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Exercise 1. Let X be a set and let A ⊆ P(X) be a collection of subsets of X. Show
the De Morgan laws for unions and intersections of sets:

a) ( ⋃
A∈A

A

)c

=
⋂

A∈A
Ac

b) ( ⋂
A∈A

A

)c

=
⋃

A∈A
Ac

Solution. Let X be a set and let A ⊆ P(X) be a family of subsets of X. We will
prove the two De Morgan laws.

a) Let x ∈ X be arbitrary.

x ∈
( ⋃

A∈A
A

)c

⇐⇒ x /∈
⋃

A∈A
A

⇐⇒ for all A ∈ A, x /∈ A

⇐⇒ for all A ∈ A, x ∈ Ac

⇐⇒ x ∈
⋂

A∈A
Ac.

Thus every element of the left-hand side belongs to the right-hand side and vice
versa, so the two sets are equal.

b) Again, let x ∈ X.

x ∈
( ⋂

A∈A
A

)c

⇐⇒ x /∈
⋂

A∈A
A

⇐⇒ there exists A ∈ A such that x /∈ A

⇐⇒ there exists A ∈ A such that x ∈ Ac

⇐⇒ x ∈
⋃

A∈A
Ac.

Hence the two sides are equal.
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Exercise 2. (Multiple choice) Consider the set

B =
∞⋃

n=2
[0, 1 − 1/n] ,

consisting of a countable union of closed intervals. Which of the following assertions
are true?

a) B is an open set.

b) B is a closed set.

c) B is a bounded interval.

d) B is an unbounded interval.

Solution. We have that

B =
∞⋃

n=2
[0, 1 − 1/n] = [0, 1),

which means that c) is true and a), b), d) are false.

Exercise 3. Let (xn)∞
n=0 be a bounded sequence in R, and let E ⊆ R be the set of

accumulation points of (xn)∞
n=0. Show that

lim sup
n→∞

xn = max(E), lim inf
n→∞

xn = min(E).

Solution. Let (xn)n≥0 be a bounded real sequence and let E ⊂ R be the set of its
accumulation points. Recall

lim sup
n→∞

xn = lim
n→∞

(
sup
k≥n

xk

)
=: s, lim inf

n→∞
xn = lim

n→∞

(
inf
k≥n

xk

)
=: i.

Since (xn) is bounded, the tail suprema and infima are bounded, so s, i ∈ R. Also,
by Corollary 2.112, E ≠ ∅. We show that E has a maximum and a minimum, and
s = max(E) and i = min(E).

Step 1: s ∈ E. Fix ε > 0. By the definition of s = lim supk≥n xk, there is N such
that for all n ≥ N ,

sup
k≥n

xk < s + ε.

In particular, xk < s + ε for all sufficiently large k.
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Also, again by the definition of the limit of the tail suprema, for all m there exists
nm with

sup
k≥nm

xk > s − 1
m .

Thus we can choose km ≥ nm such that xkm > s − 1
m . By construction, km can be

taken strictly increasing, and then

s − 1
m < xkm < s + ε for large m.

Hence xkm → s, so s is a subsequential limit, i.e. s ∈ E.

Step 2: y ∈ E =⇒ y ≤ s. Let y ∈ E. Then there is a subsequence xnj → y. For
each n, supk≥n xk ≥ xnj whenever nj ≥ n. Taking j → ∞ and then n → ∞ yields
s = limn supk≥n xk ≥ y. Thus every accumulation point is ≤ s.

From Steps 1 and 2 we conclude s = max(E).

Step 3: i = min(E). The proof is analogous. Using i = limn infk≥n xk, for every
ε > 0 there are infinitely many k with xk < i + ε, and eventually xk > i − ε. Selecting
km with xkm < i + 1

m shows xkm → i, so i ∈ E. If y ∈ E with xnj → y, then
infk≥n xk ≤ xnj for nj ≥ n, hence i = limn infk≥n xk ≤ y. Therefore i = min(E).

Exercise 4. Find an example of a continuous function f : R → R such that the
limit of the sequence (f(n))∞

n=0 exists, but not the limit lim
x→∞

f(x). Interpret this in
terms of Lemma 3.57, and the following question: For a real number A, how does one
translate the statement

lim
x→∞

f(x) = A,

correctly into a statement about convergence of sequences?

