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Exercise 1. Freda is in Ziirich and Georg is in Luzern. Freda drives by car to
Luzern and Georg to Ziirich, both following exactly the same road (but in opposite
directions). They both depart at 1pm and arrive at their respective destinations at
the same time, 2pm. Show rigorously that there exists a time between 1pm and 2pm
at which their cars meet.

Solution. Let D > 0 denote the distance between Ziirich and Luzern along the
road. Associate each point on the road with a point in the interval [0, D], where
Ziirich corresponds to 0 and Luzern to D. The time interval between 1pm and 2pm
is represented by [1, 2].

Define f : [1,2] — [0, D] by letting f(¢) be Freda’s position on the road at time ¢, and
similarly define g : [1,2] — [0, D] as Georg’s position at time ¢. Both f and g are
continuous functions since the cars move continuously with respect to time.

Since Freda starts in Ziirich and arrives in Luzern, we have f(1) =0 and f(2) = D.
Conversely, Georg starts in Luzern and arrives in Zirich, so g(1) = D and g(2) = 0.

Consider the function h(t) := f(t) — g(t), which is continuous on [1,2]. Then
h(1) = —D and h(2) = D. By the Intermediate Value Theorem, since h(1) < 0 < h(2),
there exists ¢ € (1,2) such that h(t) = 0. This means f(t) = g(¢); i.e., the two cars
occupy the same position at time ¢.

Hence, there exists a time between 1pm and 2pm when Freda and Georg’s cars meet.

Exercise 2.

(a) Recall the statement of Theorem 3.21 (Continuity = Sequential continuity)
from the lecture notes. Negate the statement of the theorem: “Let D C R,
f:D—=R,and x € D. Then f is not continuous at z if and only if...”

(b) Show that the function f : R — R defined by

(@) = {1’ e

0, z <0

is not continuous. Do not settle for a picture, but write a formal proof using
part (a) or the definition of continuity.

(c) Show that the function f: R — R defined by

fl) = {sin (%), x #0,

0, z=0
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is not continuous.

Note: We will introduce the function sin properly later in the lecture. For this
exercise, continuity of sin : R — R and the usual properties you know from high
school may be assumed.

Solution.

(a)
(b)

f is not continuous at ¥ <= I(z,)pey C D with z, = & but f(z,) A f(z).
The function f : R — R defined by

1, x>0,
xr) =
/@) {O, z <0

is not continuous at 0 (and hence not continuous).

Proof 1: Sequential proof. Consider the sequence x,, = —% < 0. Then z,, — 0,
but
f(zn) =0 for all n.

Therefore, f(z,) — 0. In particular, f(z,) 4 f(0) = 1, so by the sequential
characterization of continuity f is not continuous at 0.

Proof 2: £-6 proof. Let € = 5. For any § > 0 choose € (—4,0); then |z —0| < §
but
[f(2) = fO)|=]0-1=1>3=¢.

Hence the - condition fails at 0, so f is not continuous at 0.

Remark. On (—o0,0) and (0,00) the function is constant, hence continuous
there; the only discontinuity is at 0.

The function f is not continuous at ro = 0: We show that arbitrarily close to
xo = 0 we can find an x € R with f(z) = 1. Consider z = m for positive
N € N. Then

f(x) =sin <7T(1—;4N)> = sin <72T + 2N7T) =1.

Let € = 3 and let § > 0 be arbitrary. Choose N large enough such that |z| < .

Since |z — wo| < & but |f(z) — f(zo)| =1 > 4 = €, we have shown that f is not
continuous at zg = 0.

Exercise 3. Consider the function f : R — R given by f(z) = 2 + 23.
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(a) Show that f admits an inverse function g : R — R. In other words, f and g
satisfy that fog(z) =z and go f(z) =z for all z € R.

Hint: You may find Exercise 2 from list 2 useful.
(b) Compute the value of g(10).
Solution.

1. Exercise 2 from list 2 tells us that the function f(z) = x + 2 is monotone
(increasing) in R. Moreover, we can negate the claim from the same exercise,
<y = x3+x§y3+y,
to get
>y < x3—|—x>y3+y.
This tells us that not only is f monotone increasing, but also strictly monotone

increasing.

Therefore, by the Inverse Function Theorem (Theorem 3.28 in the lecture notes),
there exists a (strictly monotone) inverse function f~! = g: f(R) — R. (We
actually have that f(R) = R because lim,_,o f(z) = oo and lim,,_, f(z) =
—00).

2. Since f o g(x) = x, we have that f(g(10)) = 10). Unpacking this equation, we
get
9(10) + ¢g(10)® = 10.

After trying some values, we realise that 2 +23 = 10. Hence, the unique possible
value is g(10) = 2.

Exercise 4. Recall Definition 3.33 in the lecture notes.

(a) Give an example of a function f: (0,1) — R, that does not take its maximum
value at any point in (0,1). Justify your answer.

(b) Give an example of a function f : R — R, that takes its maximum value at
0 € R, but that does not take its minimum value at any point in R. Justify
your answer.

