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Exercise 1. (Old exam question)
a) Show that 332 77— = 3.

b) Does the following series converge? Does it converge absolutely?

Z Fg
Name the convergence tests/theorems that you use.

c¢) Calculate the radius of convergence of the series
° 2
z + 4zt + 92° + 16210 4 - = Zn%’"

If you are using a result about radius of convergence from the lecture, write
down the complete statement of this result.

Solution.

a) First note that 4k — 1 = (2k — 1)(2k + 1). By partial fraction decomposition
(or by guessing), we obtain

1 _1( 11 >
42 -1 2\2k—-1 2k+1)°

We consider the partial sums

0= g1 =32 (31~ 37

n-— 2 _ 9 _

= 4k 24~ \2k—-1 2k+1
1 1 1 1 1
:O—+ —+f—7+~~+ — )
2 5 7 2n—1 2n+1

1
= 1-—
2( 2n+1)

where the last equality follows because this is a telescoping sum. Now take the
limit n — oo of the partial sums:

= 1

. 1
oot T ey

which proves the claim.
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1
Vn2—1
is decreasing and tends to 0. However, the series does not converge absolutely,

because -
> lanl = Z Z -
n=2

The harmonic series diverges. Therefore, by the comparison test, the series

b) The series converges by the alternating series (Leibniz) test, since a, =

Z W
also diverges (in absolute value). Thus the given alternating series is conditionally
convergent.
c) Here the coefficients of the power series are
n if n is a perfect square,
" 0 otherwise,
hence the radius of convergence is

1
R=—"——-—=1.
lim;, 00 /1

Exercise 2. Let s > 1 be a real number. Use the Cauchy condensation test to show
that the series

> 1
ngo nlogn [loglogns
converges.
Solution. Set )
n = n > 3.

nlogn [loglogn|s’

Then a,, > 0 for all n > 3 and (a,) is decreasing. By Cauchy’s condensation test,

oo oo
Z an converges <= Z ZkGQk converges.
n=3 k=1

Compute
2k 1

ay = = :
28 = ok log(2%)[loglog(2¥)]*  klog2[log(klog2)]®
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There exists kg such that for k& > kg, we have
1
log(klog2) = log k + loglog2 > 3 log k,

Hence, for k > ko,

N 12 1
2" = log2 k[ilogkls  log2 k(logk)s’

Therefore the condensed series is bounded above by a constant multiple of

Zklogk

1

Apply Cauchy’s condensation again to ¢ = W:

om
m(mlog?2)s  (log2)sms’

QmCQm =

which is the general term of a constant multiple of the series Zn>2 for s > 1 hence
convergent (see Example 4.14 in the lecture notes). Thus Zk;?ck converges, so by
comparison the condensed series .72 ; 2¥ay, converges. By the condensation test, the
original series also converges.

Exercise 3. Show that the following series of real numbers converge and calculate
their values.

a) Yoo g™ for a real number x € R with |z|<1,

b) ) (_1)n2n—1+1

n=1 3n

) Yoo wk for k €N,
d) XnZo 5

2
€) Ynto g

Solution.
a) We have
$n+1
Zx —nlglgoZﬂf = Jlm
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b)

Since |z| < 1, we have lim,, o 2™ = 0. Thus

17xn+1 1
lim = .
n—oo 1 —zxg 1—=x

- o .n : o1
Therefore the series » 2™ converges and its sum is 1—.

We first rewrite:

(—nm2nt41 1 <—2>" N 1
3n 2.3 3

As in part (a), we recognize two geometric series, since both %2 and % have

absolute value less than 1. Hence

Sl Z( 2y sel 11 1 3.3 18
— 3n —3r 21-=2 1-1 10 2 10

3

Since the series in the problem starts at n = 1, we subtract the n = 0 term,
which is %, obtaining

i npmen~t41 18 3 3
— 3n 100 210

Since % < 1, we again use the geometric series:

> 1 1

Z5n:5k25n:7 1_%:4,5k71‘

= < 3 for all n € N. Indeed,

<5>”— (1+3)">1+3n>n

2) 2) T2

by the Bernoulli inequality. Since > 2, Qn converges and all terms are positive,
the comparison test yields convergence of > 72 <%

