
401-4627-00L: Empirical Process Theory and Applications

Lecture 04 – ULLN based on entropy with bracketing
Lecturer: Yuansi Chen Fall 2025

Key concepts:

• Size of a function class

– Covering number

– Bracketing number

• ULLN based on entropy with bracketing

We are interested in the uniform law of large numbers (ULLN). That is, given a
function class F, to provide a bound of the following quantity

∥Pn − P∥F := sup
f∈F

∣∣∣∣∣ 1n
n∑

i=1

f(Xi)− EX∼P [f(X)]

∣∣∣∣∣ .
In this course, we deal with F which is a class of measurable real-valued functions
defined on X . Whether F is GC (i.e. ∥Pn − P∥F → 0 as n → ∞) depends on the “size”
of F . If F is finite, then it is always GC (as a result of what we have seen: union bound
+ point-wise strong law of large numbers or Hoeffding-type inequality).

We discuss ways to measure the size of any function class F .

4.1 Covering numbers

Let (E, d) be an arbitrary metric space. Given a set Θ ⊆ E and ϵ > 0.

Definition 4.1.1 (ϵ-cover). An ϵ-cover of the set Θ with respect to the metric d is a
finite set {θ1, . . . , θN} ⊆ E such that for any θ ∈ Θ, there exists j ∈ [N ] such that

d(θ, θj) ≤ ϵ.

Definition 4.1.2 (Covering number). The ϵ-covering number of Θ is

N(ϵ,Θ, d) := inf {N ∈ N | ∃ an ϵ-cover θ1, . . . , θN of Θ}

.
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Equivalently, the ϵ-covering number N(ϵ,Θ, d) is the minimal number of balls of
radius ϵ needed to cover the set Θ.

Definition 4.1.3 (Metric entropy). The metric entropy of the set Θ with respect to the
metric d is the logarithm of its covering number:

logN(ϵ,Θ, d).

We can also define a closely related notion called packing number.

Definition 4.1.4 (ϵ-packing). An ϵ-packing of the set Θ with respect to the metric d
is a set {θ1, . . . , θD} ⊆ Θ such that for i, j ∈ [D], i ̸= j, we have d(θi, θj) > ϵ.

Definition 4.1.5 (Packing number). The ϵ-packing number of Θ is

D(ϵ,Θ, d) := sup {D ∈ N | ∃ an ϵ-packing θ1, . . . , θD of Θ} .

The packing number D(ϵ,Θ, d) is the maximum number of ϵ-separated points in Θ.

Lemma 1 (Relating packing and covering numbers). We have

D(2ϵ,Θ, d) ≤ N(ϵ,Θ, d) ≤ D(ϵ,Θ, d), ∀ϵ > 0.

Proof. For the second inequality, we just need to find one ϵ-covering with sizeD(ϵ,Θ, d).
Suppose {θ1, . . . , θD} is a maximal packing. Then for every θ ∈ Θ \ {θ1, . . . , θD}, there
exists j ∈ D such that d(θ, θj) ≤ ϵ. If this does not hold, then we can construct a bigger
packing set by adding θD+1 = θ. Hence, {θ1, . . . , θD} is also an ϵ-covering.

We prove the first inequality by contradiction. Suppose there exists a 2ϵ-packing
{θ1, . . . , θD} and an ϵ-covering {z1, . . . , zN} such that D ≥ N +1. Then by pigeonhole,
there exists i, j ∈ [D], i ̸= j and k ∈ [N ] such that

θi ∈ B(zk, ϵ), and θj ∈ B(zk, ϵ).

Then by triangle inequality, d(θi, θj) ≤ 2ϵ, which is a contradiction to 2ϵ-packing.

Example 1. Let ∥·∥ be a norm on Rp, there exists constants c < C depending on p,Θ
and ∥·∥ only such that, for any ϵ ∈ (0, 1),

c

(
1

ϵ

)p

≤ N(ϵ,Θ, ∥·∥) ≤ C

(
1

ϵ

)p

.

Example 2. Let F := {f : (0, 1] → [0, 1] | f is 1-Lipschitz}. Then there exists a uni-
versal constant C > 0, such that

logN(δ,F, ∥·∥∞) ≤ C
1

δ
, ∀δ > 0.
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Proof. Let N = ⌊1 + 1/δ⌋. We partition the interval (0, 1] into N intervals (aj−1, aj]
with length at most δ, 0 = a0 < · · · < aN = 1. For any f ∈ F, we introduce its
quantized version, for x ∈ (aj−1, aj], we define

f̃(x) = δ ⌊f(aj)/δ⌋ .

By definition, f̃ is close to f in the sense that∣∣∣f(x)− f̃(x)
∣∣∣ ≤ |f(x)− f(aj)|+ δ ≤ 2δ.

For the first quantization ⌊f(a1)/δ⌋, we have at most 1 + 1/δ choices. For later ones
⌊f(aj)/δ⌋ , j ≥ 2, we have

|⌊f(aj+1)/δ⌋ − ⌊f(aj)/δ⌋| ≤ 2 + |g(aj+1)− g(aj)| /δ ≤ 3.