Hint: Exercise 7 of sheet 5 could provide inspiration for a counterexample.

Solution. Let f : R → R be defined by

f(x) = inf
k∈Z

|x − k|.

Then f(n) = 0 and f
(
n + 1

2

)
= 1

2 for all n ∈ Z. Hence, the limit lim
x→∞

f(x) does not
exist.

The correct formulation is as follows: For a real number A, the following statements
are equivalent:
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1. lim
x→∞

f(x) = A.

2. For every sequence of real numbers (xn)∞
n=0 with lim

n→∞
xn = ∞, we have

lim
n→∞

f(xn) = A.

The proof is analogous to the proof of Lemma 3.57, except that instead of sequences
converging to some limit x̄ ∈ R, we now consider sequences that diverge to ∞.

Exercise 5. Study the pointwise and uniform convergence of the following sequences
of functions:

a) fn(x) = n
√

x, x > 0, n ≥ 1,

b) fn(x) = ex

xn , x > 0, n ≥ 1,

c) fn(x) = e−nx2
, x ∈ R, n ≥ 1,

d) fn(x) = e−nx2

n , x ∈ R, n ≥ 1.

Solution. We study pointwise and uniform convergence of the sequences of functions.

a) fn(x) = x1/n on (0, ∞).

For every fixed x > 0,
lim

n→∞
x1/n = 1,

hence fn → f ≡ 1 pointwise on (0, ∞).

Uniform convergence on (0, ∞) fails. Indeed, for each fixed n,

sup
x>0

|x1/n − 1| = ∞,

since x1/n → ∞ as x → ∞. So when we let n → ∞, the difference doesn’t get small.

b) fn(x) = ex

xn
on (0, ∞).

Pointwise limits: if 0 < x < 1, then xn → 0 and fn(x) → +∞; if x = 1, then
fn(1) = e; if x > 1, then xn → ∞ and fn(x) → 0. Hence there is no pointwise limit
as a real-valued function on (0, ∞). If the pointwise limit does not exist, we cannot
have a uniform limit either.

c) fn(x) = e−nx2 on R.
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For each x ∈ R,

fn(x) −→ f(x) :=

1, x = 0,

0, x ̸= 0,

so the pointwise limit f is discontinuous at 0.

There is no uniform convergence on R:

sup
x∈R

|fn(x) − f(x)| = sup
x̸=0

e−nx2 = 1,

since e−nx2 → 1 as x → 0.

d) fn(x) = e−nx2

n
on R.

Pointwise, fn(x) → 0 for every x. Moreover,

sup
x∈R

|fn| = sup
x∈R

e−nx2

n
≤ 1

n
−−−→
n→∞

0,

so fn → 0 uniformly on all of R.

Exercise 6. Check if the following series converge or diverge to +∞. Calculate the
value of the series in case they converge.

(a)
∞∑

n=0

n

n4 + n2 + 1 (b)
∞∑

n=1

log(2n)
en

Solution.

(a) The series converges: We can estimate

n

n4 + n2 + 1 ≤ n

n4 = 1
n3 ,

and
∑∞

n=0
1

n3 converges. By the comparison test, the series

∞∑
n=0

n

n4 + n2 + 1

also converges.
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The limit: We now compute the partial sums. Note that the denominator can
be rewritten as

n4 + n2 + 1 = (n2 + 1)2 − n2 = (n2 + 1 − n)(n2 + 1 + n).

Furthermore,

n

n4 + n2 + 1 = n

(n2 + 1 − n)(n2 + 1 + n) = 1/2
n2 + 1 − n

− 1/2
n2 + 1 + n

.

If we define
an = 1/2

n2 + 1 − n
,

then
n

n4 + n2 + 1 = an − an+1.

Therefore, the N -th partial sum is

N∑
n=0

n

n4 + n2 + 1 =
N∑

n=0
(an − an+1) = a0 − aN+1 = 1

2 − 1/2
N2 + 1 + N

.