The series converges. We note that

To compute the sum, set S = >° Then

n= 0571'

oo

n = n n+1 5
55:25717_1:2571_122 =5+ 2571* 1

n=0 n=1 n=0

Thus 55 =5 + %, and hence
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e) The series converges. We have g—j < 2% for all n € N. Indeed,

3\" & [n) 3\ 3 .1 9 9% 9 3
I+5) = Z) >1+ind-nn—1)> =" —-n+-n+1>n’
( +2) ,;_;)(k) (2) > +2n—|—2n(n )4 3 8n+2n+ n
Thus > 0%, ?—i converges by comparison.

o TL2

To compute the sum, set S = > £x- Then

~ & n? 2 n? S (n+1)2 &n? n o= 1 = 5
BS=) mT = X g T T gt gt 5 =SS+
n=0 n=1 n=0 n=0 n=0 n=0
Thus 5 5 15
55 =5+ 6t1 = S 3

Exercise 4. Let (a,)%, be a sequence of non-negative real numbers that converges
to 0. We define

10 +a) = tim [T +an)
n=0 k=0

in the same sense as series. Show this:
o0 o0
Z an converges < H (1 + ay) converges, with limit # 0.
n=0 n=0
Hint: Prove and use that %:L’ <log(1 + z) < z holds for sufficiently small z € R>¢.

Solution. Since exp(z) > 1+ z for all z € R and log : R5o — R is monotone
increasing, we have

log(exp(z)) > log(1 +2) <= @ > log(1 + a).

Moreover,
©  _k

0o _k

1, T T

2= or <2 on
k=0 k=0

If x € [0, 1], then

ixk 2 14 % 1y
—_ = = — z.
k:02k 2—x 2—x

Thus we obtain .
e3® <l+z = 3% <log(l+z) <.
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Now assume that the sequence (ay)2, tends to 0. Then there exists N € N such
that 0 < a, < 1 for all n > N. Hence,

1
3n <log(l+ayn) <a, foralln> N.

Summing these inequalities gives

3 2": ay < E”: log(l—i—ak):log(ﬁ(l—i-ak)) < zn: ag.

k=N k=N k=N

_

Letting n — oo yields the desired result.

Exercise 5. Decide which of the following series converge.

= _n N N Vi = 1
2) z_%)n2—|-1 b) Zl vn ) Z_:l n2 d) z_‘; (n!)2
o k9 1 s %
) Zl log(”TH) ) ; log(n)™ g) ZQ m h) Zl log (1 + %)
Solution.

a) Diverges: With the index shift n = m — 1, we study the series

i m—1
m:1(m—1)2—i—1'
Set a,, = ﬁ Then
L m-1 m-1_1_1 _,
T m2—2m+2 7 m?2 m m2 "

. . 1
because m > 1. The series Z;’,lel bm does not converge, since > ;71 - converges
but the harmonic series ) ;7_; -~ diverges. Since 0 < by, < ap,, the comparison
test implies that > °_; a,, diverges.

b) Converges: We apply the alternating series test. Let a,, = ﬁ Then
o 1imn4)OO ﬁ — O,
o ap > 07

. . . 1 1
o ap > apy1, since v/n < y/n+ 1 implies NIRvos T

Thus the series converges by the alternating series test.
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c¢) Converges: Since Y o2, % converges, the given series converges absolutely.

d) Converges: For n > 1 we have n! > n, hence
1 1

(n!)? = n?’

By the comparison test, the series converges.
e) Diverges: Using log(st) = log(s) + log(t) for s,t > 0, we get the telescoping sum

N

Zl <n + 1> =Y (log(n+ 1) —log(n)) = log(N + 1) — log(1).

n=1

Since log grows unboundedly, the sum diverges as N — oc.

f) Converges: We use the root test. Let a, = Then

Ty
1
log(n)

since log(n) — oo. Therefore the series converges.

Vlan| = — 0

g) Converges: We estimate

1
n(n+1)(n+2)

1
< -
n3

Since > o2, % converges, the given series converges by comparison.

h) Converges: We use the inequality

1 1
n n

(from Exercise 4). Since > o2 n% converges, the original series also converges

by comparison.

Exercise 6. (Hard)

a) Calculate the radius of convergence R of the power series

(Vn?+n — \/n2+1)” "
™.