So there are at most 7 choices. The total number of f̃ is at most

(1 + 1/δ)× 7× · · · × 7︸ ︷︷ ︸
N−1 times

≤ (1 + 1/δ)71/δ.

Hence,

logN(ϵ,F, ∥·∥∞) ≤ log(1 + 1/δ) +
log 7

δ
.

4.2 Bracketing numbers

Let F be a subset of a normed space of real functions f : X → R on some set X . We
focus on Lq(P )-spaces for a probability measure P :

Lq(P ) :=

{
f : X → R |

∫
|f |q dP < ∞

}
.

This space is equipped with a norm

∥f∥q :=
(∫

|f |q dP
) 1

q

.

We let L∞ := {f | ∥f∥∞ < ∞}, where ∥f∥∞ := supx∈X |f(x)|.

Definition 4.2.1 (ϵ-bracket). Given two functions l : X → R and u : X → R, the
bracket [l, u] is the set of all functions f ∈ F with l(x) ≤ f(x) ≤ u(x), for all x ∈ X .
An ϵ-bracket is a bracket [l, u] such that ∥l − u∥q ≤ ϵ.
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Definition 4.2.2 (ϵ-covering set with bracketing). It is a finite set {[lj, uj]}Nj=1 such
that

1. ∀j, [lj, uj] is an ϵ-bracket,

2. ∀f ∈ F, ∃j such that f ∈ [lj, uj].

Definition 4.2.3 (Bracketing number). The bracketing number N bracket
q (ϵ,F, P ) is the

minimum number of ϵ-covering set with bracketing needed to cover F.

N bracket
q (ϵ,F, P ) := inf

{
N ∈ N | ∃ an ϵ-bracketing set {[lj, uj]}Nj=1

}
The entropy with bracketing is the logarithm of the bracketing number.

Example 3 (Indicator functions again). Let X = R and F :=
{
1(−∞,x] : x ∈ R

}
. Let

F := P(X ≤ ·) be continuous. Then

logN bracket
q (ϵ,F, P ) ≤ q log (1 + 1/ϵ) , 0 < ϵ ≤ 1.

On the other hand, the covering number by L∞ norm satisfies

N(ϵ,F, ∥∥∞) = ∞,

for 0 < ϵ < 1
2
.

Theorem 4.2.1 (ULLN based on entropy with bracketing). Suppose that

logN bracket
1 (ϵ,F, P ) < ∞,∀ϵ > 0,

then

∥Pn − P∥F
P→ 0.

Proof. We use the same arguments as in the proof of Theorem 2.1.2 (Glivenko-Cantelli).
At a high level, we first apply union bound to a finite covering set; then we relate to
other points via bracketing.

4.3 Sufficient condition for finite bracketing number

YC — We had to cover this in the next lecture

Lemma 2 (Compactness + pointwise continuity). Let F := {gθ : θ ∈ Θ} where Θ is a
compact subset of a metric space with distance d. Suppose that

• θ 7→ gθ(x) is continuous for all x ∈ X
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• The envelope G(·) := supθ∈Θ |gθ(·)| ∈ Lq(P ).

Then

logN bracketq(ϵ,F, P ) < ∞, ∀ϵ > 0.

Proof. The main idea is to find a suitable finite cover of Θ and then build ϵ-covering
set with bracketing from there.

For any θ ∈ Θ and ρ > 0, define

wθ,ρ(x) := sup
θ′:d(θ,θ′)<ρ

|gθ(x)− gθ′(x)| .

Then by continuity,

lim
ρ→0

wθ,ρ(x) = 0, ∀x

Since G ∈ Lq(P ), by dominated convergence, we have

lim
ρ→0

Pwq
θ,ρ = 0.

For any ϵ > 0, there exists ρθ such that

Pwq
θ,ρθ

≤ ϵq.

Consequently, we can cover the entire Θ with balls centered at θ and with radius ρθ:

Bθ := {θ′ ∈ Θ : d(θ, θ′) < ρθ} .

{Bθ : θ ∈ Θ} is an open cover of Θ. Using the compactness of Θ, there exists a finite
sub-cover, say {

Bθj

}N

j=1
.

Now for θ ∈ Bθj , we have

gθ ≤ gθj + wθj ,ρθj
=: ℓj

gθ ≥ gθj − wθj ,ρθj
=: uj,

with

P (ℓj − uj)
q ≤ P (2wθj ,ρθj

)q ≤ (2ϵ)q.

This gives a finite 2ϵ-covering set with bracketing.

Remark 1. This construction shows that the bracketing numbers are finite, but it gives
no control on their sizes. The precise control is lost in

• Use of continuity

• Use of compactness (going from open cover to finite sub-cover).
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4.4 Exercises

Exercise 1. Prove Example 1.

Exercise 2. Prove Example 3 by allowing for distribution functions F to have jumps.

Exercise 3. Let

d(x, y) := ∥x− y∥2 , x, y ∈ Rr.

and let S := {x ∈ Rr : ∥x∥2 ≤ 1} be the r-dimensional ball. Show that there exists a
constant that does not depend on r or δ, such that

logN(δ, S, d) ≤ Cr log(1/δ), ∀0 < δ < 1.

Exercise 4. Extend the result in Example 2 to L-Lipschitz functions, make L-dependency
explicit.
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