Solution.
(a) Let f:(0,1) = R be f(x) = x. Then f is strictly increasing and
sup{f(z) : € (0,1)} =sup(0,1) =1,

but 1 is not attained because 1 ¢ (0,1). Indeed, for every y € (0,1) we have
f(y) =y < 1. Hence f does not take a maximum on (0, 1).
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(b) Let f: R — R be f(z) = —x2. Then for all x € R,

fla) = —2* < 0= f(0),

with equality iff x = 0. Hence f attains its maximum at x = 0. On the other
hand, f has no minimum: for every M € R choose = with |z| > v/—M; then
f(x) = —2? < M. Equivalently, lim,| o f(7) = —00, so f is unbounded below
and cannot attain a minimum value.

Exercise 5. Let I be an interval and f : I — R a continuous, injective mapping.
Show that f is strictly monotone.

Solution. Let f : I — R be a continuous and injective function. If f is not
strictly monotonic, then there exist x < y < z in the interval I such that either

f(@) = fly) < f(z) or f(z) < fly) = f(2).

Assume the first case. If we now compare the images of x and z, we have either
f(z) > f(z) > f(y) or f(2) > f(x) > f(y). We again assume the first case, i.e.
f(z) > f(2) > f(y); the other cases are analogous.

Since f is continuous, the Intermediate Value Theorem applied to x < y and the
value f(z) yields some z < w < y such that f(w) = f(z). By injectivity, it follows
that w = z. However, this is impossible since w < y < z.

Therefore, we conclude that f is strictly monotonic.

Exercise 6. Let I be an interval and f : I — R a monotone mapping such that for
all a,b € I and & € R between f(a) and f(b) there exists a € R between a and b
satisfying f(x) = £. Show that f is continuous.

Compare this result with the intermediate value theorem.
Solution. Without loss of generality, we assume that f is monotonically increasing.

We show continuity at an arbitrary xg € I. Let € > 0. We first want to find some
01 > 0 such that for all z € I with o < x < x¢+ 01, the value f(x) is not much larger
than f(zg), that is, concretely, f(z) < f(zo) + €.

If f(z) < f(xo) + € for all x € I, then we may choose any ¢; > 0, for instance d; = 1.
Otherwise, there exists some x1 € [ such that f(z1) > f(x0) + €. Applying the
intermediate value property to f(zo) < f(xo) + € < f(z1) gives the existence of a
y1 € I with f(y1) = f(z9) + €. Since f is monotonically increasing, it must be that
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o < y1 < x1, and therefore d; = y; — xq is positive. Again, since f is monotonically
increasing, for all x € I between g and y; = x¢ + d1 we have

f(@o) < f(2) < f(y1) = f(xo) +e

By considering f(z) > f(xo) — €, we analogously obtain a d; > 0 such that for all
x € I between zg — d2 and x, we have f(zg) — e < f(x) < f(zo).

Now setting § = min{dq, d2}, we obtain that for all € I between xy — ¢ and xg + 9,
it holds that

f(xo) —e < f(x) < f(wo) + e

We thus conclude that f is continuous.

Exercise 7. Which of the following functions f : R — R are uniformly continuous?
First convince yourself that each given function is continuous and sketch the graph.

8) f() = V/al.
b) f(z) = a2,

¢) f(z) = min(y/Ja,2?),
Q) f(w) = inf |z — K],

) fx) = inf |z~ 1|

Solution.

1. /|z| is uniformly continuous:
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Let € > 0 and set § = €2 > 0. For all x,y with |z — y| < J we have

=B = - - ]

By the reverse triangle inequality we get

Vi il < i +

Thus,

’\/E—\/!?l2<'\/E—\/ﬁ‘-‘\/@ﬂ/@’:!\wl—ly!\-

EE

We conclude that ‘\/ |z] — / \y[‘ < ¢, and therefore f is uniformly continuous.

Hence,

2
<z —y| < €.

2. 2% is not uniformly continuous:
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Let e =1 and § > 0 be arbitrary. Then with = = % and y = x + g, the distance
is smaller than d, but
2 2
fy) = f@)|=dx+ % =1+% > 1.

2

Thus the function x# is not uniformly continuous.

3. The function f is uniformly continuous:

3.0

2.51

2.0 4

154

10+

0.5 4

0.0 . . . T
-4 -2 0 2 4

We have
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The function 22 is uniformly continuous on [—1, 1] since this is a compact inter-

val. Outside that region, /|z| is uniformly continuous as shown in part (a).

4. The function f is uniformly continuous: The function f looks as follows:

10

0.8 4

0.6 4

0.4 4

0.2 4

0.0

Let z,y € R be arbitrary. By the triangle inequality we have |y — k| <
ly — x| + |z — k| for all k € Z. Hence we obtain

inf ly—k| <|ly—x|+ inf |z — k
lgelzw (= ly—al lgelzm :
which is the same as

fly) = f(2) <y =zl
By swapping x and y, we get in the same way that f(z) — f(y) < |y — z|.
Together this gives

[f(y) = f@)] <y —xl.

Choosing § = €, we see that f is uniformly continuous.

5. The function f is uniformly continuous: Analogous to part (d), but with k2
instead of k. The function looks as follows:
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10

6. The function f is not uniformly continuous:

-4 -2 0 2 4

Let € =1 and 1 > § > 0 be arbitrary. Then with » = 2[1] and y = z + 3, the
distance is smaller than ¢, but

f)— f@) =3 +)i-0>1+% >1.



