
Continuous functions Recap

Example Show that the equation x é artan x

hes one unique real solution Give a bounded interval that

contains the solution

Note arcton is the inverse function of the tan on

1 E E
Solution Since ten x is a continuous function and it is

strictly increasing on EE see Figure 4.7 in the lecture notes

by the Inverse Function Theorem its inverse tail x arcten x

is continuous and strictly increasing tance eroton x

ten x E E IR 4
1

ET
arctane IR 1,12 1 E

Define the function f IR IR f x x e arctox
A solution to the equation x e taratant o is

equivalent to an EIR s t flx 0

f is a continuous function on IR because it is the sum of continuous

functions x e arcton x We want to find two points

a b EIR s t fle co f b 0 Then by the Intermediate

Value Theorem we will conclude that x ̅ G a b sit feet 0

I will be a solution to the initial equation

We evaluate f on some easy values



flo of eo erytgnot
1 0

I

flat a et antony go

same sign not useful

because tan 1

fl 1 yet eaten n 20

I because tan E nLO

T
So fl n co fool so there is a solution in 1 1,0

Moreover the functions x ex arctent are all strictly monotone

increasing and so is their sum f is strictly monotone
increasing therefore f is injective so f can take the value 0

at most once The solution in 1,01 is unique

Exercise MC from HS 23 Let f 0,0 0,0

be a continuous function with flo 0 which of the

following implications is correct

a If f is uniformly continuous then f is bounded

b If f is unbounded then f is surjective
C If f is monotone then f is injective
d If f is Lipschitz continuous then f is differentiable

uniformly continuous

Solution Recall some definitions



f DEIR IR is uniformly continuous if E O 75 0

sit if x y d fix false

f D EIR IR is Lipschitz if FL 70 St

I fen fly L 1 41 x YED
Lipschitz constant

a is false fly satisfies flo 0 it is uniformly

continuous but f is unbounded

Let go and D E Then fix fly 1 x yl 5 E

b is true Towards proving surjectivity
let ye O X

Let May Since f is unbounded there
exists XMEEO.ro

sit f Xm M By the Intermediate Value Theorem

applied to o f o Xu f xm and since

Y MG f xn there exists some x ̅ E O XM such

that flxl̅ y Since y e to x was arbitrary we have

proved that f is surjective faut f
M

l

É
C Is false It says monotone not strictly monotone

Constant functions are monotone so f x 0 is a

Counterexample because it is not injective

d is true Lipschitz uniformly continuous



Suppose f is Lipschitz with constant L Let Ezo

and choose E Then if 1 41 co

I fix fly L x y LL d L E E

f is uniformly continuous

Exercise 2.37 in the lecture notes Let I be a

family of open subsets of IR and let F be a

family of closed subsets of IR Show
that

u is open and C is closed
UEUI

Solution Recall what open sets and closed sets
are

Def U EIR is open if x EU I open interval

sit X EI EU C EIR is closed if its complement

IRIC is open

Let's show that Ken is open so let's take an

arbitrary point Since belongs to a

union x belongs to at least one openset EU ELI

But we know that Ux is an open set which

means that I IR sit I Ux But actually
open



since Ux I then Ux U U so this implies
UELI

that x EI Ux Ye this tells us by definition
that It is open

Let's show that N C is closed we have to
CEF

show that its complement set is open

Epc
cc this is a union of open sets

because C are closed sets so their complements

C are open The first part of the exercise

tells us that UCC is open as we wanted to
CEF

show

Uniform convergence Recap

Def A sequence of functions fuln converges

uniformly to f on D if 70 INE NS.t

I fn x fell E for all nan and all ED

Equivalently

B I fulx fix 1 E for all ns N

Example The following sequence of functions is
uniformly convergent on IR



fu x 1 cos n x ER n EIN

If he nz n 3 the pictures are

fun n

Wit WTI immunity
To compute its pointwise limit we fix to EIR

and let n ro

L b fu xo he cos n.to since 11 cos no et

0 412 I limb casino timeIn 0

By the sandwich lemma limy cos n o 0 xoEIR

So the pointwise limit of fin on IR is the 0 function
Now that we know the pointwise limit of fn we

can show that for 0 uniformly on IR Let ESO

and choose N Then for n N

Yr fun 01 8 11 sina.xilsgypltul.si hl

E rlE E

E for
MUTE



Example The following sequence of functions is

not uniformly convergent on 0,1

fu x E 0,1 like in Exersice sheet 6

Let us compute the pointwise limit of fu fix to Eois
and let n re

Liz fu co his i

if xo o then like fu lol time 0 0

if xoeco.is then himfulxol limont.tn

I
if XE 0,1

Hence fu x Isefm if x 0

Let us see two ways to show that fu does not

converge to f uniformly on 0,1

Option 1 and quickest we learned in Theorem 3.83

that if fulis is a sequence of continuous functions
that converge uniformly to some function f then f is

continuous

Thererefore since fulx 1 is a continuous

function nEN but fix f i 1 60 is not



continuous then the convergence cannot be uniform

Option 2 we realise that if we evaluate fn et

we get

fat n.tt if 1 independent of 1

So for E fth
fulx flat 171 tell n

because n 12 0,1 nE IN

This means that 1,1 fulx flat s 0 so

the convergence is not uniform

In a picture

the n win

If
all ways ie
outside a

small E stripe
around the
limit fn 1

Ent



Moreover the following interesting thing happens
Let us now decouple a end fa In other words

a I fix
if 4 0

1 if ELO 1

fy n.fi fu Pitt x Keeton

life lime fe d mlimnflxmlyhim.gr 1

in gretted in In 70

non
0 0Libel mise
en is continuous know end

f o 0

Therefore lime lime films limb Limofu xml

So the order of the limits matter This is a

consequence of the fact that f the pointwise

limit function is not a continuous function see

picture above


