
d-math
Prof. Alessio Figalli

Analysis I: one Variable
Solutions 9

ETH Zürich
HS 2025

Fundamental exercises - make sure to try to solve and
understand the solutions

Exercise 1. (Important)

a) Be aware of the Study Center, in case you would like some help to learn to solve
math problems.

b) Go to the website of Respect @ ETH Zurich and find out what you can do if
you experience or observe something similar.

c) Watch some videos on the Youtube channel Polyquity EPFL.

Exercise 2. (Multiple Choice) We say that a function f : D → R has a local
maximum at x0 if there exists δ > 0 such that

f(x) ≤ f(x0) ∀x ∈ D ∩ (x0 − δ, x0 + δ).

Which of the following statements are true?

a) If x0 is a local maximum of f , then f(x0) ≥ f(x) for all x ∈ D.

b) If f is differentiable on D and f ′(x0) = 0, then f has a local maximum or a
local minimum at x0.

c) If f is differentiable on D and f has a local maximum or a local minimum at
x0, then f ′(x0) = 0.

d) If f is not differentiable on D, then f cannot have a local maximum on D.

Solution.

a) False, a local maximum need not be a global maximum. For example, f(x) =
x3 + x2 has a local maximum at x = −2/3, but f has no global maximum on R
because it is unbounded from above.

b) False, f ′(x0) = 0 can mean that x0 is a saddle point of f , so neither a maximum
nor a minimum. For example, x = 0 is a saddle point of the function f(x) = x3.

c) True, this is Proposition 5.27.

d) False, x = 0 is a local maximum for f(x) = −|x|.

Exercise 3. (∗) Calculate the derivative of the following functions fi : R → R:
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a) f1(x) =
√

1 + x2

b) f2(x) = cos(cosx)

c) f3(x) = exp
(

1
1+x4

)
d) f4(x) = ex−1

ex+1

e) f5(x) = xsin x (defined only for x > 0)

Solution.

a) f ′
1(x) = 2x

2
√

1+x2 = x√
1+x2

b) f ′
2(x) = − sin(cosx) · (− sin x) = sin(cosx) sin x

c) f ′
3(x) = exp

(
1

1+x4

)
−4x3

(1+x4)2

d) f ′
4(x) = ex(ex+1)−(ex−1)ex

(ex+1)2 = 2ex

(ex+1)2

e) f ′
5(x) = (esin x log x)′ = esin x log x( sin x

x + cosx log x) = xsin x( sin x
x + cosx log x).

Exercise 4. (∗) Calculate the following limits using l’Hôpital’s rule.

(a) lim
x→0

sin(x) − x

x2 sin(x) (b) lim
x→0

ex − x− 1
cosx− 1 (c) lim

x→2

x4 − 4x

sin πx

(d) lim
x→−∞

x3ex (e) lim
x→0

(sin x
x

) 1
x2

Solution.

(a) Indeterminate form 0
0 . We compute using l’Hôpital’s rule:

lim
x→0

sin(x) − x

x2 sin(x) = lim
x→0

cos(x) − 1
2x sin(x) + x2 cos(x) .

Still the indeterminate form 0
0 . Applying l’Hôpital’s rule again, this is the same

limit as
lim
x→0

− sin(x)
2x cos(x) + 2 sin(x) + 2x cos(x) − x2 sin(x) .

Still the indeterminate form 0
0 . Applying l’Hôpital’s rule again, this is the same

limit as

lim
x→0

− cos(x)
2 cos(x) − 2 sin(x) + 2 cos(x) + 2 cos(x) − 2x sin(x) − 2x sin(x) − x2 cos(x) .

This limit is equal to −1
2+2+2 = −1

6 .
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(b) Indeterminate form 0
0 . We compute using l’Hôpital’s rule:

lim
x→0

ex − x− 1
cosx− 1 = lim

x→0

ex − 1
− sin x− 1 .

Still the indeterminate form 0
0 . Applying l’Hôpital’s rule again gives the same

limit:
lim
x→0

ex

− cosx.

This limit equals −1.

(c) Indeterminate form 0
0 . Note that 4x = exp(x log(4)), and therefore

(4x)′ = (exp(x log(4)))′ = log(4) exp(x log(4)) = log(4)4x.

