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Exercise 1. Decide for yourself which of the following statements are true and which
are false.

Let X andY be sets, and let f : X — Y be a function. Let A, A1, As be subsets of
X, and B, By, By subsets of Y.

(1) f(A1)U f(A2) = f(A1 U A) (4) fHB)
(2) FADASf A=A (5) fY(By)
(3) FHfAy==4 (6) HF~BH==-

Which of the false statements become true if we additionally assume that f is injective?
What if f is surjective? And what if f is bijective?

Solution.

(1) This is true! Let y € f(A; U Asg), then there exists x € A; U Ag such that
f(z) =y. That means x € A or x € Ag. Thus f(z) € f(A1) or f(z) € f(A2).
Therefore y = f(x) € f(A1) U f(As2). This shows f(A;1 U A2) C f(A1) U f(A2).
Conversely, let y € f(A1) U f(A2), then y € f(A;) or y € f(Az). Hence,
there exists x € A; or x € Ay such that f(z) = vy, i.e., x € A; U Ay. Thus
f(A1) U f(A2) C f(A1 U As).

We conclude that f(A; U A2) = f(A1) U f(A2).

(2) This is false! Let X = {0,1} with disjoint subsets A; = {0} and Ay = {1}. Let
Y = {0} and define f: X — Y by f(0) =0, f(1) =0. Then

f(ALN Ag) = f(0) =0 # {0} = f(A1) N f(A2).

The function f is surjective, so the statement remains false even under surjec-
tivity.
Now check (2) assuming f is injective: Let y € f(A1) N f(A2). Then there
exist 1 € Aj, w9 € Ag such that f(x1) = f(x2) = y. Since f is injective,
x1 = x9 € A1 N Ay. Hence y = f(x1) = f(x2) € f(A1 N Ag). Thus f(A1)N
f(Az) C f(A; N Ag) for injective f.
If y € f(A1 N Ag), then there exists z € A; N Ay such that f(xz) = y. Then
f(z) € f(A1) and f(z) € f(A2),s0 f(A1NA2) C f(A1)N f(As2). Note that this
inclusion does not require injectivity. Therefore, equality holds if and only if f
is injective.

(3) This is false! Using the same example as above:

FHf(A) = fHFH0}) = F71({0}) = {0, 1} # A

Again, this example shows it cannot be true even for surjective f.
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Now check (3) assuming f is injective: If x € f~1(f(A)), then f(x) € f(A).
Hence there exists a € A with f(x) = f(a). Since f is injective, x = a, hence
r € A So f7(f(A4)) C A. Conversely, if x € A, then f(x) € f(A), hence
x € f~Y(f(A)). Therefore, f~1(f(A)) = A for injective f.

(4) This is true! If x € f~1(By) U f~1(By), then f(x) € By or f(x) € By, i.e.
f(x) € By U By, which means z € f~1(B; U Bs).

(5) This is true! If x € f~Y(B1) N f~1(By), then f(x) € By and f(x) € By, i.e.
f($) € BiN By, so x € fﬁl(Bl N Bg)

(6) This is false! Let X = {0},Y ={0,1},B={1} C Y and f: X — Y defined by
f(0) =0. Then
FFHB) = f(0) =0 # B.

This f is injective, so the statement also fails for injective functions.

Now check (6) assuming f is surjective: If y € f(f~1(B)), then there exists
x € f~Y(B) such that f(z) = y. Since z € f~!(B) means f(r) € B, we have
y € B. Hence f(f~1(B)) C B for all f.

Conversely, if y € B, then surjectivity gives an z with f(z) = y. Thus
r € f7YB), and y = f(x) € f(f~1(B)). Hence B C f(f~*(B)). Therefore
f(f~Y(B)) = B for surjective f.

Since a bijective function is both injective and surjective, all statements hold true for
bijective f.

Exercise 2. In this exercise we show the existence and uniqueness of a bijective
function /- : R>g — R>o with property (y/a)? = a for all a € Rxy.

(a) (Existence) For a € R> set
X = {zx € R | 2* < a}, Y = {y € Rso | y* > a}.

By completeness, there exists ¢ € R with x < c <y forall x € X, y € Y. Show
that ¢ € X NY, hence ¢ = a.
Hint: If ¢ ¢ X (i.e. ¢ > a), choose small ¢ > 0 so that (c—¢)? > a. For instance,

one can choose € = 024;“ and note that, with this choice and § := ¢ —a > 0,

2

0
(c—e)=c—2cc+2>c% —2cc=c —3>a

Hence ¢ — e € Y, contradicting y > c for all y € Y.
The case ¢ ¢ Y is analogous.
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(b) (Uniqueness) Prove that for every a € R>( there is at most one ¢ € R>o with
c =a.
Hint: First, prove that for all 2,y € R>q, the statements = < y and x2 < y? are
equivalent. Then use this fact to deduce the uniqueness of c.

