
Structure of the exam see Math Forum

1 Multiple choice True False closed answer questions 50 of
the grade similar to bonus exercises

2 Proofs from the lecture 25 of the grade From

a list of proofs that will be released in December

reproduce a few of them try to understand the proofs

3 Problems 25 of the grade Similar to the ones from
the exercise lists mostly with intermediate difficulty

Example for 2 Prove the Cauchy root criterion which says

Given a sequence en 9 0 define
α tipsy at ERuses

Then

21 on converges absolutely

1
en does not converge

Tip Try to extract the ideas of the proofs to remember

them better

For example in the Cauchy root criterion the ideas are

If α 41 from some no on Jan1 ypn.VE α lent α

Intent not geometric series with Oc a 1

If 2 1 what limsup tent 1 means is that there are

n x



infinitely many terms of the sequence an that are larger
than 1 so lant o and so en cannot converge

Note You don't have to remember the numbers of the
theorems If you want to use some theorem to prove for

example the couchy root criterion you can just say
since a convergent series oen verifies

then an so

from en o we conclude that the series is divergent instead

of by Proposition 4.3 the series is divergent

Note You don't need to remember the exact notation from
the proofs you can use your notation as long as it makes

sense For example use en instead of ok

Limsup Limint
Def Let xu be a bounded sequence in IR

lime n time see limit in time life
Example Let Xn In be the sequence in Ein
Let f 112407 IR be the function given by f x 1 sinx

We consider the sequence of real numbers f Xn
notice that this is not a function but a sequence indexedby n

Compute lines P flu and liminal flu



Solution Let us draw a picture to help us understand
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Let us compute 1 p flu

it fi 1 iiiitiate
Largest value is when

depending on k sin E k 1

So when K 4m 1 MEZ

limsup flat dig he 1
and
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For the limint his infn flat

iiteam Eta EEIEniEfed ii
sin E K 1
when K 4m 3 MEZ

so



limint fix e L b 1m Fn n di Ent 1
7th

aug K 4m 37

Remark Recall that a bounded sequence Xn converges

if and only if limsy n limit xu

Then we can conclude that flan does not converge

because a lipsyp flan light flat 1

However if we change the function fLN 1 1 sinx for
g x I sinx then repeating the same computation we

have limsup glial 0
n are

limint gun
so like 9 xn exists

non

9
É Épmme

Remark Even if you want to compute liminf end limsup



of a sequence xu without a function Een
you can still draw a picture For example for my 1

n 4
d if neven an
if n odd

limsup Xn 1 1
n x

liminfxnO.no i t s i s n

Exercise Exam HS 23 Given 270 consider the sequence

to 1 Kut 1 xp for u 0

a Prove that for a o n the sequence converges and

identify the limit

b Prove that for α 71 the sequence does not converge
Hint Consider the cases 2 1 and an separately

Solution
a we can start by computing the first few terms
to 1
x 1 2 0 1 α

2 1 xx n n d 1 α

It looks like we get a series when n o We prove by
induction that

n Etat α



Base case to EI n a A

Assume Xn c no Then

an 1 a xu 1 team rEE.name
a Emmouth at Einia Einia Ekman

c ns so

we have proved that xn If c Ma Estal which is

a geometric series Since 1 α 1 by assumption the series

converges and we can compute its exact value

Eta
Then

limiting In
b By the formula we proved

1mg m time Eta Eitan but if age then

11 211 1 Kyo so α o Therefore the

series doesn't converge and neither does the sequence Xn


