401-4627-00L: Empirical Process Theory and Applications

Lecture 06 — VC classes
Lecturer: Yuansi Chen Fall 2025

Key concepts:
e Vapnik Chervonenkis (VC) classes
e Deduce ULLN from VC classes
e Relation between VC classes and GC classes
e VC graph class

Let D be a collection of subsets of X. Similar to how we defined GC class for
functions, we can define GC classes for sets.

GC class for sets The collection D is called a Glivenko Cantelli (GC) class if

sup | P, (D) — P(D)| 5 0.

XeD

Here, P,(D) := +#{X; € D,1 <i < n}.

6.1 VC classes of sets

Let {&1,...,&,} be n points in X.

The number subsets that D distinguishes (or number of dichotomies) We
write

AD(fl""7€n) = #{Dm{€177§n} : D € D}
= the number of subsets of {;,...,&,} that D distinguishes.

In other words, it counts the number of sets in D, when two sets D; and D, are
considered as equal if D1ADy N{&y, ..., &} = 0. Here

DiADy = (DN D$) U (D] N Dy)

is the symmetric difference between D; and Ds.
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Remark 1. In general, for our purpose, we will not need to calculate AP(&1, ..., &,)
exactly. We only need a good enough upper bound.

Example 1. 1. X =R, D= {1(_00775] 't e R}. Then for any {&1,. .., &} C R,

AP(&, .. &) <n+ 1.

2. ¢D be the collection of all finite subsets of X. Then if &1, ...,&, are distinct,
AP(&, .. &) = 2",
The following theorem relates the growth of AP with GC class of sets.
Theorem 6.1.1 (Vapnik and Chervonenkis (1971)). We have

1
“log AP(Xy,..., X,) 50,
n

if and only iof

sup | P, (D) — P(D)| 2 0.
DeD

We only provide a proof for the “only if” part.
Proof of “ =". This follows by applying Theorem 5.2.2 in Lecture 5 to
§={1p: D € D}.
Here are the two key observations

1. Indicator functions are uniformly bounded by 1. This is also true for their centered
versions.

2. Let Noo(+, T, P,,) be the covering number of § for the (pseudo-) metric induced by
the (pseudo-) norm

max |g(X;)],9: X = R.

1<i<n
o We always have that
Ni(+,G,P,) < N(+,G, P,), for any G.
e And N is related to the number dichotomies for

No(6,8,P) = AP (Xy,..., X,).
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Vapnik Chervonenkis (VC) class Let the growth function of D be

mP(n) := sup {AD(fl,...,fn) | &,...6, € X}.

We say that D is a Vapnik Chervonenkis (VC) class if there exists constants ¢ and C)
and for all n,

mP(n) < cenV.

In other words, mP(n) does not grow faster than a polynomial in n.

Important conclusion from Theorem 6.1.1 and this definition: for sets, | VC = GC |
Example 2. We have

1. X =R, D={(—o00,t] | t € R}. Since mP(n) <n+1, D is VC.

2. X =R, D= {(—o0,t;] X -+ (—00,tq] | t € R}, Since mP(n) < (n+ 1), D is
VC.

3. X=R: D= {{meRd:GTx>t}\ E] ERd“}. We have

d
D) <2 ") < opdtt,
m-(n) < ;<z < 2n

The VC property is closed under measure theoretic operations:
Lemma 1. Let D, Dy, Dy be VC. Then the following classes are also VC:

1. D°={D°: D e D}

2. DyNDy={DyNDy| Dy €Dy,Dy € Dy}

3. D1UDy ={DyUDy | Dy € Dy,Ds € Dy}
Proof. exercise O
Example 3. Ezamples of VC classes using the above lemma:

1. The class of intersection of two half-spaces
2. all ellipsoids
3. all half-ellipsoids

4. inR?, the class D = {{:c eERY:0Tx <t} | {ﬂ € Rd“}.

Example 4 (NOT example). Let X = [0,1]?, and let D be the collection of all convex
subsets of X. Then D is not VC, but when P is uniform, D is GC.
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VC dimension The VC dimension of D is
V(D) = max {n: mP(n) =2"}. (6.1)

We say D can shatter a set Y, if D can distinguish all its subsets. So, VC dimension is
the maximal number of points n for which there exists a set Y with cardinality n, and
it is shattered.

Lemma 2 ((Sauer-Shelah)). We have that D is VC if and only if V(D) < co. In fact
for V.=V (D)

mP(n) < kZV: (Z)

0

Proof. “ =" D is VC, so there exists constants ¢, V' such that
mP(n) < cenV.
On the other hand, take n = V(D),
2V®) — mP(V(D)) < V(D)".
The exponential growth on the LHS is much faster, so V(D) < occ.

“ < 7 Define the i-shift S;(D) by replacing every set that contains ¢ with its i-
deletion if the deletion is not already present:

Si(D)=D\{DeD:iecD,D\{i} ¢ D}U{D\{i} | DeD:iec D,D\{i} ¢ D}.
Two facts about the shift

1. Cardinality is preserved. |S;(D)| = |D|.

2. VC dimension does not increase.

V(5:(D)) < V(D).