Define /- : R>g — R>¢ by y/a = ¢ where ¢ is as above. Show that:
(c) /- is increasing: if 0 < x < y then /x < \/y;
(d) +/- is bijective;
(e) Zy = x/y for all z,y € Rx>o.
)

(f) Two solutions: Show that for a > 0 there are exactly two real solutions to the
2

equation z* = a. How many are there for a = 0 and for a < 07

Solution. (a) Existence. The sets X and Y are nonempty, bounded, and satisfy
x < yforall z € X,y € Y. By completeness (the cut axiom/existence of an
intersection point between a set bounded above and its lower bound), there exists
cc€Rsuchthat z <c<gyforallz € X,y €Y. Assume c ¢ X, i.e. ¢ > a. Set
§:=c?> —a > 0 and choose ¢ := % > (0. Then

4]
(c—e)?=c*—2ce +¢2 202—205202—5 > a,
hence ¢ — ¢ € Y. This contradicts ¢ < y for all y € Y. Similarly, the assumption

c ¢ Y (that is, ¢? < a) also leads to a contradiction by constructing a small € > 0
with (c + €)% < a. Therefore, ¢ € X NY and thus ¢ = a.

(b) Uniqueness. Let x,y € R>¢. Then we have:
<y = y—2>0 <= (y—2)(y+2)>0 <= ¥ —22>0 <= 2% <>

since y + x > 0. In particular, the mapping ¢ — ¢2 on R>q is strictly increasing.
Assume ¢, ¢ € R>o with c% =a = c%. If ¢ < co, monotonicity gives c% < c%, a
contradiction. Similarly, co < ¢; cannot hold; hence ¢; = ¢o. Therefore, the solution
is unique.

(c) Monotonicity of /.. Let 0 < z <y and set u := \/z, v := \/y (so u,v > 0 with
u? = z, v2 = y). From z < y it follows by the equivalence from (b) that u? < v?,

hence u < v. Thus, /- is strictly increasing.

(d) Bijectivity. Injectivity: Follows directly from (c), since a strictly monotone
function is injective.
Surjectivity: Let b € R>g be arbitrary. By (a), there exists exactly one ¢ € R>o with
¢? = b. By definition, v/b = ¢, so every b has a preimage. Therefore, /- is surjective
and hence bijective.
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(e) Multiplicativity. Let z,y € R>¢ and set u := y/z > 0, v := \/y > 0. Then
(uv)? = u?v? = zy. By (b), there exists exactly one nonnegative real number whose
square is xy; by definition, this is /xy. Since uv > 0, it follows that /xy = uv =
(f) Number of real solutions of 22 = a.

e For a > 0: Exactly two solutions, namely x = +/a.

e For a = 0: Exactly one solution, z = 0.

e For a < 0: No real solutions.

Exercise 3. Which of the following subsets are open? Which are closed? Justify.
(a) The point A = {0} in R,
(b) The integers Z in R,
(c¢) The interval C' = [0,00) in R,
(d) The interval D = (0,00) in R,
(e) ThesetE:{% ‘ nEN,n>O} in R,
(f) The set F = EU{0} in R.

Solution. Recall that closedness is tested by analyzing whether the complement is
open.

(a) A is not open: An interval of the form (—r,r) with » > 0 is never entirely
contained in A. For example, for every 7, we have § € (—r,7), but § ¢ A.

A is closed: Let = be an element in A° =R\ {0}. The interval (z — |z|,z + |z|)
lies entirely in A°. Indeed, for y € (z — |z|,x + |z|), we have |z — y| < |z|, and
hence, by the reverse triangle inequality,

yl =z = (z —y)[ = 2| = |z —y[ > 0.

Thus y # 0, i.e. y € A

(b) B is not open: Same reasoning as in (a).

B is closed: Let x be an element in B¢ =R\ Z. Let r be the distance from z
to the nearest integer. Since = ¢ Z, we have r > 0. The interval (x —r,x +r)
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is, by construction of r, entirely contained in B¢. For y € (z —r,z + r) we have
|x — y| < r, and thus, for every k € Z, by the reverse triangle inequality,

ly—kl=lz—k—(z—y)l =]z —kl—|z—y[>0
—— =

>r <r

Therefore, y ¢ Z, hence y € B°.

C is not open: Same as in (a); the point —F is never in C' for any r > 0.

C' is closed: The interval C¢ = (—o00,0) is open; the proof is exactly the same
as in (a), where it was shown that A° = (—o0,0) U (0, 00) is open.

D is open: Same reasoning as in part (c), second part.

D is not closed: The interval D¢ = (—o0,0] is not open, as in part (c), first
part.

