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Exercise 1.
(a) Calculate the following limits in the real numbers if they exist:

, ™t + 15 , n?+5 . n®—10
lim , lim ———, lim ——.
nsoo3nt +nd4+n—1 n—oon3 4+n 41 n—oo nZ 41

Do not use here or elsewhere any previously learned cooking recipe that you
cannot justify.

(b) Formulate and prove a general theorem about limits of sequences as in part (a).
Solution. (a) The solutions are: %, 0, and co. The proofs are special cases of (b).

(b) We first prove the following claim: For arbitrary c; € R it holds that

Proof: Let 1 > ¢ > 0. Then for all n € N with n > % (that is, € > % and therefore
also e > ¢l > n—lj), we have

Since Ej-v:l lcj| € R is a fixed number, by choosing e sufficiently small we can make

the term ‘Z;\le %

arbitrarily small. Therefore, the limit is 0.

We now prove the following theorem: Let P(X),Q(X) € R[X] be two polynomials
N M

given by P(X) = 3 ax X" and Q(X) = 3 b X" # 0, where ay, by # 0. Then:
k=0 k=0

. Pn) an
(2) nh_}rgo ggz; = sgn (ZTA;) oo, if N > M.
(3) nh_)rrologgg—O, it N<M
Proof:
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(1) Define aj := 7% and b) = 5—’“ for k=0,...,N —1 (ay and by are not zero by

N
assumption). For all n € N, n > 0, we write:

N=t / N+k N71< / /) N+k
14+ > ain™ > (a, — b.)n~
k k k
Pn) _ay| _|an k=0 _ 1| = |an || £=0
Qn)  bn| T |bn N—1 b N—1
1+ Z b?{n—N-i-k’ 1+ Z b?{n—N-i-k’
k=0 k=0
N a Y
> N—j ON—j
/ nJ
_ lan||J=1
| bn N b ’
N—j
1+]21 oy,

where we changed the index from k to j = N — k. Now, both the sum in the
numerator and the sum in the denominator are of the form considered in the
claim above. Therefore, these sums can be made arbitrarily small. Hence, for
every % > ¢ > 0, we can find an ng such that for all n > ng the following
inequalities hold:

N a Y
an S N—j N-j| ..
J —_ )
bN i=1 n
N b/
~| <,
j=1 "

and so
P(n) an <€

(n) by|~ 1—¢€

since in general for |z| < 1 we have 1%@ < 1. Moreover, since 3 > €, we get

= 1-faf’

P(n) an €

€
< — 2.
Q) byl 1-—e-1-1"

This means that
. P(n) an
nooo Q(n) by

(2) We need to show that for every L > 0 there exists ng € N such that for all
n > ng:
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From part (1) we already have that

lim (P(n) ) = a—N.

n—00 nN_MQ(n) by

This means there exists some ng € N such that for all n > ng,

P(n)
nN=MQ(n)

bl

Then, by the reverse triangle inequality,

P(n)
| > o]
Hence,
P(n) N-M| | AN ’
> — /2.
‘Q(n) B ‘n ’ bm /
Since Z?TJZ‘ /2 is fixed and n grows without bound, the absolute value tends to

0o. From this proof we also obtain the sign sgn (Z—fj) of the limit.

(3) From (2) we find that ‘ Q) ‘ tends to oo, and therefore the reciprocal expression

‘Q n)‘ tends to 0.

Exercise 2. Let (z,,)52 be a sequence in R, and let F' C R be the set of accumulation
points of the sequence (x,)52,. Show that F is closed.

Solution. We show that the complement F© = R\ F is open. If F were not open,
there would exist some = € F° such that every interval (z — €, + €) contains an
element of F'. Let € > 0; then there exists some a € I with |z —a| < §. Since a € F' is
an accumulation point, there exists for every N € N an n > N such that |a — x,| < §.
By the triangle inequality we have |z — z,| < |x — a| + |a — z,| < €, hence z is an
accumulation point, and thus belongs to F'. Contradiction! Therefore, R\ F' is open,
and consequently F' is closed.

Exercise 3. Let (x,)52 be the sequence recursively defined by zp = 1 and

()
Tpn =75 |Pn-1+
3 Tn—1

for n > 1. Show that (zy,)52, converges and determine the limit.
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Solution. Let f : (0,00) — (0,00) be the function

f(a;):g(x—i-i).

The limit: If the sequence has a limit A, then A is a fixed point of the recursive
function f. (From z,, = f(x,—1) and taking the limit as n — oo, we obtain A = f(A)
since f is continuous.) From the equation

A:f(A):g(AJril),

it follows that A2 = 2, hence A = ++/2. Since zo = 1, we see that all terms of the

sequence x,, are positive. Therefore, A = +/2.

The limit exists: We want to show that the sequence (x,,) is monotonically increasing
and bounded, so that we can apply Theorem 2.103: Convergence of Monotone
Sequences. We prove two properties of the recursive function:

1. f(x) >z if and only if x < /2,
2. f is monotonically increasing on x € [1, 00).

Property (1) is obtained analogously to the solution of the fixed point equation
A = f(A). For property (2), let 1 <z < y. We want to show that

1 1
y+ - (az+) =f(y) = f(z) 2 0.
Y x
We get this by multiplying the equation by zy, which gives

zy’ +x— a2y —y=(y—x)(xy — 1),

which is indeed > 0, since z,y > 1 and y > z.

