
401-4627-00L: Empirical Process Theory and Applications

Lecture 03 – (Exponential) probability inequalities
Lecturer: Yuansi Chen Fall 2025

Key concepts:

• Gaussian tail bounds

• Markov’s inequality and generalized Chebyshev’s inequality

• Hoeffding’s inequality

• Bernstein’s inequality

A statistician is almost never sure about something, but often says that something
holds “with large probability”. We study probability inequalities for deviations of
means from their expectations. This is how we quantify the meaning of “with large
probability”.

3.1 Gaussian tail bounds

In exponential probability inequalities or concentration inequalities, we typically pro-
vide bonds on the tails of X − E[X] such as

P(|X − E[X]| > x) ≤ something small .

What is typically expected in “something small” in this course? Let’s first examine
what we are supposed to get for the standard Gaussian N (0, 1).

For X ∼ N (0, 1), we have an explicit form of its tail.

P(X > x) =
1√
2π

∫ ∞

x

e−
t2

2 dt

We use integration by parts to upper and lower bound it.
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Upper bound Integrating by parts,∫ ∞

x

e−
t2

2 dt =

∫ ∞

x

1

t
te−

t2

2

=

[
−1

t
e−

t2

2

]∞
x

−
∫ ∞

x

(
− 1

t2

)(
−e−

t2

2

)
dt

=
1

x
e−

x2

2 −
∫ ∞

x

1

t2
e−

t2

2 dt

≤ 1

x
e−

x2

2

Lower bound Take the residual to 1
x
e−

x2

2 above, and do integration by parts again.∫ ∞

x

1

t2
e−

t2

2 dt =

∫ ∞

x

1

t3
te−

t2

2 dt

=

[
− 1

t3
e−

t2

2

]∞
x

−
∫ ∞

x

(
− 3

t4

)(
−e−

t2

2

)
dt

=
1

x3
e−

x2

2 −
∫ ∞

x

3

t4
e−

t2

2 dt

≤ 1

x3
e−

x2

2 .

Hence, for any x > 0,

1√
2π

(
1

x
− 1

x3

)
e−

x2

2 ≤ P(X > x) ≤ 1√
2π

1

x
e−

x2

2 .

Whenever Gaussian is involved, we expect a tail that decays at e−
x2

2 rate.

3.2 Markov’s inequality and generalized Chebyshev’s

inequality

Recall the Markov inequality which bounds the tail of a nonnegative random variable
in terms of its expectation.

Theorem 3.2.1 (Markov’s inequality). For any nonnegative random variable X and
t > 0, we have

P(X ≥ t) ≤ E[X]

t
.
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Proof. We can rewrite the expectation by separating the case X ≥ t and X < t.

E[X] = E[X1X≥t] + E[X1X<t] ≥ E[t1X≥t] + 0 = t · P(X ≥ t).

From Markov’s inequality, we immediately obtain generalized Chebyshev’s inequal-
ity by considering ϕ(X) where ϕ : R → [0,∞) is increasing function.

Theorem 3.2.2 (Generalized Chebyshev’s inequality). For any random variable X on
R, and an increasing function ϕ : R → [0,∞), for any x ∈ R with ϕ(x) > 0, we have

P(X ≥ x) ≤ E[ϕ(X)]

ϕ(x)
.

Proof. By increasing property, we have

P(X ≥ x) = P(ϕ(X) ≥ ϕ(x)).

Apply Markov’s inequality to ϕ(X).

It is called generalized Chebyshev’s inequality because the original Chebyshev’s
inequality in 1867 only deals with the second moment P(|X|2 ≥ x2), now it is generalized
to an increasing function.

Example 1. Let X be N (0, 1)-distributed. Show that

• For λ > 0,

E[exp(λX)] = exp(λ2/2).

• Use generalized Chebyshev’s inequality to conclude that

P(X ≥ x) ≤ e−
x2

2 .

Corollary 1. Let X1, . . . , Xn be independent real-valued random variables, and suppose,
for all i, that Xi is N (0, σ2

i )-distributed. Define b2 :=
∑n

i=1 σ
2
i . Then

P

(
n∑

i=1

Xi ≥ x

)
≤ exp

[
− x2

2b2

]
, ∀x > 0,

or reformulated

P

(
n∑

i=1

Xi ≥ b
√
2t

)
≤ exp(−t),∀t > 0.