S O

b) Show convergence of the power series at the two points —R, R € R.
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Solution.

a) We use the root test. Let p = limsup,,_,. ¥/|an|. Then

: Vn2+n—+vn?2+1
p = lim sup .

n—o00 n2/"

We may compute the limits of numerator and denominator separately (if they
exist). First,

im L g 1\ i L 2
nl—>Igo n2/n - nl—>Igo nl/n - nl_{& nl/n ’
using continuity of z — 2. Moreover,

lim —— = lim 2% =1,
n=oo pl/n #5550

since the identity! lim,_,o2* = 1 holds for any sequence z, — 0, in particular
1

Ty = ;.

For the numerator v/n2 +n — v/n2 + 1 we convert a difference of square roots
a? — b2'
a+b

into a quotient using (a — b) =

n—1
VnZ+n+vn?+1

Vn2+n—vn2+1=

The term m vanishes as n — oo. For the remaining part,

n

n 1
\/n2+n+x/n2+1_n\/1+%+\/1+# - Viti+ i+

By continuity, the terms % and n—12 vanish as n — oo, hence

1

1
: 2 _ 2 — ——
nh_r)n <\/n +n \/n +1)7\/I+\ﬁ72'

Therefore,

1 1 1
_ : . 3 2 _ 2 — 1. = =

Thus the radius of convergence is R = % =2.

!See Example 3.64 (iii) in the lecture notes.
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b) We check convergence of the power series at R =2 and —R = —2.

As above,

(Vn?+n—vn2+1)" (n—1)"
n2 _n2(\/n2—|—n—|—\/n2—|—l)"'
Using vn2 +n++vn?2 +1 > 2n and ”T_l < 1, we obtain

2 _ 2 n o n
(VnZ4+n—+/n?+1) S12<n 1) _ 1
n

n?2 2n - 2np2’
Thus,
oo o0 o0
(Vn24+n—+vn2+1)" 1 1
Z n2 2n§22nn2'2n22ﬁ<00'
n=1 n=1 n=1
Therefore the power series converges absolutely at both z = 2 and z = —2.

Exercise 7. If {a,} is a monotone decreasing sequence of positive terms such that
Yo% | ap is convergent, then

lim na, = 0.

n—oo

Solution. Let (a,) be positive, decreasing, and assume Y > a, converges. Let
Spn =Y 1 1ar and S = lim;,_,o Sp.

Fix n and let m = |n/2]. Since (a,) is decreasing, we have

ap > a, fork=m+1,...,n.
Thus,
n
n
Z ar > (n—m)a, > —ap.
2
k=m+1
But

n
> ar="58—59m <8 = 5n ——0,
m—r0o0
k=m+1
because the series converges. Therefore

gangS—Sm—w,

which implies
na, — 0.

Thus, if (a,) is positive, decreasing, and > a,, converges, then lim,,_,~ na, = 0.

Exercise 8.
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a) Let w = re® # 0. Show that the n-th roots of w (i.e. the solutions z € C of
2™ = w) are given by

{(L/?ei(%) [k=0,1,...,n—1}.
In particular, for w = 1 the n-th roots are
{e2™/M |k =0,1,...,n— 1},
and are called the n-th roots of unity.

b) For every integer n > 2, show that

n—1

Z 6i27rlc/n = 0.

k=0
Illustrate the identity with a sketch for n = 2,3, 5.

Solution.
a) Write w = re’® with » > 0 and 6 € R (polar form). We seek all z € C such that
2" = w. Write z = pe’? with p > 0 and ¢ € R. Then
SN — pneimp _ TeiO'
Comparing moduli and arguments yields

n

pl=r = p=3r, ne =6 (mod 2m)

0 + 27k
= p= +n7r’ ke{0,1,...,n—1}.

Therefore the solution set is
{ Uy @F2mR)/n g 01— 1}.
For w =1 we have r = 1, § = 0, and we obtain the n-th roots of unity

{e2mk/n | =0,1,...,n—1}.

b) Set w = €7/". Then w® = e7™%/" are the n-th roots of unity. For n > 2 we
have w # 1, and the finite geometric sum gives

-1
nz:wkzl—w": 1-1 _ o
P 1—w 1—w

10
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Thus,
n—1
Z oi2mk/n _
k=0

Geometric interpretation: The points e”2™/™ form the vertices of a regular n-gon

on the unit circle, and by symmetry their vector sum is 0.

11



