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Exercise 1. Let D ⊂ R be a subset. A function f : D → R is called Lipschitz
continuous if there exists an L ≥ 0 such that |f(x) − f(y)| ≤ L|x − y| holds for all
x, y ∈ D.

a) Show that a Lipschitz continuous function is also uniformly continuous.

b) Show that the root function [0, 1] → R given by x 7→
√

x is uniformly continuous
but not Lipschitz continuous.

c) Show that the root function [1, ∞) → R is Lipschitz continuous and uniformly
continuous.

Solution.

a) Let f : D → R be a Lipschitz–continuous function with Lipschitz constant
L ≥ 0. Then for every ϵ > 0 we can choose a δ > 0 globally (independently of
x ∈ D) such that |x − y| < δ implies the inequality |f(x) − f(y)| < ϵ for all
x, y ∈ D. Choose δ = ϵ

L . Then by the Lipschitz condition it indeed follows that
from |x − y| < δ we obtain the estimate

|f(x) − f(y)| ≤ L|x − y| < L
ϵ

L
= ϵ.

b) Not Lipschitz–continuous: Let y = 0. If the square-root function were Lipschitz,
then there would exist an L ≥ 0 such that for all x ∈ (0, 1] we have

√
x = |

√
x −

√
0| ≤ L|x − 0| = Lx.

But from
√

x < Lx it follows that x < L2x2 for all x ∈ (0, 1]. Since we are
considering x ≠ 0, we can divide by x2 and obtain 1

x < L2 for all x ∈ (0, 1].
However, 1

x can become arbitrarily large for x ∈ (0, 1]. Therefore, no such L
can exist.

Uniform continuity: We have already seen this in Exercise 7 a) from Sheet 5.

c) Lipschitz–continuous: We claim that L = 1 is a possible Lipschitz constant for
the square-root function [1, ∞) → R. Indeed, we have1

∣∣√x − √
y

∣∣ = |x − y|∣∣√x + √
y

∣∣ ≤ |x − y|

since
√

x + √
y ≥ 1.

Uniform continuity follows from Lipschitz continuity by part a).

1We write x − y = (
√

x − √
y)(

√
x + √

y) and take absolute values on both sides.
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Exercise 2. Let a ∈ R. Calculate the following limits:

a) limx→2
x3−x2−x−2

x−2 ,

b) limx→∞
3e2x+ex+1

2e2x−1 ,

c) limx→∞
ex

xa ,

d) limx→∞
log(x)

xa .

In each case, choose a suitable domain on which the given formula defines a function.

Solution.

a) If x = 2, then the expression x3−x2−x−2
x−2 = 0

0 is not well-defined. Since x = 2 is
a root of x3 − x2 − x − 2, we factor

x3 − x2 − x − 2 = (x − 2)(x2 + x + 1).

Thus we have x3−x2−x−2
x−2 = x2 + x + 1. Then

lim
x→2

x3 − x2 − x − 2
x − 2 = lim

x→2
x2 + x + 1 = 22 + 2 + 1 = 7,

since the function x 7→ x2 + x + 1 is continuous.

b) The denominator 2e2x − 1 vanishes for a unique x0 = 1
2 log

(
1
2

)
∈ R. For x

larger than x0 the denominator 2e2x − 1 does not vanish, since e2x is strictly
increasing.
We prove lim

x→∞
3e2x+ex+1

2e2x−1 = 3
2 . We first rewrite:

3e2x + ex + 1
2e2x − 1 =

3
2(2e2x − 1) + ex + 5

2
2e2x − 1 = 3

2 +
ex + 5

2
2e2x − 1 .

It is enough to show that lim
x→∞

ex+ 5
2

2e2x−1 = 0. Indeed, for x > x0:∣∣∣∣∣ ex + 5
2

2e2x − 1

∣∣∣∣∣ =
ex + 5

2
2e2x − 1 = ex

2e2x − 1 +
5
2

2e2x − 1 .