Corollary 2. Let Z1, . . . , ZN be possibly dependent real-valued random variables, and
let Zj have the N (0, σ2

j )-distribution, j = 1, . . . , N . Define σ2 := max1≤j≤N σ2
j . Then

P
(

max
1≤j≤N

|Zj| ≥ σ
√

2(t+ logN)

)
≤ 2N exp [−(t+ logN)] = 2 exp(−t), ∀t > 0.

Proof. as exercise.
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3.3 Hoeffding’s inequality

In this section, let X1, . . . , Xn be independent real-valued random variables.

Definition 3.3.1 (Hoeffding’s condition). Suppose that for all i, E[Xi] = 0, and for
certain constants ci > 0,

|Xi| ≤ ci.

In words, in Hoeffding’s inequality, we deal with centered and bounded random
variables.

Theorem 3.3.1 (Hoeffding’s inequality). Assume Hoeffding’s condition Def 3.3.1. Let
b2 :=

∑n
i=1 c

2
i . Then

P

(
n∑

i=1

Xi ≥ a

)
≤ exp

(
− a2

2
∑n

i=1 c
2
i

)
, ∀x > 0,

or reformulated

P

(
n∑

i=1

Xi ≥ b
√
2t

)
≤ exp(−t),∀t > 0.

Since we want to apply generalized Chebyshev’s inequality, it is natural to calculate
the following expectation first.

Lemma 1. Assume Hoeffding’s condition. Let b2 :=
∑n

i=1 c
2
i . Then for all λ > 0,

E exp

[
λ

n∑
i=1

Xi

]
≤ exp

(
λ2b2

2

)
.

Proof of Lemma 1. Since |Xi| ≤ ci, Xi can be written as nonnegative linear combina-
tion of the two bounds

Xi = αi(−ci) + (1− αi)ci,

where αi = ci−Xi

2ci
. By convexity of the exponential function x 7→ exp(λx), Jensen’s

inequality yields

exp(λXi) ≤ αi exp(−λci) + (1− αi) exp(λci).

Since E[Xi] = 0, then E[αi] =
1
2
, taking expectation, we obtain

E exp(λXi) ≤
1

2
exp(−λci) +

1

2
exp(λci).
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We claim that for any x > 0,

exp(−x) + exp(x) ≤ 2 exp(x2/2). (3.1)

Deferring its proof to the end, we have

E exp(λXi) ≤ exp
(
λ2c2i /2

)
.

Using the independence among Xi, we obtain

E exp

[
λ

n∑
i=1

Xi

]
≤ exp

(
λ2b2

2

)
.

Finally, to see why Eq. (3.1) holds, we do series expansion of exp. Since exp(x) =∑∞
k=0

xk

k!
, we have

exp(−x) + exp(x) = 2
∞∑
k=0

x2k

(2k)!

exp(x2/2) =
∞∑
k=0

x2k

2k(k)!
.

Notice that (2k)! ≥ 2kk!.

Proof of Hoeffding’s inequality in Theorem 3.3.1. From Lemma 1, we have

E exp

[
λ

n∑
i=1

Xi

]
≤ exp

(
λ2b2

2

)
.

Apply generalized Chebyshev’s inequality 3.2.2, we obtain

P

(
n∑

i=1

Xi ≥ a

)
= P

(
λ

n∑
i=1

Xi ≥ λa

)
≤ exp

(
λ2b2/2− λa

)
.

Take λ = a/b2 to conclude.

Corollary 3. Consider N functions gj : X → R, j = 1, . . . , N , with, for some constant
K,

∀j ∈ {1, . . . , N} :

{
Egj(X) = 0
supx∈X |gj(x)| ≤ K

Then for all j

P

(
|Pngj| ≥ K

√
2t

n

)
≤ 2 exp(−t), ∀t > 0.

Hence, by the union bound

P

(
max
1≤j≤N

|Pngj| ≥ K

√
2(t+ logN)

n

)
≤ 2 exp(−t), ∀t > 0.
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Expectation of a maximum One can also derive an inequality for the expectation
of a maximum (instead of a probability inequality).

