401-4627-00L: Empirical Process Theory and Applications

Lecture 05 — Symmetrization and ULLN based on it and entropy
Lecturer: Yuansi Chen Fall 2025

Key concepts:

e Symmetrization
e Rademacher variables
e ULLN based on symmetrization and (metric) entropy

We are still interested in the uniform law of large numbers (ULLN). That is, given
a function class §, to provide a bound of the following quantity

17, = Pl = sup 132 706) = -l (]|

In the last lecture, we know that it can be controlled if we have a control on the
bracketing number. The proof is very similar to that of the Glivenko-Cantelli theorem.
We ask whether we can characterize the necessary and sufficient conditions of

1P, — Plls %5 0 just using covering numbers, say

1
“log N(&,F, L1(P,)) = 07
mn

The proof is a bit more complicated, we need a few more new concepts.

5.1 Symmetrization

Let X be a random variable on X with distribution P. We consider two independent
datasets, each consists of independent copies of X,

X = Xi,...,Xn
X = X],..., X

Let § be a subset of real-valued functions {f : X — R}. Consider the empirical mea-
sures

1 & 1 &
Pn = E;(SXI’P;z = E;(SXZ/

05-1



401-4627-00L Lecture 05 Fall 2025

where ¢, is a point mass at x. Define
[Pn = Pllg == sup (P, — P)f],
fes

1P _P;LHS = Sup|<Pn_PTl7,)f|
feS

5.1.1 Symmetrization with means

Lemma 1. We have

E|Fy = Pl <E[IP.— Fyll5-

Proof.
| P, — Pllz = sup|(P, — P)f]
=
2 sup [E[(P, — P)f | X]|
=

<E|sup|(P, - P)f| | X
=
:Empn—PéHng]

(i) follows because E[P! f] = Pf and X' is independent of X. Now take expectation
over X on both sides, and conclude by tower property

E|| Py — Pllz <EE ([P — Pyll; | X] = B[Py = Pyll; -
O

Rademacher sequence A Rademacher sequence {o;};_, is a sequence of indepen-
dent random variables o;, with

Let {0;};_, be a Rademacher sequence, independent of the two samples X and X'. We
define the symmetrized empirical measure

n

Pt = %Zaif(Xi)vf €.

i=1

And let

|27 |5 := sup | Py f].
fes

05-2



401-4627-00L Lecture 05 Fall 2025

Lemma 2. We have

E||P, — Plly < 2E | P75

Proof. Introduce the symmetrized version of the second sample X':
' 1< )
P LS ogx),
i=1

We observe that [P, — P, ||; has the same distribution as | P — P 5 because

e Using o has the effect of swapping X; with X! if o; = —1 in the difference P, — P..

e Since X; and X/ are independent, to each other and to the rest data points, this
swapping does not change the overall distribution.

Hence,
E||P.— Pl = E|| P2 - P ||
CE|PS|, +E |F]|.
=2E P75 -
(i) follows from triangle inequality. O

5.1.2 Symmetrization with probabilities

In the above subsection, we related the means before and after symmetrization. Here,
we relate the tail probabilities before and after symmetrization.

Lemma 3. Let 6 > 0. Suppose that for all f € §,

P(I(P. = P)f]>6/2) <

N | —

Then
P (||Pn - P||g > 5) < 2P (HPn - P;LH3 > 6/2) .

Proof. Given that || P, — P||; > §, there exists some function f. (which might depend
on X), such that

(B — P)fo > 6.
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We have
B (|, — Ply > 8) <P((Py— P)f.| > 0)
< 9P ((P = P)f.| > 6 and (P, — P)f.| < 6/2)
< 2B (P~ B)LI > 572).
(ii) follows from triangle inequality. (i) follows because

P(|(P, — P)f.| > 6 and |(P, — P)f.| <6/2) = E [L1p,—p) s >s1)(P,—P) 1| <6/2)

E|
[L(Pu—P) 1156 [1iPy—p)rl<s/2 | X]]
[1yp,—P)1>sPx (|(P) — P)fi] <6/2)]

1
{1|(Pn—P)f*|>6§} :

=E
E
> E

Here Px denotes conditional probability given X. The last inequality follows from the
assumption that P (|(P, — P)f| > 6/2) < 1,Vf. O

Corollary 1. Let 6 > 0. Suppose that for all f € §,

P (P~ P)f| > 6/2) < 3.

Then

. §
P (|P, — Pz >6) < 4P (||Pn Iz > Z) :

It follows from Lemma 3 and triangle inequality:.

5.2 ULLN based on symmetrization and (metric)
entropy

Envelope The envelope function of § is

F(z) :==sup|f(x)|, VzeX.
fes
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Let N,(0,F, P,) denote the covering number of § endowed with the metric corre-
sponding to the empirical norm

(P |F1D)Y, f: X = R.

The goal of this section is to prove the following theorem which gives sufficient condi-
tions for GC class based on covering numbers.

Theorem 5.2.1. Suppose that the envelope satisfies
F e Li(P),
and the covering number satisfies
1 P
—log N1(0,5, P,) — 0,¥6 >0
n
then
P
| P — Pllz — 0.
We divide its proof into two steps.

5.2.1 Finite §

Lemma 4. Let § be a finite class of functions, with cardinality |§| = N > 1. Suppose
that for some finite constant K,

< K.
max || f], <

Then

< 2exp(—t), Vt>D0.

