% + 1.

0 < z: Then, from 0 < z < y and by repeatedly applying 2.14(k) with z = z and
y = w, it follows that 2™ < y™ for all n. Using 2.14(c) from the script, we can add
inequalities. Thus, z <y and 2® < y3 together imply 2% + z < > + v.
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y < 0: We reduce this case to the previous one. From x < y and y < 0 it follows that

0 < —y < —x. The previous case implies —y> —y = (—y)3 —y < (—2)® —2 = —2% — 1z,

hence 23 +x < 3 + .

z < 0 < y: In this case, 23 < 0 and 0 < y3. Therefore, we obtain the desired inequality
by adding the inequalities 23 < y3 and = < y.

«: We assume 23 + z < y3 + y and prove z < y.
If > y were true, we could derive as above that 3 + z > 3% + y, which would
contradict our assumption.

Exercise 3. (Inverse triangle inequality) Let (K, <) be an ordered field. Show that
for all z,y € K the inequality.

||z = Iyl < |z =yl
holds. In which cases does equality hold?

Solution. By the triangle inequality we have
2| =z —y+yl <l —yl+yl,

which gives us
x| = [yl < |z —yl.

Analogously, the triangle inequality gives
yl=ly—z+al < |y — [+ ]z] = [z —y| + 2],
from which it follows that
yl =l < o —y[ = [z] = ly[ = —|z —yl.
Thus, —|z — y| < |z| — |y| < |x — y|, and therefore ||| — |y|| < |z — y|.

Equality holds if and only if sgn(x) - sgn(y) € {0,1}: We verify this by considering
three cases:

1. sgn(z) - sgn(y) = 0 (equivalent to z =0 or y = 0):
In this case, it is immediately clear that the reverse triangle inequality is satisfied.
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2. sgn(z) - sgn(y) = 1 (equivalent to z,y > 0 or z,y < 0):
Then indeed,

’.’L‘—y’, 377?J>07
||z = |yl| = N B
|—z—(=y)=-(@-yl=lz—yl, zy<O0.

3. sgn(x) - sgn(y) = —1 (equivalent to x < 0,y >0 or z > 0,y < 0):
We consider the case x > 0 and y < 0. Then

2] =yl = [z = (=y)| = [z + y] and lz—y|l=z—y.

If equality |x +y| = x — y were to hold, then we would have either z+y =z —y
or r +vy =y — x, which means y = —y or # = —z. This leads! to = 0 or
y = 0, a contradiction. The case x < 0,y > 0 follows analogously.

Exercise 4. We consider the following set.
r
Q[V?2] := {g + g\/ﬁr P, q:7,8 €L, q,8 F 0}-

Notice that Q[v/2] C R. Therefore, we can equip the set Q[v/2] with the usual order
relation of the real numbers (Q[v/2], <), as well as the operations of addition and
multiplication of the reals.

(a) Show that (Q[v/2], <) is an ordered field.
(b) Show that Q C Q[v/2] C R. Show as well that Q[v/2] # Q and Q[v2] # R.

Solution.

(a) Let z = g—I—gﬁandy: %—I—Z—jﬂwithp,q,r,s,p’,q’,r’,s’ € Zand q,s,q,s #
0.

e The set Q[ﬁ} is, by construction, closed under addition and multiplication,
since

/ r ,r,/
T4y= <p+p,>+<+,)\@
q q s s
can again be written in the form ¥ + %\/Q The same holds for the product
/ / / / / /
— (P por — (PP T pro, TP
a:y_(q+8\/§)( +S,\f2)—(qq,+288,)+( + -2V,

q qs' " sq

. / . . .
since terms of the form 7 - 2 appear, which are again rational.

'For those who want full precision: here we use that K is a field with characteristic greater than
two, that is, 1 + 1 # 0. One can show that in an ordered field, it is impossible that 1+ 1 = 0. For
details, see the algebra lectures.
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e The additive identity is 0 = % + %\/5, and the multiplicative identity is
1=1+9%/2

o Every element has an additive inverse,
r - —r
(E+iv2)+ (2 + =ve) =0,
q S q §

and (except for 0) a multiplicative inverse, which can also be expressed
in the form % + gﬂ (multiplying by the conjugate yields a rational
denominator):

P TR 1 '(5_5 2): (%‘5\@) _(oP_pr
D e e

s

2
where we have denoted the rational number ) = ((g) —

2 -1
(5)2)
Associativity, commutativity, and distributivity follow immediately from the
fact that the elements of Q[v/2] are real numbers. Hence, Q[/2] is a field. Since
Q[v2] C R, it inherits the usual order relation of the real numbers, and thus

(Q[v2], <) is an ordered field.

(b) e Every rational number g € Q can be written as §+ Y2, hence Q C Q[v2].

o Since all elements of Q[v/2] are real numbers, we also have Q[v/2] C R.

« We have Q[v2] # Q, since for example /2 = % + %\/Q € Q[v2], but
V2 ¢Q.

o On the other hand, Q[v/2] # R, since for example 7 ¢ Q[v/2] or v/3 ¢ Q[v/2]

(it only contains numbers of the form rational + rational -v/2).

