
Taylor Approximation and Analytic Functions

Recep

Let f a b IR be a function Let's say that we

want to approximate f by a simpler function like a

polynomial P e b IR We write

f x P x ELX

where E a b IR is a function that measures the

error in the approximation The fact that E exists

is direct given f and P then

E x f x P x

What is not so easy is to choose P such that the error

E is small end so the approximation is a good one

t

Good approximation of f
by P E f P is small

A good choice of P for an approximation of f
AROUND to a b is

Pn x x xos



We have a few theorems which justify that Pn is

a good approximation of f around to they quantify

how small the error is under differentiability conditions

on f

Thin 7.48 DEW fact at_ These are

different
ways to say
that ECN

Thm 7.50 Cx f x 401 becomes
small as to

for some 5 x E to Note E x 0

in all of the
Thm 7.52 E x lx 01 expressions

for E
Thm 7.53 E x 0 Ix xo1 t

Lender notation for Taylor

By definition
EC Ix ol him FI n fo This tells us

that ELX 0 faster than 1 41 the 0

E x 011 01 7670 070 sit LEWISC 1

for all x ro o tot o This tells us that

ELN 5o at most as fast as 1 1011 0

Note The Landau notation does NOT tell us

WHO E x is it only tells us How FAST

ELN To



We use Landau notation when we don't care

about who I is but only about how it grows decreases

For example let's interpret In a neighbourhood o_0 xots

f x Pn x En x with En x 0 ix xo
t

Or directly we can equivalently write

f x P x 0 ie to
t

Note This formula does not tell us how large the
approximation error is at a fixed point x to d

because we don't know the value of

Encal I fax Phill fix xolht c g l
t

The formula just tells us how the error decreases as

to 1 E fix
01

1 1012
Note The higher the 1 1 4013

n degree of pm the 1 Ix on

smaller the error Eu x

as Xo Xo
x 1

Let's move on to some examples

Example 1 without using a calculator compute an

approximate value of the number ! 88.1 with an



approximation error 10 3

Solution Let fix For 8 which is rather

close to 8.1 we know that f s 2

Let us compute the the Taylor approximation of

f 8 10 IR f x x! around 8

fixi g f g x 8 f x 8ft E2 8

f x x! f 81 2

f x
3 f 8

f x f 8

We are asked that En 8.1 8 10 3 for some order n
Here we cannot use 0 0 notetro Because they don't
tell us the exact size of the error at a point just the

growth as xo We will use instead the Lagrange form

of the remainder

enex E4 CI on e 8 no S E six

15118.1 811 11 4 13118.1 8 1315 0112

5 32

13
00 2 the 1"# order approximation

already gives an approximation
with error 153



time i i.it
V87 2 221 a

Polx

Taylor
Ppolynomials

pact

For mon Pm approximates
f better than Pn

Exercise Approximate re and sin 61 to an

error 10 3

Example 2 Assume that flol f o 0

Which f values correspond to which picture
e f o 1000 b f 01 1 c f 01 1 d f 01 1000

1 Ut 2 3 41

n
Solution This can be justified with Taylor polynomials

fix flo t f o x f x2 Ez ofƒ d to
01 3



Since Ez x is smell for close to 0 fat f x2
1000 x 1000 2

Example 3 Compute the limit

I
Solution we get a indetermination that we can

solve using Taylor polynomials or I Hospital in this case

Around 4 0

f x ex

flexi ex e fin f a x fƒ x 01 3

f e
Let's use Landaunotation here since we don't

care about the exact value of the error but

only about how it goes to o es x o

E
g x cost

g x sinx costs g o g lol E
2 01 3

g x cost costola shed o

1 1
2 01 3

substituting

EE tIEEEtf
EE itit Ee Itanohex1

0 3 141 11 C 14 1 0 x



Note It is important to compute enough orders of the

polynomial to solve the indetermination If we stop at

e 1 x 0 x2

e r x At 0 x2 x x 0 x2

But all of the following functions are 0 x2 around 0

O X because 1 13 611 for 1 1 1

0 x2 because 1
2

1
12 for all x

sx O x because 1 4 cosx 1 1 kit for 1 1 1

So the limit

11 L f is still indetermined

110 0 different OCR

FƒEnt
110 TEI 2 limits

To this happens
because we

haven't computed
enoughorders for
the Taylorpolyn

It is also recommended not to compute more orders

of the Taylor polynomials then necessary to save time



Example 4 Compute the Taylor approximation up to

order around 0 of the function

f x log a sinx

Solution one can compute

f x

f x

f x

but there is a faster way Taylor series can be composed

If we know

sin x X f 0 5

log atx x 33 0 5

then

log a sinx 4 12 33
we rule outmonomiesof der su

4
fƒ



Analytic Functions Recep

If the error in the Taylorapproximation gets small
as we consider higher order polynomials can we achieve

zero error going to the limit of a power series The

answer is sometimes it depends on the function

Def f is emelytic et to if

f x x to for all x in some neighbourhood
around to XE o r otr

In power series

Practical way to check if a function f is analytic
Thm criterion for analyticity at Xo Theorem 7 60

If If x C A n in some neighbourhood xe xo o rotor

and for some constants Co 70 A 70 then f is analytic
of xo

Example 5 Show that cos x is an analyticfunction
at any point EIR

Solution Let f x cosh We use the criterion for

analyticity
So we can simply take Co 1 A e

f x sin x

r 1 end we have that
f x COSH

i If x 1 co Ah n xe xotr.to r

if CHIA
I



COS X

When

Example 6 Show that the function

for exp if so
is not analytic at x o

O if o

Solution We compute the derivatives at o

because the expf 01 0 beats the rationalfunction

f x 2.1 exp f cos limffem 0 I
f x 2 31 13.2 exp f o Eaf x

f x exp f co limff cos 0

So the Taylor series of f is identically 0

in 0

Since fix so for o f x If x o

for 70 So the power series doesn't converge to f on any d d

Yet f E C IR all derivatives at x 0 exist
and equal o



explute goes to

faster then
any polynomial if

I PuLXI O nEN