Second, iteratively apply shifts Si,...,S, until the family no longer changes, we
obtain D. Note that D has to downward-closed:

AeD,BCA — BeD.

Otherwise, if some B C A were missing, we can continue with shifts.
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Finally, if D contains any set A with |A| > V +1, then it contains all subsets of a set
Y of size V +1, then it shatters Y and VC dimension > V + 1, which is a contradiction.
Therefore,

DC{Aecn]:|A <V}.
So

D] = |D

<|{Ae: |4 SV}\zg(Z)-

6.2 VC graph classes of functions

subgraph of a function The subgraph of a function f: X — R is
subgraph(f) = {(z,t) € X x R | f(x) > t}.

A collection of function § is called a VC class if the subgraphs {subgraph(f) : f € §}
form a VC class.

Example 5. §={1p,D € D} is GC if D is GC.
Example 6. For X = R,
1. §={f(x) =0+ biz1 +...+04zq: 6ecR™}
2. § = {f(x) =0+ 61x1+ ...+ 04zq4|: 6€ Rd+l}.

a+br ifx<c

5
d+ex ifx>c’ €R

3.d=1,F=1{ f(z) =

O QO SQ

4. d=1,F={f(x)=¢":0 € R}.

Theorem 6.2.1 (VC graph classes of functions vs. GC). Let P be any proability
measure on X and let N1(-,§, P) be the covering number of § endowed with the metric
correspondsing to Ly(P) norm. For a VC class § of functions with VC dimension V,
we have for a constant C' only depending on V' that

Ni(6P(F),§, P) <max{Cs 2" '} V6 >0

where F' is envelope of §.
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Proof. Without loss of generality, we may assume P(F) = 1. Let fi,...,fx be a
maximal J-packing set in §, such that P(|f; — fx|) > d for j # k. The main idea is
to construct n data points (£1,...,&,) in a probabilistic way, such that the number of
subsets of {i,...,&,} that D := {subgraph(f1),...,subgraph(fy)} distinguish has a
lower bound and an upper bound.

From the VC dimension definition, we always have an upper bound.

AD(&, o) < enV .

To construct the lower bound, we draw n independent data points in the following
way. Draw S € X with law FdP. Given S = s, choose T uniformly in the interval
[—F(s), F(s)]. Let & = (5;,T;),i = 1,...n, independently. We claim that, with positive
probability, we get a set {1, ...,&,} such that for any j # k € {1,..., N},

{61, &} Nsubgraph(f;) # {€1, ..., &} N subgraph(f). (6.2)

Let’s prove the claim. Fix a pair j # k, given S = s, the probability that T falls in
between the two subgraphs f; and f, is

|£i(s) — fu(s)|
2F(s)

Thus, the unconditional probability that (S,T) falls in between two subgraphs of f;
and f, (in other words, (5,7 € subgraph(f;)\subgraph(fx) or (S,T’) € subgraph(f;)\
subgraph(f;)) is

|£i(s) — fu(s)] _P(fi = fl) 9
/ T(s)’“ﬂs)dp(s) = T’“ > 5

Then the probability that none of the n points (S;,7T;)i=1
graphs of f; and fj, is at most

» fall in between the sub-

.....

(1-8/2)".

By union bound, the probability that there exists j # k, none of (S;,T})i=1
between the subgraphs of f; and f; is at most

(g)(l_é/g)” < %exp (QIOgN—n—(S) < % <1,

» fall in

.....

when we choose the smallest integer n > @. That is, with such choice of n, with
positive probability, for any j # k, some of (S;,7;) fall in between the subgraphs of f;
and fi. It means that

{&, ..., &} Nsubgraph(f;) # {&1, ..., &} N subgraph( fx).
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It implies that D distinguishes at least N subsets:
N < AD(fla R agn)

Combining the upper and lower bounds, we must have

v
Ngcnvgc(4105gN+1> )
For N > exp(0/2), we deduce that
v
N < (4logN N 1)
)
1%
<. <8logN)
- 5
(16V1ogN21V>
=c
)
(16V)V \
SC\ ——
Hence,
2V
N < ¢ (g) .

We conclude with the relationship between packing number and covering number. [

Corollary 1. By adapting the proof of Theorem 5.2.1. with the result of Theorem 6.2.1,
we arrive at the following important conclusion relating VC graph class and GC:

§ VCand PF < oo = § GC.

6.3 Exercises

Exercise 1. Prove Lemma 1
Exercise 2. Are the following classes of sets (functions) VC? Why (not)?
1. all rectangles in R?.

2. all montone functions on R.
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3. functions on [0, 1] given by
F={f(z) =ae" + ce™, (a,b,c,d) € [0,1]"}.
4. all sections in R%. Each section takes the form
{(z1,22) | x1 = a1 + rsint,xe = ag + rcost,0; <t < 6s}.

5. all star-shaped sets in R2.

Exercise 3. Let § be the class of all functions f on [0,1] with derivative f satisfying
)f’ < 1. Check that § is not VC. Show that § is GC by using partial integration and

the Glivenko Cantelli Theorem for the empirical distribution function.
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