Taking the limit as N → ∞, we obtain
∞∑

n=0

n

n4 + n2 + 1 = 1
2 .

(b) We first rewrite
∞∑

n=1

log(2n)
en

= log(2)
∞∑

n=1

n

en
.

The latter series converges: For the sequence an = n
en we have

an+1
an

= n + 1
en+1 · en

n
= n + 1

en
,

whose limit is 1
e < 1. By the ratio test, the series

∑∞
n=1

n
en converges.

The limit: Let
S =

∞∑
n=1

n

en
.
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Then

eS =
∞∑

n=1

n

en−1 =
∞∑

n=0

n + 1
en

=
∞∑

n=0

n

en
+

∞∑
n=0

1
en

= S + 1
1 − 1

e

.

Hence
(e − 1)S = e

e − 1 .

We conclude that ∞∑
n=1

log(2n)
en

= log(2)e
(e − 1)2 .

Exercise 7. The hyperbolic sine and hyperbolic cosine are defined by the power
series

sinh(x) =
∞∑

k=0

x2k+1

(2k + 1)! , cosh(x) =
∞∑

k=0

x2k

(2k)! .

Prove that the identity

cosh2(x) − sinh2(x) = 1 ∀ x ∈ R.

holds.

Solution. By the power–series definition of the exponential,

ex =
∞∑

n=0

xn

n! and e−x =
∞∑

n=0

(−x)n

n! .

Splitting each series into its even and odd parts gives

ex =
∞∑

k=0

x2k

(2k)! +
∞∑

k=0

x2k+1

(2k + 1)! = cosh x + sinh x,

e−x =
∞∑

k=0

x2k

(2k)! −
∞∑

k=0

x2k+1

(2k + 1)! = cosh x − sinh x.

(The rearrangements are legitimate because these power series converge absolutely for
every x ∈ R.)

Hence

cosh2 x − sinh2 x = (cosh x + sinh x)(cosh x − sinh x) = ex e−x = 1 ∀ x ∈ R.

Exercise 8. (Hard) Let f : R → R be a function that satisfies the Cauchy functional
equation:

f(x + y) = f(x) + f(y), for all x, y ∈ R.
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a) Assume that f is continuous everywhere and satisfies the Cauchy functional
equation. Prove that f(x) = ax for some constant a ∈ R.

Hint: First prove that f(x) = ax for x ∈ Q.

b) Assume that f is continuous at 0 and satisfies the Cauchy functional equation.
Prove that f is continuous everywhere in R.

Solution. Let f : R → R satisfy Cauchy’s functional equation f(x + y) = f(x) + f(y)
for all x, y ∈ R.

a) Assume f is continuous on R.

First note that

f(0) = f(0 + 0) = f(0) + f(0) ⇒ f(0) = 0,

and for every n ∈ N,

f(nx) = f(x + · · · + x︸ ︷︷ ︸
n times

) = f(x) + · · · + f(x)︸ ︷︷ ︸
n times

= n f(x).

For n ∈ N we also get f(−x) = −f(x) by 0 = f(0) = f(x+(−x)) = f(x)+f(−x),
hence for n ∈ Z,

f(nx) = n f(x).

Let a := f(1). For any m ∈ Z we have f(m) = m a. If q = m
n ∈ Q with n ≥ 1,

then

n f

(
m

n

)
= f

(
n · m

n

)
= f(m) = m a ⇒ f(q) = m

n
a = aq.

Thus f(q) = aq for all rational q.

Now fix x ∈ R. Choose a sequence of rationals (qk) with qk → x. By continuity
of f and the density of rational numbers in R (Corollary 2.60),

f(x) = lim
k→∞

f(qk) = lim
k→∞

a qk = a x.

Hence f(x) = ax for all x ∈ R.

b) Assume f is continuous at 0. We already observed from Cauchy’s equation that
f(0) = 0. Let x ∈ R and let h → 0. Using additivity,

f(x + h) − f(x) = f(x) + f(h) − f(x) = f(h) −−−→
h→0

f(0) = 0,

because f is continuous at 0. Hence limh→0 f(x + h) = f(x), i.e. f is continuous
at x. Since x was arbitrary, f is continuous everywhere.
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