Exercise 5. Write the solutions of the following equations for z € C in the form
z=a+ bt with a,b € R.

(a) z=(2+3i)(2+1) (c) z= % (e) 2 =i
b))  z=(2-14)3 d)  z2=4% ) 224+3+4i=0
Solution.

(a) We compute 2z = (2 +3i)(2+14) = 4+ 2i + 6i + 3i> = 4+ 8 + 3i. Since i2 = —1,
we have
z =1+ 8i.
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(b) We compute z = (2—1i)> =8 —3-2%-i43-2-4% — 3. Again, since i* = —1, we
have i3 = —i, so

2=8—-121—-6+17=2—113.

(c) We want to make the denominator real. We use the fact that when we multiply
a complex number w € C by its conjugate w € C, we obtain the real number
w-w = |w|?. Thus, we multiply the fraction by @ = 2 — 7 = 2+, the conjugate
of the denominator w =2 — 4:

4430 (4+3)(2+4) 8+10i—3 5+ 10i
T 2—i 0 (2-0)(2+10) 5 5

=1+ 2.

(d) The number to be calculated is the reciprocal of the result from part (c). We
again use the same trick as in (c) to make the denominator real:

<4+3i>_1 1 1—2i 1-2i 1 2
z = fry = pry = — — —1.
2—1 1420 (142i)(1—2q) 5 5 5
(e) Let a,b € R such that z = a + ib. We compute z>:
23 = (a4 ib)® = a® 4 3a?bi + 3ab®i® + b3 = (a® — 3ab®) + i(3a®b — b?).

If 22 =4, then we must have a® — 3ab®> = 0 and 3a?b — b> = 1. We distinguish
two cases:

a = 0: From a = 0 we have b> = —1. Since b € R, it follows that b = —1.

a # 0: From a® — 3b%a = 0 and a # 0, it follows that a? = 3b?>. We substitute

a’ = 3b? into the equation 3a%b — b = 1. Thus, we obtain 86> = 1. This means

V3
5=

b= % Furthermore, a? =302 = %, giving two solutions a = § and a = —

Therefore, the solutions of z3 = i are

o
w
[S]EN

z = —i, z:§+%, y= V3

(f) We solve 22 = —3 — 4i. Let a,b € R such that z = a + ib. Then
22 = (a +1ib)? = a® — b + 2iab.

Thus, a®> —b> = —3 and 2ab = —4. Since ab = —2, both a and b are nonzero. We
therefore substitute a = —% into the first equation and obtain —3 = a? — b2 =
l;% — b2, This is equivalent to

bh -3 —4 =% —4)(b* +1).
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Since b?> + 1 = 0 has no real solution, we must have > — 4 = 0, hence b = 2 or
b= —2. It then follows that a = —1 or a = 1.

Therefore, the solutions of 22 = —3 — 44 are z = —1 +2i and z = 1 — 2i.

Exercise 6. Recall the concept of equivalence relation.
(a) Let C* := C\ {0} be the complex plane without the origin. We define a relation
~c+ on C* given by

z
z~erw = — €R - for z,w e C*.
w

Is ~¢+ an equivalence relation?

(b) Let X be a non-empty set and let P be the collection of all non-empty subsets
of X. This is,
P:={SCX:8+#0}.

We define a relation ~p on P given by
A~p B <= ANB#( for A,BeP.

Is ~p an equivalence relation?
Solution.

(a) Claim: The relation ~c~ on C*, defined by

z
zr~erw <= —€eR (z,w € CY),
w

is an equivalence relation.
Proof.
e Reflexivity: For every z € C* we have Z =1 € R, hence z ~¢c+ 2.
o Symmetry: If z ~c« w, then Z € R. It follows that £ = (%)_1 € R, hence
W e 2.
o Transitivity: If z ~c+ w and w ~c+ u, then =, € R, and thus

z

e R.

SRS

g |w

Hence z ~¢+ u.
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Therefore, ~c+ is reflexive, symmetric, and transitive, and hence an equivalence
relation. O

Remark. The equivalence classes are precisely the lines through the origin
(excluding the origin), i.e.

2] = {tz:tcR\{0}} (zeC).

Thus, two complex numbers are equivalent exactly when they have the same
argument angle up to a multiple of 7w (same or opposite direction).

Claim: The relation ~p on P = {S C X : S # (}}, defined by
A~p B < ANDB#1),

is mot an equivalence relation.
Justification.
o Reflexivity: For A € P we have AN A = A # (), hence reflexive.
o Symmetry: From AN B # () it follows that B N A # (), hence symmetric.

o Transitivity (false): Not generally valid. Counterexample: Let X = {1,2}
and

A={1}, B={1,2}, C={2).

Then ANB = {1} #0 and BNC = {2} # 0, but ANC = 0. Hence, ~p
is not transitive.

Consequently, ~p is not an equivalence relation. ]