The second term can be made arbitrarily small, since its numerator is constant
and the denominator 2e2x − 1 can be arbitrarily large. The first term can be
rewritten as

ex

2e2x − 1 = 1
2ex − e−x

,
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but e−x is less than 1 for x > 0 and 2ex can be arbitrarily large.

Thus lim
x→∞

3e2x+ex+1
2e2x−1 = 3

2 .

c) The expression ex

xa is defined for x > 0. We now pick an n ∈ N such that n > a.
From Corollary 3.47 we obtain for x > 1 that

ex ≥
(

1 + x

n

)n

≥ xn

nn
.

Hence
ex

xa
≥ xn

nnxa
= xn−a

nn
,

where xn−a = e(n−a) log x can become arbitrarily large as x → ∞. Thus we
conclude lim

x→∞
ex

xa = ∞.

d) The expression log x
xa is defined for x > 0. We distinguish two cases for computing

the limit.

a ≤ 0: We show lim
x→∞

log x
xa = ∞. For all x ≥ 1 we have 1

xa ≥ 1. Then

log x

xa
≥ log x.

Since log x grows unboundedly with x, we conclude lim
x→∞

log x
xa = ∞.

a > 0: We show lim
x→∞

log x
xa = 0. We can substitute x = e

y
a , since then y → ∞ if

and only if x → ∞ (note that this uses a > 0). We obtain

lim
x→∞

log x

xa
= lim

y→∞
log(e

y
a )

(e
y
a )a

= lim
y→∞

y

ey
= 0,

where we already computed the last limit in c) (with a = 1 and the reciprocal
limit limy→∞

ey

y ).

Exercise 3.

a) Show the following asymptotics for x → ∞:

i) 2x3 + 3x2 = O(x3)

ii) xp = O(exp(x)) for any natural number p > 0
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iii) log(x) = O(x
1
p ) for any natural number p > 0

b) Show the following asymptotics for x → ∞:

i) xp = o(xq) for natural numbers 0 < p < q

ii) xp = o(exp(x)) for all natural numbers p > 0

iii) log(x) = o(xp) for all natural numbers p > 0

c) Show the following asymptotics for x → 0:

i) xq = o(xp) for all the natural numbers 0 < p < q.

ii) exp(x) = 1 + o(1)

Solution.

a) i) We choose R = 1 and M = 5 (following the notation in Definition 3.67):
For x > 1, we have x3 > x2, hence

2x3 + 3x2 < 2x3 + 3x3 = 5x3,

and the result follows.

ii) We choose R = 0 and M = pp: For all x > 0, Corollary 3.47 implies
xp

pp
=

(
x

p

)p

<

(
1 + x

p

)p

≤ exp(x).

Therefore also xp ≤ pp exp(x) and the result follows.

iii) Substitute x by log(x) in part ii) and take the p-th root.

b) i) We use the equivalent formulation analogous to the one after Definition
3.66 and see that xp

xq = xp−q → 0 as x → ∞ since p − q < 0.

ii) We combine results already proved, namely xp = o(xq) and xq = O(exp(x)),
with the following observation:

Let f, g, h : D → R be functions such that f(x) = o(g(x)) and g(x) =
O(h(x)) as x → x0 or x → ∞. Then f(x) = o(h(x)).

Proof in the case x → ∞: By assumption there is an M > 0 and R > 0
such that x > R =⇒ |g(x)| < M |h(x)|. Let ϵ > 0 and set ϵ′ = ϵ

M . Since
f(x) = o(g(x)), there is R′ > 0 such that x > R′ =⇒ |f(x)| ≤ ϵ′|g(x)|.
Setting R̃ = max{R, R′}, we then have for x > R̃,

|f(x)| ≤ ϵ′|g(x)| = ϵ

M
|g(x)| ≤ ϵ

M
M |h(x)| = ϵ|h(x)|.

Since ϵ > 0 was arbitrary, it follows that f(x) = o(h(x)).
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iii) We use parts b.i) and a.iii) as well as the following observation:

Let f, g, h : D → R be functions such that f(x) = O(g(x)) and g(x) =
o(h(x)) as x → x0 or x → ∞. Then f(x) = o(h(x)).

