
401-4627-00L: Empirical Process Theory and Applications

Lecture 02 – Glivenko-Cantelli classes
Lecturer: Yuansi Chen Fall 2025

Key concepts:

• Glivenko Cantelli classes

• Proving a simpler version of Glivenko Cantelli theorem via Hoeffding’s inequality

• Failure of uniform law of large numbers (ULLN)

• ULLN to control the quality of MLE

We prove a simpler version of the Glivenko-Cantelli theorem to illustrate the typical
tricks of the trade involved in proving ULLN.

2.1 Glivenko Cantelli classes

Recall from Lecture 01 the Glivenko-Cantelli theorem

Theorem 2.1.1 (Glivenko-Cantelli). For any distribution, the e.d.f. F̂n is a strongly
consistent estimator of the c.d.f. F in the uniform norm, meaning that∥∥∥F̂n − F

∥∥∥
∞

a.s→ 0.

Here

F (x) = P(X ≤ x)

F̂n(x) = Pn1(−∞,x] =
1

n

n∑
i=1

1Xi≤x.

More generally, let F be a class of integrable real-valued functions with domain X ,
and letXi

n
i=1 be a collection of i.i.d. samples from some distribution P over X . Consider

the random variable

∥Pn − P∥F := sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

f(Xi)− E[f(X)]

∣∣∣∣∣ .
We say that F is Glivenko-Cantelli (GC) class for P if ∥Pn − P∥F converges to zero

in probability as n → ∞.
After assuming Hoeffding’s inequality, we prove a simpler version of the Glivenko-

Cantelli theorem to illustrate the typical techniques involved in proving ULLN.
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Theorem 2.1.2 (A simpler version of Glivenko-Cantelli). Assume F is continuous,
then we have ∥∥∥F̂n − F

∥∥∥
∞

P→ 0.

We assume the following concentration inequality called Hoeffding’s inequality, which
we will prove in the next lecture.

Proposition 2.1.1 (Hoeffding’s inequality). Suppose that for all i, E[Xi] = 0, and for
certain constants ci > 0, |Xi| ≤ ci. Let b

2 :=
∑n

i=1 c
2
i . Then

P

(
n∑

i=1

Xi ≥ a

)
≤ exp

(
− a2

2b2

)
, ∀x > 0.,

To prove Theorem 2.1.2, we proceed in three steps

1. Point-wise tail control via Hoeffding

2. “Bracketing”

3. Union bound

Proof of Theorem 2.1.2. First, we observe that the following boundedness∣∣1(−∞,x] − F (x)
∣∣ ≤ 1,∀x ∈ R.

Apply Hoeffding’s inequality (Proposition 2.1.1), we obtain point-wise tail control

P
(∣∣∣F̂n(x)− F (x)

∣∣∣ ≥√2t/n
)
≤ 2 exp(−t).

Second, we takeN+1 anchor points (aj)j=0,...,N on R and relate the value of F̂n(x)−F (x)
for any x to that of an anchor point, via the so-called “bracketing”. Let 0 < δ < 1 to
be chosen later. Take a0 < a1 < . . . < aN (TODO: add a picture) such that

F (aj)− F (aj−1) = δ, j = 1, . . . , N − 1.

This is possible, as F is continuous and increasing, its inverse function exists. Note
that then N ≤ 1 + 1/δ. For any x ∈ (aj−1, aj], we clearly have

(−∞, aj−1] ⊆ (−∞, x] ⊆ (−∞, aj],
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that is, we can “bracket” the function 1(−∞,x] between a lower function 1(−∞,aj−1] and
an upper function 1(−∞,aj ]. This gives for x ∈ (aj−1, aj],

F̂n(x)− F (x)
(i)

≤ F̂n(aj)− F (x)

(ii)

≤ F̂n(aj)− F (aj−1)

(iii)

≤ F̂n(aj)− F (aj) + δ

(i) is due to the monotonicity of F̂n. (ii) is due to the monotonicity of F . (iii) follows
from the construction of (aj). Similarly,

F̂n(x)− F (x)
(i)

≥ F̂n(aj−1)− F (x)

(ii)

≥ F̂n(aj−1)− F (aj)

= F̂n(aj−1)− F (aj−1)− δ.