E is not open: Around the point 1 € E, there is no interval (1 —r,1 + r) such
that (1 —r,14r) C E. For instance, for any » > 0, the point 1 + % lies in
(1—=7,147) but not in E.

E is not closed: Around the point 0 € E€, there is no interval (—r,r) such that

(—r,7) C E°. For example, for any r > 0, the point % lies in (—r,r) for some
n € N with % < r, but ¥ is in E, hence not in E°.

n

F is not open: For the same reason that E is not open.

F'is closed: For x € R with x < 0, the interval (x—r, x+r) with r = |z| is entirely
contained in F¢. Similarly, for z > 1, the interval (z —r,z +r) with r = x — 1 is

entirely contained in F°. If x € F¢ with 0 < x < 1, then « lies exactly between
a pair n%rl, % for a unique n € N, n > 0. Let r = min{|x — n%rl|, |z — %|} > 0.

Then (x — r,x + r) is entirely contained in F*.

Exercise 4. Find the infimum and the supremum of the following subsets of R. Do
they have a minimum, a maximum?

1.

A={a—-bla,beR1<a<23<b<4},



D-MATH Analysis |: one Variable ETH Zirich

Prof. Alessio Figalli Solutions 3 HS 2025
2. B:{niﬂ\neN},
3. C={%|m,neN,m+n <10}

Solution.
1. We see directly that supA=2—3= —1 and inf A =1 —4 = -3, and both are

2.

3.

not contained in A.

We first note that 75 < 7 for n < m € N. This follows directly from the

n+1 m+
fact that n(m+1) < m(n+1). Therefore, all numbers in B are certainly greater

than the number for n =1, i.e. % We have inf B =min B = %

We now claim that sup B = 1. From ;5 = ";i;l =1- %, it follows that

a7 < 1. Hence sup B < 1. On the other hand, no z € R with x < 1 is an upper

bound of B, since n%rl can be made arbitrarily small—e.g., smaller than 1 — z.

Then x < 1— n%rl and 1 — n%rl € B. Note that 1 = sup B is not contained in B.

Therefore, there is no maximal element in B.

We see directly that supC = % =9 and inf C = é, and both lie in C.

Exercise 5. Show that the irrational numbers R \ Q are an uncountable set.

Hint: you can use the facts from the lectures that Q is a countable set and that R is
an uncountable set.

Solution. Proof by contradiction: It is well known that R is uncountable, while Q is
countable. Assume that the set of irrationals I := R\ Q were countable. Then both
Q and I would be bijective to the set of natural numbers N.

If f,:Q—= Nand f; : I — N are two bijections, then

2f4(2), if z € Q,
o]

2fi(x)+1, ifxel

defines a bijection f: QU I — N. Hence R = QU I would be countable.

This contradicts the well-known fact that R is uncountable. Therefore, I =R\ Q is
uncountable.

Exercise 6. (Dirichlet’s approximation theorem) In this exercise, we want approxi-
mate an arbitrary real number by a rational number. Let a € R be any real number.
We want to find p € Z and g € N\ {0} such that

a——| < —=.
ql ¢

p‘l
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This is, % approximates a up to an error of at most q%.
(a) Consider the @ + 1 fractional parts

{0a} = {0}, {1a}, ..., {Qa},

where {z} = x — |z|. Explain why there exists k € N, 0 < k < @ — 1, such that
two of the fractional parts above lie in the same interval [%, %)

(b) Show that there exist integers 0 < m < n < @ such that
[{na} — {ma}| < &
o

(c) Define g :==n —m and p := |na] — |ma]. Prove that

P 1
a——| < —=.
‘ q‘ qQ
(d) Deduce that 1 < ¢ < @ and that we have
P 1
a——| < —.
’ q’ g

Solution. Idea: We use the pigeonhole principle for fractional parts.

(a) We consider the @ + 1 fractional parts

{0a}, {1la}, ..., {Qa} €]0,1).
The interval [0, 1) is divided into @ equal subintervals of length 1/Q:
k k+1
Ik: = |:7 i
Q@ Q
Since there are () 4+ 1 points but only () intervals, by the pigeonhole principle,
two distinct fractional parts must lie in the same interval.

), k=0,...,Q—1.

(b) Hence there exist integers 0 < m < n < @) such that

[na} ~ {ma)| < 5.
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(c¢) Write na = |na] + {na} and ma = |ma| + {ma}. Then
(n—m)a — (Ina) — [ma)) = {na} — {ma}.

Set g:=n—m (so 1 <qg<Q)and p:= |na] — |ma|. Thus,
lga — p| = [{na} — {ma}| < 22

Dividing by ¢ gives

(d) Since 1 < ¢ < @, we have ¢QQ > ¢* and hence
1 1
— < —.
9Q " ¢
Therefore,

1
q q

Thus, Dirichlet’s approximation theorem is proved.