Lemma 2. Consider N functions gj : X → R, j = 1, . . . , N , with, for some constant
K,

∀j ∈ {1, . . . , N} :

{
Egj(X) = 0
supx∈X |gj(x)| ≤ K

Then

E
(

max
1≤j≤N

|Pngj|
)

≤ K

√
2 log(2N)

n
.

Proof. The main idea is to relate the expectation of a maximum to log of sum of
exponentials via Jensen’s inequality.

First, we have

E exp [λ |nPngj|]
(i)

≤ E exp[λnPngj] + E exp[−λnPngj]

(ii)

≤ 2 exp

(
λ2K2n

2

)
.

(i) follows from e|x| ≤ ex + e−x and (ii) follows from Lemma 1.
Second, we upper bound the maximum. For any λ > 0,

E
(

max
1≤j≤N

|nPngj|
)

=
1

λ
E log exp

[
λ max

1≤j≤N
n |Pngj|

]
(i)

≤ 1

λ
logE exp

[
λ max

1≤j≤N
n |Pngj|

]
≤ 1

λ
log

N∑
j=1

E exp [λn |Pngj|]

(ii)

≤ 1

λ
log

(
2N exp

[
λ2K2n

2

])
=

log(2N)

λ
+

λK2n

2
.

(i) follows from Jensen’s inequality. (ii) uses the above inequality. We pick λ to minimize
the above expression. Pick

λ =

√
2 log(2N)/n

K
,

and conclude.
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3.4 Bernstein’s inequality

Bernstein’s inequality is a close relative of Hoeffding’s inequality and an important tool
in empirical process theory. It relaxes the boundedness in Hoeffding’s inequality by
moment conditions. However, unfortunately we may not have space in these lecture
notes to show its power.

In this section, let X1, . . . , Xn be independent real-valued random variables.

Definition 3.4.1 (Bernstein’s condition). There exists a K > 0, such that for all i,

E[Xi] = 0,

E[|Xi|m] ≤
m!

2
Km−2σ2

i ,m = 2, 3, . . .

Theorem 3.4.1 (Bernstein’s inequality). Suppose Bernstein’s condition. Define b2 :=∑n
i=1 σ

2
i . We have

P

(
n∑

i=1

Xi ≥ a

)
≤ exp

(
− a2

2(aK + b2)

)
, ∀a > 0.

or reformulated

P

(
n∑

i=1

Xi ≥ b
√
2t+Kt

)
≤ exp(−t),∀t > 0.

Again, we first bound the expectation of an exponentiated random variable.

Lemma 3. Suppose Bernstein’s condition. Define b2 :=
∑n

i=1 σ
2
i . Then for all 0 < λ <

1/K,

E exp

(
λ

n∑
i=1

Xi

)
≤ exp

(
λ2b2

2(1− λK)

)
.

Proof of Lemma 3. We have

E exp(λXi) = 1 + 0 +
∑
m≥2

1

m!
λmE[Xm

i ]

= 1 +
∑
m≥2

λ2

2
(λK)m−2σ2

i

= 1 +
λ2σ2

i

2(1− λK)

≤ exp

(
λ2σ2

i

2(1− λK)

)
.

Use the independence among Xi to conclude.
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Proof of Bernstein’s inequality in Theorem 3.4.1. From Lemma 3, we have

E exp

(
λ

n∑
i=1

Xi

)
≤ exp

(
λ2b2

2(1− λK)

)
.

Apply generalized Chebyshev’s inequality, we obtain

P

(
n∑

i=1

Xi ≥ a

)
≤ exp

(
λ2b2

2(1− λK)
− λa

)
.

Take λ = a
Ka+b2

to conclude.

Corollaries We have the analogue corollaries using Bernstein’s inequality instead of
Hoeffding’s inequality:

• Analogue of Corollary 3,

• Analogue of Lemma 2.

3.5 Exercises

Exercise 1. Prove the tail bound of the standard Gaussian in Example 1

Exercise 2. Prove analogue of Lemma 2 using Bernstein’s inequality.

Exercise 3. Let X1, . . . , Xn be i.i.d. copies of a random variable X ∈ R with mean
zero. Suppose that for some constants λ > 0, ς > 0,

E exp(λ |X|)− 1− λ |X| ≤ ς2.

Show that Bernstein’s condition holds with appropriate constants σ2 and K.
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