We compute using l’Hôpital’s rule:

lim
x→2

x4 − 4x

sin(πx) = lim
x→2

4x3 − log(4)4x

π cos(πx) = 16(2 − log 4)
π

.

(d) We want to create an ∞
∞ indeterminate form, so we rewrite:

lim
x→−∞

x3ex = lim
x→−∞

x3

e−x
.

Using l’Hôpital’s rule, this is the same limit as

lim
x→−∞

3x2

−e−x
.

Applying l’Hôpital’s rule again:

lim
x→−∞

6x
e−x

.

Applying l’Hôpital’s rule once more:

lim
x→−∞

6
−e−x

.

Therefore the limit is 0.
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(e) First rewrite:

lim
x→0

(sin x
x

) 1
x2

= lim
x→0

exp
( 1
x2 log

(sin x
x

))
= exp

(
lim
x→0

1
x2 log

(sin x
x

))
,

since exp is continuous.

We have the indeterminate form 0
0 . Using l’Hôpital’s rule:

lim
x→0

1
x2 log

(sin x
x

)
= lim

x→0

1
2x

1
sin x

x

x cosx− sin x
x2 = lim

x→0

x cosx− sin x
2 sin(x)x2 .

This limit is solved as in part (a) and equals −1
6 . Therefore the original limit is

lim
x→0

(sin x
x

) 1
x2

= exp
(

−1
6

)
.

Exercise 5. (∗∗) Suppose we know that f is continuous and differentiable on the
interval [−5, 0], that f(−5) = −3 and that f ′(x) ≤ 2. What is the largest possible
value for f(0)?

Solution. By the Mean Value Theorem, there exists c ∈ (−5, 0) such that

f(0) − f(−5)
0 − (−5) = f ′(c).

Since f ′(x) ≤ 2 on [−5, 0], we get

f(0) − (−3)
5 ≤ 2 =⇒ f(0) + 3 ≤ 10 =⇒ f(0) ≤ 7.

Hence the largest possible value is 7.

This bound is attainable, e.g. by

f(x) = 2(x+ 5) − 3 = 2x+ 7,

for which f(−5) = −3, f ′(x) = 2 ≤ 2, and f(0) = 7.
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Further exercises

Exercise 6. (∗∗) Let D ⊆ R be a non-empty subset without isolated points, and let
f, g ∈ Cn(D). Explain why fg ∈ Cn(D) holds and show

(fg)(n) =
n∑

k=0

(
n

k

)
f (k)g(n−k) .

Note: The aim of this exercise is to formulate the proof of Corollary 5.11. f (n) denotes
the n-th derivative of f .

Solution. We prove the statement by induction.

n = 1: This gives the classical product rule

(fg)(1) = fg′ + f ′g =
1∑

k=0

(
1
k

)
f (k)g(1−k).

n > 1: We assume that the statement

(fg)(m) =
m∑

k=0

(
m

k

)
f (k)g(m−k)

holds for all m ≤ n, and we prove

(fg)(n+1) =
n+1∑
k=0

(
n+ 1
k

)
f (k)g(n+1−k).

We use linearity and the ordinary product rule (the case n = 1) for differentiation:

(fg)(n+1) =
(
(fg)(n))′ =

n∑
k=0

(
n

k

)(
f (k)g(n−k)

)′

=
n∑

k=0

(
n

k

)(
f (k+1)g(n−k) + f (k)g(n+1−k)

)

=
n+1∑
k=1

(
n

k − 1

)
f (k)g(n+1−k) +

n∑
k=0

(
n

k

)
f (k)g(n+1−k)

=
(
n+ 1

0

)
f (0)g(n+1) +

(
n+ 1
n+ 1

)
f (n+1)g(0) +

n∑
k=1

((
n

k

)
+
(

n

k − 1

))
f (k)g(n+1−k).
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The desired statement

(fg)(n+1) =
n+1∑
k=0

(
n+ 1
k

)
f (k)g(n+1−k)

now follows from (
n

k

)
+
(

n

k − 1

)
=
(
n+ 1
k

)
.

The latter identity follows from(
n

k

)
+
(

n

k − 1

)
= n!
k!(n− k)! + n!

(k − 1)!(n− k + 1)! = n!(n− k + 1 − k)
k!(n− k + 1)! =

(
n+ 1
k

)
.