Since f (ﬁ) = 1/2, f is monotonically increasing, and f(x) > z, it follows that

1< fz) <2
forall 1 <z < V2.

This means that the sequence given by zo = 1 and z,, = f(x,—1) is bounded above
and, by property (1), increasing. Therefore, the sequence converges by Theorem 2.103:
Convergence of Monotone Sequences.
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Exercise 4. Let (an)22,, (bn)2, and (¢,)02, be convergent sequences of real
numbers, with limits A, B and C respectively. Let (z,,)22, be the sequence defined
by
a, ifn=3kkeN
Tp=140b, ifn=3k+1,keN
¢n ifn=3k+2,keN.

Calculate lim sup x,,, liminf x,, and the set of accumulation points of the sequence
n—00 n—oo

(Tn)nzo-
Solution. The accumulation points of (x,)2>, are A, B,C':
The subsequence (3, )22, is exactly the sequence (ay)22 ), hence A is an accumulation

point of (2,)5%. Analogously, B and C' are accumulation points. We now show that
there are no others.

Let D # A, B,C be a point in R. Then min{|D — A|,|D — B|,|D — C|} = ¢ > 0.
However, since ay,, by, ¢, eventually lie within an €/2-interval around A, B, and C
respectively, only finitely many z,, lie outside these balls. Therefore, there are not
infinitely many terms of the sequence lying within an €/2—-interval around D. Hence,
D cannot be an accumulation point.

The limsup and liminf: Since both the limsup and the liminf are accumulation
points, and we have only the three accumulation points A, B, C, it follows that

lim sup z,, = max{A, B,C} and lirginf x, = min{A4, B,C}.
n o0

n—oo

Exercise 5.

(a) Give an example of an unbounded sequence of real numbers (z,,)5%, such that

(Tnt1 — Tn)22 converges to 0, but the sequence itself (x,)5, is not convergent.

(b) Give an example of a bounded sequence of real numbers (z,)52, such that
(Tn41 — xn)52 converges to 0, but the sequence itself (z,,)52 is not convergent.

Solution.

(a) Unbounded example: Set x,, := /n for n € Ny. Then

1
Tpi1 —Tp = Vn+1—+yn = TE iy -

Moreover, x,, — 00, so the sequence is unbounded and not convergent in R.
n—oo
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(b) Bounded, non-convergent example: Consider the sequence (x,,)52; defined by

{W’ k odd,
Ty =

n—2k
ok k even,

where k € N is the largest number such that n — 2% > 0. The first terms are
2 1 1 2 3 8 7 6

11=0,10=c, 3=, 24=0,25=—, g =—, T7= —, Tg= <, L9 = <, T10 = Sy---

2 2 4 4 4’ 8’ 8 8

Hence, the sequence oscillates back and forth over the interval [0, 1], with the
distance between successive terms becoming smaller and smaller. The two
extreme accumulation points are

A=limsupzx, =0 and B =liminf x, =1,
n—oo n—oo

since xor = 0 for all even k and z9r = 1 for all odd k. Furthermore, x,, — 41 <
2% whenever n > 2. Thus, x, is a sequence that satisfies the desired properties.

Exercise 6. Show that the limit superior does not commute with addition: Let
(xn)% and (yn)o2, be bounded sequences. Show that while

lim sup(z,, + yp) < limsup z,, + lim sup y,
n—o0 n—o0 n—00

holds, equality does not always hold.

Solution. The inequality: The inequality follows directly from repeating precisely
how the limit superior is defined:
Let N € N. Then we have

Tp 4+ yp <sup{xg | k> N} +sup{ys | k > N},
for all n > N. Therefore, for every N € N, the inequality
sup{@y, +yn | n > N} <sup{zy | k > N} +sup{y; | k > N}

also holds. But both the right-hand side and the left-hand side are convergent
sequences (the sum of convergent sequences is convergent, and limits commute with
addition — see Proposition 2.93: Limits and Operations in the script), and the
left-hand side is dominated by the right-hand side. Hence, the same holds for the
limits:

lim (sup{zp+yn|n>N}) < A}im (sup{zr | k> N}) + A}im (sup{yr | k > N})
— 00 — 00

N—oo
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And using the notation for the limit superior:

lim sup(zy, + yp) < limsup z,, + lim sup ys,.

n—oo n—o0 n—o0

An example of inequality: Consider the sequences
To=(-1)"  and g = (—1)"

The limit superior of both sequences (z,) and (y,,) is 1. However, since x,, + y, = 0
for all n, the limit superior of (z,, + y,) is 0.

Exercise 7. Let (2,)22, be a convergent sequence in C. Show that (|z,])5,
converges and give the limit. Conversely, does the convergence of (|z,])52, imply the
convergence of (z,)5% 7

Solution. Let € > 0. There exists an N € N and a limit z € C such that |z, — z| <€
for all n > N. (This follows directly from the convergence of the real and imaginary
parts. Write out a short proof if you are not convinced.) By the reverse triangle
inequality, we obtain

[lzn| = [2]] < lon — 2] <€

for all n > N. Thus, it follows that the sequence (|z,|)5%, converges with limit |z|.

The converse does not hold: Let z, = (—1)". Then |z,|] = 1. Hence, (]zn|)5%,
converges to 1, but the sequence (z,) itself does not converge.