Proof in the case x → ∞: By assumption there is M > 0 and R > 0 such
that x > R =⇒ |f(x)| ≤ M |g(x)|. Let ϵ > 0 and set ϵ′ = ϵ

M . Since
g(x) = o(h(x)), there is R′ > 0 such that x > R′ =⇒ |g(x)| ≤ ϵ′|h(x)|.
Set again R̃ = max{R, R′} and for x > R̃ we conclude

|f(x)| ≤ M |g(x)| ≤ Mϵ′|h(x)| = ϵ|h(x)|.

Hence f(x) = o(h(x)).

c) i) Analogous to b.i)

ii) exp(x) = 1 + o(1) follows from the observation that exp(x) − 1 → 0 as
x → 0.

Exercise 4. Given a ∈ R, consider the sequence (xn)∞
n=1 given by xn = n

√
na. Show

that this sequence converges, with

lim
n→∞

n
√

na = 1.

Solution. Let a ∈ R and xn = n
√

na for n ≥ 1. We consider the logarithms

yn := log xn = log
(
na/n)

= a

n
log n.

We have log n

n
→ 0 as n → ∞ (e.g. by Exercise 3 b)(iii)). Hence

yn = a

n
log n −→ a · 0 = 0.

Since the exponential function is continuous and exp(log xn) = xn, we obtain

xn = eyn −→ e0 = 1.

Thus the sequence (xn) is convergent with limit 1:

lim
n→∞

n
√

na = 1.

Exercise 5. For each n ∈ N define the sequence of functions

fn(x) := nx

nx + 1 , for x ∈ [0, 1].
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(a) Show that (fn) converges pointwise on [0, 1]. To which function does it converge
pointwise?

(b) Show that the convergence is not uniform on [0, 1].

(c) Now, fix m ∈ N \ {0} and restrict to the set Em = [ 1
m , 1] ⊂ [0, 1]. Does (fn)

converge uniformly to the constant function 1 on each Em? Justify your answer.

Solution.

(a) At x = 0 we have fn(0) = 0 for all n, hence fn(0) → 0. For any fixed x ∈ (0, 1],

fn(x) = nx

nx + 1 = 1 − 1
nx + 1 −→ 1.

Thus the pointwise limit is

f(x) =
{

0, x = 0,

1, x ∈ (0, 1].

(b) Solution 1: We show the convergence is not uniform. Since (fn) is a sequence of
continuous functions on [0, 1], if the convergence were uniform, then the limit
function f would be continuous (by Theorem 3.83). But from part (a), we found
that the limit f is not a continuous function. Therefore the convergence cannot
be uniform.

Solution 2: We show the convergence is not uniform. Take ε = 1
2 . For each n

choose xn = 1
n . Then

sup
x∈[0,1]

|fn(x) − f(x)| ≥ |fn(xn) − f(xn)| =
∣∣∣∣∣ n · 1

n

n · 1
n + 1

− 1
∣∣∣∣∣ =

∣∣∣∣1
2 − 1

∣∣∣∣ = 1
2 = ε.

Since this holds for all n, the supremum cannot fall below ε. Hence the
convergence is not uniform on [0, 1].

(c) Fix m ∈ N and take x ∈ Em = [ 1
m , 1]. Then x ≥ 1

m , which implies

|1 − fn(x)| = 1
nx + 1 ≤ 1

n · 1
m + 1

= m

n + m
.

Therefore
sup

x∈Em

|fn(x) − 1| ≤ m

n + m
−−−→
n→∞

0.

Thus on each fixed Em the convergence is uniform.
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Exercise 6.

(a) Let (fn)n∈N be a sequence of continuous functions on [0, 1]. Let (xn)n∈N ⊆ [0, 1],
(yn)n∈N ⊆ [0, 1] be two sequences of points in the domain, such that

fn(xn) = max
x∈[0,1]

fn(x),

fn(yn) = min
x∈[0,1]

fn(x).