Exercise 7. (∗∗) We consider the function

fn : R → R
x 7→ sgn(x)xn+1.

for every non-negative integer n ∈ N0.

a) Show that fn is continuous.

b) Show that the derivatives f ′
n, f

(2)
n , ..., f

(n)
n exist.

c) Calculate f (n)
n and conclude that the inclusions Cn+1(R) ⊂ Cn(R) are strict

inclusions.

Solution.

a) We have seen in the lecture that xn+1 is continuous on all of R. Away from
x = 0, the function sgn(x) is also continuous since it is constant there. It follows
that, away from x = 0, the functions fn are continuous for all n ∈ N0, since
they are combinations of continuous functions.

At x = 0, however, sgn(x) has a jump discontinuity, since

lim
x→0−

sgn(x) = −1 ̸= 0 = sgn(0) ̸= 1 = lim
x→0+

sgn(x).

For n ≥ 0, however, we have

lim
x→0

fn(x) = lim
x→0

sgn(x)xn+1 = 0 = fn(0),

and thus fn(x) is continuous for all n ≥ 0.
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b) We again distinguish the cases x ̸= 0 and x = 0.

• For x ≠ 0, fn(x) is the product of two differentiable functions, so we can
apply the product rule:

f ′
n(x) = (sgn(x))′ xn+1 + sgn(x) (xn+1)′ = (n+ 1) sgn(x)xn.

• At x = 0, we compute the derivative using the definition:

f ′
n(0) = lim

t→0

fn(0 + t) − fn(0)
t

= lim
t→0

sgn(t) tn+1

t

= lim
t→0

sgn(t) tn

= lim
t→0

fn−1(t).

This limit exists and equals fn−1(0) for n ≥ 1, but it does not exist for
n = 0 (see the argument in part (a)).

We conclude that fn(x) is differentiable for n ≥ 1, and by comparing the
formulas we see that

f ′
n(x) = (n+ 1) fn−1(x).

Repeating this computation shows that for 0 ≤ k ≤ n

f (k)
n (x) = (n+ 1)!

(n− k + 1)! fn−k(x).

c) Now fix n and consider fn. From part (b), we have established that fn is n
times differentiable and that

f (n)
n (x) = (n+ 1)! f0(x).

Since f0(x) is continuous by part (a), we have fn(x) ∈ Cn(R). Finally, since we
have seen that f0(x) is not continuous, and hence not differentiable, we conclude
that

fn(x) /∈ Cn+1(R).

Exercise 8. (∗ ∗ ∗) We consider the function ψ : R → R, defined by

ψ : x ∈ R 7→
{

exp
(
− 1

x

)
if x > 0

0 if x ≤ 0
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Figure 1: Graph of the function of exercise 8.

Show that ψ is smooth on R and that all its derivatives vanish at 0.

Hint 1: Show by induction that for x > 0

ψ(n)(x) = exp
(

− 1
x

)
fn

(1
x

)
where fn(x) is a polynomial.

Hint 2: To calculate the derivative at x = 0, use that the exponential function grows
faster than any polynomial i.e.

lim
y→∞

yn

exp(y) = 0,

and set x = 1
y .

Solution. For x < 0 there is nothing to show, since the derivative of the zero function
is the zero function. For x > 0 one sees, using the chain rule, that

ψ′(x) = exp
(

− 1
x

) 1
x2 , ψ′′(x) = exp

(
− 1
x

) 1
x2

1
x2 + exp

(
− 1
x

) −2
x3

and more generally it follows by induction that

ψ(n)(x) = exp
(

− 1
x

)
fn

(1
x

)
, (1)

where fn is a polynomial. Indeed, for n = 1 and n = 2 we have already proved this
representation of the derivative, with f1(t) = t2 and f2(t) = t4 −2t3. For the inductive
step we assume that (1) holds for n ∈ N, and we obtain

ψ(n+1)(x) =
(

exp
(

− 1
x

)
fn

(1
x

))′

= exp
(

− 1
x

) 1
x2 fn

(1
x

)
+ exp

(
− 1
x

)
f ′

n

(1
x

) −1
x2

= exp
(

− 1
x

)
fn+1

(1
x

)
,
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where the polynomial fn+1 is defined by fn+1(t) = t2
(
fn(t) − f ′

n(t)
)
.