" 2(log N + 1)
P (nPn s> K T)

And for all t > 0, such that log(N) +t > 1,
2(log N
PO&—P%>4K-L%Fiﬁ>§8mM4)

Proof. The main strategy is to use Hoeffding’s inequality to get point-wise tail bound,
then apply union bound.
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1. By Hoeffding’s inequality, for each f € §, since E[P?(f)] = 0 and it is uniformly

bounded by K.
P ( P7(f) > K\/%') < 2exp(—t).

2. Use union bound to obtain

< 2exp(—t).

" 2(log N +1)
(e P

3. We need to check the condition to apply Cor 1. By Chebyshev’s inequality, for
each f € § and for K?/(nd?) < 1/8, we have

B (It7, - P1s1> 0) < V0D

4K?% 1
< —— <=

— né? — 2

4. Apply Cor 1 for symmetrization with probabilities. When log N +t > 1/4, we
have

2(log N +1 2(log N +1
PORePM>4K-L%;iJ>§m<Mﬂk>K i%;il>g&m@w

]

5.2.2 Uniformly bounded §

Theorem 5.2.2. Suppose that

Ifllo < K, VfESF,

and the covering number satisfies
;?%Nﬂ&&RJ30N5>O
then
|2, — Pl|5 = 0.
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Proof. Let 6 > 0. Let fi,..., fxy with N = Ny1(4,F, P,) be a minimal d-covering of §.

1. (Consequence of covering) For f € §, there exists j such that P,(|f — f;|) < 6.
We have, by triangle inequality,

By fI < [P fi] + 6.
Hence,

o < oL )
I1P7lly < max P7f]+0
2. (Union bound) Just like in the finite § case, by Hoeffding’s inequality and union

bound, we have

2(log N + ¢

IP’( max |P7f;| > K M) < 2exp(—t), WVt > 0.
Jj=1,.,N n

We deduce that

< 2exp(—t), Vt>0.

2(log N + ¢
P(Hpﬂ|g>5+[( %)

And

P (HP;;Hg > 26 + KM%) < 2exp(—t) + P (K\/mOgNl?(f’ S Fn) 5) .

3. Check the condition to apply Cor 1 by Chebyshev’s inequality, we need K?2/(né?) <
1/8.

4. Apply Cor 1 for symmetrization with probabilities. For n large enough (depends
on 0), we have

P (HPn — Pz >80+ 4K\/%> < Sexp(—t) + 4P <K\/210g lef’ 5. 5) 5) .

Since t and 0 are arbitrary, we conclude.
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5.2.3 Proof of Theorem 5.2.1

Proof. The main idea is to divide into bounded by K case and unbounded case. The
unbounded case only has small probability because F' € L;(P).
It holds that for all f € § and any K > 0,

(P, — P)f] Sl(Pn_P)leSK‘+i(Pn _P)f1F>KL-

(@) (i2)

1. For (i), let §x := {flp=k | f € §}. This class is uniformly bounded by K and
since N1(+, 8k, P) < Ni(+,F, P,), we conclude from Theorem 5.2.2 that

|1P. = Pl = 0.

2. For (ii), we have

€F
=(P,— P)Flp-g +2PF1lp-k.

The first term goes to 0 in probability by law of large numbers for a fixed function
F'. The second term goes to 0 as K — oo because F' € Ly (P).

O
Example 1 (Bounded monotone functions). Consider the case X = R and
§ :={f non-decreasing,0 < f < 1}.

Let Ny (-, §, P,) be the covering number of § for the (pseudo-)metric induced by the
(pseudo-)norm

max |f(X;)|,f: X = R.

1<i<n
Then

Ni( 8, Pp) < Neo(+, 8, Fn)-
Let 6 > 0, we approzimate f € § by

f(z) = [f(2)/d] 6,2 €R,

where [a] := min{b € N|b>a}. Now we count how many such f are needed. The

function f takes at most m < 141/ jumps. Two f1 and fo are considered different
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only if their values differ at least at one of X1,...,X,,. We need to make n jumps, but
these jumps are only counted at n places. It is about putting m ones into n — 1 bins.
The number of total such f is at most

)

m—l—n—l)

We conclude that
N1(6,§, P,) < Noo(6,5, P,) < < <mlog(m+n—1) < (1+1/)log(n+1/9).

By Theorem 5.2.2, we conclude that the class of monotone functions § is GC.

5.3 Exercises

Exercise 1. Use the same arguments as in the proof of Lemma 2 in Lecture 03 to show
that

2log(2N
E [max |P?g;] | X} <R, ﬁa
1<j<N n
with
2 112
Ry, = max |g;ll,,,
where for a function g : X — R, |||, is a shorthand (abuse of) notation for the

empirical norm
lgll,, = V' Pug? g : X = R.
Discuss in what sense this version might be better than Lemma 2 in Lecture 03.

Exercise 2. Let § be a finite class of functions, with cardinality |§| = N > 1. Suppose
that Pf =0 for all f € § and that for some finite constant K,

a <K
max | fll, <
Use Bernstein’s inequality to show that for

4log N
n

5 >

[0K + K?]
one has

né?
_ < -
P (||P. — Pllz > 0) _Qexp( 4(6K—|—K2)>

Exercise 3. Let §x := {flp<k : f € F}. Show that for g > 1,
Nq(USK?Pn) S Nq('73’7Pn)
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