Combing the two inequalities above, we obtain

sup
x∈R

∣∣∣F̂n(x)− F (x)
∣∣∣ ≤ max

j=1,...,N

∣∣∣F̂n(aj)− F (aj)
∣∣∣+ δ. (2.1)

Finally, by Hoeffding’s inequality and the union bound, we have

P

(
max

j=1,...,N

∣∣∣F̂n(aj)− F (aj)
∣∣∣ ≥√2(t+ logN)

n

)
≤ 2 exp(−t), ∀t > 0.

Take the following parameters:

t =
nδ2

4

n ≥ 4

δ2
logN,

then
√

2(t+logN)
n

≤ δ. This gives

P
(

max
j=1,...,N

∣∣∣F̂n(aj)− F (aj)
∣∣∣ ≥ δ

)
≤ 2 exp(−nδ2/4), ∀t > 0.

Combined with Eq. (2.1), we conclude that for n ≥ 4 log(1 + 1/δ)/δ2,

P
(
sup
x∈R

∣∣∣F̂n(x)− F (x)
∣∣∣ ≥ 2δ

)
≤ 2 exp

(
−nδ2/4

)
.
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The following two key ideas in the above proof will come up again and again in
slightly different proofs throughout this course.

• Point-wise tail bound, which motivates us to study exponential probability in-
equalities in Lecture 03

• A good way to cover the space, so that we can apply union bounds to turn
a point-wise bound into a uniform bound. We need to learn ways to quantify
several concepts of “good covering”.

Remark 1. Read Chapter 2.4 [VDVW96] for extending the convergence in probability
in the GC theorem to almost sure convergence. It is technical, so we don’t cover it in
this course.

2.2 Failure of ULLN

Having seen a proof of the GC theorem, one may want wonder for what classes of
functions F, the general ULLN fails to hold. In other words, provide an example where
the following quantity does not converge to 0 in probability

∥Pn − P∥F := sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

f(Xi)− E[f(X)]

∣∣∣∣∣ .
Example 1. Let X = R. Let S be the family of all subsets S of [0, 1] such that the
subset S has a finite number of elements. Consider its associated function class of
({0-1}-valued) indicator functions of such sets

FS := {1S(·) | S ∈ S} .

When P = uniform distribution on [0, 1], F is not GC.

Proof. Fix n, let Xi be i.i.d. drawn from P . For any S ∈ S,

P (S) = 0,

as S is finite. On the other hand, the discrete set {X1, . . . , Xn} belongs to S. There
exists f ∈ FS such that

Pnf =
1

n

n∑
i=1

f(Xi) = 1.

Putting the two pieces together, we conclude that

sup
f∈FS

∣∣∣∣∣ 1n
n∑

i=1

f(Xi)− E[f(X)]

∣∣∣∣∣ = 1− 0 = 1.
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Hence, FS is not GC for P . In fact, according to the proof, it holds for any P which
does not have atoms on [0, 1].

Define

B := {all Borel subsets of [0, 1]} .

As a corollary, since S ⊆ B, we conclude that B is not GC for P , either. Intuitively, in
the two examples above, the function class F is “too big” for ULLN to hold.

2.3 ULLN and maximum likelihood

Let {Pθ : θ ∈ Θ} be a collection of probability measures dominated by a σ-finite measure
µ. Suppose that P = Pθ0 for some θ0 ∈ Θ. Define the densities as Radon-Nikodym
derivative

pθ :=
dPθ

dµ
, θ ∈ Θ.

The maximum likelihood estimator (if it exists) is

θ̂ := argmax
θ∈Θ

Pn log pθ

We now let P := {pθ : θ ∈ Θ} be the collection of densities in our model, write
p0 := pθ0 for the true density and p̂ := pθ̂ for the estimated density. Thus

p̂ = argmax
p∈P

Pn log p.

Definition 2.3.1. The Hellinger distance between densities p and p̃ is

h(p, p̃) :=

(
1

2

∫
(
√
p−

√
p̃)2dµ

)1/2

.

We define

G :=

{
1

2
log

p+ p0
2p0

1{p0>0} : p ∈ P
}
.

Theorem 2.3.1. Suppose that G is GC. Then

h (p̂, p0)
P−→ 0.
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Proof. By the concavity of the log-function

log
p+ p0
2p0

1{p0>0} ≥
1

2
log

p

p0
1{p0>0}.

Thus

0
(i)

≤ Pn

(
log

p̂

p0
1{p0>0}

)
(ii)

≤ 2Pn

(
log

p̂+ p0
2p0

1{p0>0}

)
= 2 (Pn − P )

(
log

p̂+ p0
2p0

1{p0>0}

)
+ 2P

(
log

p̂+ p0
2p0

1{p0>0}

)
.