Assume that (fn) converges uniformly to a limit function f , and suppose that
the limits for (xn) and (yn) exist and coincide limn→∞ xn = limn→∞ yn. Show
that the limit function f is constant.

(b) Show that in (a), the uniform convergence cannot be relaxed to pointwise
convergence. In other words, give an example of sequence of functions (gn) and
its pointwise (not uniform) limit g that satisfy the hypotheses in (a), but such
that g is not constant.

Solution.

(a) We first show that limn→∞ fn(xn) = f(z), where z = limn→∞ xn. By uniform
convergence of fn to f and continuity of the individual fn, it holds in particular
that f is continuous, and therefore:

|f(z) − fn(xn)| ≤ |f(z) − f(xn)| + |f(xn) − fn(xn)| (1)
≤ |f(z) − f(xn)| + sup

x∈[0,1]
|f(x) − fn(x)| (2)

→ 0 (3)

as n → ∞, since both terms on the right hand side tend to 0 (the first by continu-
ity of f , the second by uniform convergence). Therefore, limn→∞ fn(xn) = f(z).

We now prove that f attains its maximum in z. Fix ε > 0. From the above
result, we find N1 ∈ N such that in particular:

f(z) + ε > fn(xn) = max
t∈[0,1]

fn(t) ≥ fn(x) ∀n ≥ N1, x ∈ [0, 1] (4)

Furthermore, by uniform convergence of (fn) to f , we find N2 ∈ N such that in
particular:

fn(x) + ε > f(x) ∀n ≥ N2, x ∈ [0, 1] (5)

Thus by equations 4 and 5, choosing N := max{N1, N2}, we find for all n ≥ N :

f(z) + 2ε > fn(xn) + ε ≥ fn(x) + ε > f(x) ∀x ∈ [0, 1] (6)
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But since ε is arbitrarily small, it follows that

f(z) ≥ f(x) ∀x ∈ [0, 1]. (7)

This means that f attains its maximum in z, since f is continuous (as the
uniform limit of continuous functions) on a compact interval. Similarly, we may
show that f attains its minimum in z, from which it follows that f is constant.

(b) Counterexample with only pointwise convergence. Define on [0, 1] the sequence
of functions (gn) (for n ≥ 3) on [0, 1] given by

gn(x) :=


0, 0 ≤ x ≤ 1

2 ,

n
(
x − 1

2

)
, 1

2 < x < 1
2 + 1

n ,

1, 1
2 + 1

n ≤ x ≤ 1.

x

gn(x)

1
2

1
2 + 1

n
0 1

1

Its pointwise limit function g : [0, 1] → R when n → ∞ is given by

g(x) =
{

0, 0 ≤ x ≤ 1
2 ,

1, 1
2 ≤ x ≤ 1.

Given this definitions, you can check that gn is a continuous function for all n.
Also, note that g is not a continuous function, and in particular not a constant
function. Since the uniform limit of continuous functions is a continuous function
(Theorem 3.83), the convergence gn → g cannot be uniform, but just pointwise.
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We can define the sequences of points in the domain

yn := 1
2 and xn := 1

2 + 1
n

.

Then, limn→∞ xn = limn→∞ yn = 1
2 . Moreover, f(yn) = 0, which is the

minimum of fn, and f(xn) = 1, which is the maximum of fn, for all n ∈ N.

Exercise 7. Let (an)∞
n=0 be a sequence of real numbers with 0 ≤ an such that∑∞

n=0 an converges. Show that then
∑∞

n=1
√

an

n also converges.

Solution. We use that from the inequality (c − d)2 ≥ 0 it follows that cd ≤ c2+d2

2 for
all c, d ∈ R. With c = √

an and d = 1
n this gives

√
an

n
≤ an

2 + 1
2n2 =: bn.

We can bound
0 ≤

∞∑
n=1

√
an

n
≤

∞∑
n=1

an

2 +
∞∑

n=1

1
2n2 < ∞,

and both
∑∞

n=0 an and
∑∞

n=0
1

n2 converge. We conclude by the comparison test that

∞∑
n=1

√
an

n

converges.
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