It remains to show that ψ is also differentiable arbitrarily many times at x = 0. For
this we cannot rely on differentiation rules, but must verify this directly using the
definition of the derivative. We claim that ψ(n)(0) = 0 for all n ∈ N.

To prove this claim we first show that for every polynomial f ,

lim
x→0

ψ(x)f
(

1
x

)
= 0. (2)

By linearity of the limit and since ψ(x) = 0 for x < 0, it is enough to show that
limx→0+ ψ(x)x−n = 0 for all n ∈ N. Setting y = 1

x , this is equivalent to

lim
y→∞

yn

exp(y) = 0,

and this follows from the inequality
(
1 + y

n+1

)n+1
≤ exp(y) for all y ≥ 0 and n ∈ N

(see Corollary 3.47).

We now show by induction that ψ(n)(0) = 0 for all n ∈ N. First, using (2), we obtain

ψ′(0) = lim
x→0

ψ(x) − 0
x

= lim
x→0

ψ(x) 1
x

= 0.

If we now know that ψ(n)(0) = 0 for some n ∈ N, then it follows that

ψ(n+1)(0) = lim
x→0

ψ(n)(x) − ψ(n)(0)
x− 0 = lim

x→0

ψ(x)fn
( 1

x

)
− 0

x
= lim

x→0
ψ(x)fn

(
1
x

)1
x

= 0.

This proves that ψ is smooth and satisfies ψ(n)(0) = 0 for all n ∈ N.

Exercise 9. (∗ ∗ ∗) Follow the steps below to prove the following statement:

Let f : (a, b) → R be differentiable, and let x0 < x1 be points in (a, b) with f ′(x0) ̸=
f ′(x1). Show that, for every α between f ′(x0) and f ′(x1), there exists c ∈ (x0, x1)
such that f ′(c) = α.

1. Without loss of generality, assume f ′(x0) < f ′(x1) and fix α ∈ (f ′(x0), f ′(x1)).

2. Consider the auxiliary function g(x) = f(x) − αx and show that g attains a
minimum at some c ∈ [x0, x1].

3. Prove that c cannot be one of the endpoints:
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(i) Since
g(x0 + h) − g(x0)

h
−−−−→
h→0+

g′(x0) = f ′(x0) − α,

and f ′(x0) < α, conclude that c ̸= x0.

(ii) Similarly, using that

g(x1) − g(x1 − h)
h

−−−−→
h→0+

g′(x1) = f ′(x1) − α,

and f ′(x1) > α, conclude that c ̸= x1.

4. Deduce that c ∈ (x0, x1), and use Proposition 5.26 to show that g′(c) = 0, hence
f ′(c) = α.

Solution.

1. Without loss of generality, assume that f ′(x0) < f ′(x1), and fix

α ∈ (f ′(x0), f ′(x1)).

2. Consider the auxiliary function

g(x) = f(x) − αx.

Since f is differentiable on (a, b), it is continuous, and therefore g is continuous
on [x0, x1]. Therefore, g attains a minimum at some point

c ∈ [x0, x1].

3. We now show that this minimum cannot occur at an endpoint.

(i) Suppose first that c = x0. Since g has a minimum at x0, the difference
quotient from the right must satisfy

g(x0 + h) − g(x0)
h

≥ 0 for all sufficiently small h > 0.

Passing to the limit h → 0+ gives

0 ≤ g′(x0) = f ′(x0) − α.

But by assumption f ′(x0) < α, so f ′(x0) − α < 0, a contradiction. Thus
c ̸= x0.
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(ii) Similarly, suppose that c = x1. Because g has a minimum at x1, the
left-hand difference quotient must satisfy

g(x1) − g(x1 − h)
h

≤ 0 for all sufficiently small h > 0.

Taking the limit h → 0+ gives

0 ≥ g′(x1) = f ′(x1) − α.

But f ′(x1) > α by assumption, so again we obtain a contradiction. There-
fore c ̸= x1.

4. We have shown that the minimum point satisfies

c ∈ (x0, x1).

Since g is differentiable and attains a local minimum at an interior point of its
domain, Proposition 5.26/Corollary 5.27 implies that

g′(c) = 0.

Finally,
g′(c) = f ′(c) − α = 0 =⇒ f ′(c) = α.
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