(i) follows from that p̂ is the one that maximizes the likelihood. (ii) follows from the
concavity of the log-function.

For the second term, since log(x) ≤ x− 1, we have

1

2
P

(
log

p+ p0
2p0

1{p0>0}

)
≤ P

(√
p+ p0
2p0

1{p0>0}

)
− 1

=

∫ √
p+ p0

2

√
p0dµ− 1

= −h2

(
p+ p0

2
, p0

)
.

It follows that

h2

(
p̂+ p0

2
, p0

)
≤ 1

2
∥Pn − P∥G .

Finally, using a− b = a2−b2

a+b

h2 (p, p0) =
1

2

∫
(
√
p−√

p0)
2

=
1

2

∫
4


√

p+p0
2

+
√
p0

√
p+

√
p0

2(√
p+ p0

2
−√

p0

)2

≤ 16h2

(
p+ p0

2
, p0

)
.

We conclude that

h2 (p̂, p0) ≤ 8 ∥Pn − P∥G .

By assumption, G is GC , i.e., ∥Pn − P∥G
P−→ 0.
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2.4 Exercises

Exercise 1 (Continuity of functionals). Recall that the functional γ is continuous in
the sup-norm at F if for all ϵ > 0, there exists a δ > 0 such that ∥G−F∥∞ ≤ δ implies
that |γ(G)− γ(F )| ≤ ϵ.

1. Given n i.i.d. samples with law specified by F , let F̂n be the empirical CDF. Show

that if γ is continuous in the sup-norm at F , then γ
(
F̂n

)
P−→ γ(F ).

2. Which of the following functionals are continuous with respect to the sup-norm?
Prove or disprove.

• The mean functional F 7→
∫
xdF (x).

• The Cramér-von Mises functional F 7→
∫
[F (x)− F0(x)]

2 dF0(x).

• The quantile functional Qα(F ) = inf{t ∈ R | F (t) ≥ α}.

Exercise 2 (MLE and uniform laws). Let {Pθ : θ ∈ Θ} be a collection of probability
measures dominated by a σ-finite measure µ. Suppose that P = Pθ0 for some θ0 ∈ Θ.
Define the densities as Radon-Nikodym derivative

pθ :=
dPθ

dµ
, θ ∈ Θ.

Now suppose we are given n i.i.d. samples from the unknown Pθ0 and we would like
to estimate θ0. Consider the cost function

Lθ(x) := log

[
pθ0(x)

pθ(x)

]
.

Th term pθ0, which we included have theory convenience, has no effect on the mini-
mization over θ. Indeed, the maximum likelihood estimate is obtained by minimizing
the empirical risk defined by this cost function

θ̂ := argmin
θ∈Θ

{
1

n

n∑
i=1

log
pθ0(Xi)

pθ(Xi)

}
︸ ︷︷ ︸

R̂n(θ,θ)

= argmin
θ∈Θ

{
− 1

n

n∑
i=1

log pθ(Xi)

}
.

The population risk is given by R(θ, θ0) = EX∼Pθ0

[
log

pθ0 (X)

pθ(X)

]
, a quantity known as the

Kullback-Leibler divergence between pθ0 and pθ.

1. Compute the population risk R(θ, θ0) = EX∼Pθ0

[
log

pθ0 (X)

pθ(X)

]
in the following cases:
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(a) Bernoulli: pθ(x) =
eθx

1+eθx
, for x ∈ {0, 1};

(b) Poisson: pθ(x) =
eθxe− exp(θ)

x!
for x ∈ {0, 1, 2, · · ·}.

(c) Exponential: pθ(x) =
1
θ
e−

x
θ for x ∈ [0,∞).

(d) Multivariate Gaussian: pθ is the density of N (θ,Σ) with known Σ.

2. For each of the above cases

(a) Derive the Maixmum likelihood estimate (MLE)

(b) Provide an explicit expression for the excess risk ∆R = R(θ̂, θ0)−infθ∈ΘR(θ, θ0).

(c) Discuss what kind of uniform convergence results could be useful to provide
an upper bound on the excess risk.

02-8



Bibliography

[VDVW96] Aad W Van Der Vaart and Jon A Wellner. Weak convergence. In Weak
convergence and empirical processes: with applications to statistics, pages
16–28. Springer, 1996.

9


	Glivenko Cantelli classes
	Failure of ULLN
	ULLN and maximum likelihood
	Exercises

