
401-4627-00L: Empirical Process Theory and Applications

Lecture 08 – Application to consistency of M-estimators
Lecturer: Yuansi Chen Fall 2025

Key concepts:

• M-estimators, examples

• Necessary conditions for consistency

• Non-parametric regression example

Let X1, . . . , Xn be i.i.d. copies of a random variable X with values in X and with
distribution P .

Let Θ be a parameter space (a subset of some metric space with distance d) and let
for θ ∈ Θ,

mθ : X → R,

be some loss function. We assume that P |mθ| < ∞ for all θ ∈ Θ. Define the unknown
parameter

θ0 := argmin
θ∈Θ

Pmθ.

For simplicity, we assume that θ0 exists and is unique.

M-estimator An M -estimator estimates the unknown parameter θ0 by

θ̂n := argmin
θ∈Θ

Pnmθ = argmin
θ∈Θ

1

n

n∑
i=1

mθ(Xi).

For simplicity, we also assume that θ̂n exists, which is the case in all our examples.

Examples of M-estimator

1. Location estimators. X = R,Θ = R, and

• mθ(x) = (x− θ)2, estimating the mean E[X].

• mθ(x) = |x− θ|, estimating the median.
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2. Maximum likelihood. {pθ : θ ∈ Θ} be family of densities w.r.t. a σ-finite
dominating measure µ, and

mθ = − log pθ.

If dP/dµ = pθ0 , θ0 ∈ Θ, then indeed θ0 is a minimizer of Pmθ

• Poisson distribution:

pθ(x) = eθ
θx

x!
, θ > 0, x ∈ {0, 1, 2, . . .}

• Logistic distribution:

pθ(x) =
eθ−x

(1 + eθ−x)2
, θ ∈ R, x ∈ R

8.1 Consistency of M-estimator

Define for θ ∈ Θ, the population risk

R(θ) = Pmθ,

and the empirical risk

Rn(θ) = Pnmθ.

Well-separated We say that θ0 is well-separated if for all η > 0,

inf {R(θ) : d(θ, θ0) > η} > R(θ0).

In other words, d(θ, θ0) > η implies that there exists ϵ > 0, R(θ) ≥ R(θ0) + ϵ.
We first present an easy theorem with a too stringent condition

Theorem 8.1.1 (Consistency under GC). Suppose that

sup
θ∈Θ

|Rn(θ)−R(θ)| P→ 0, (8.1)

i.e., that {mθ : θ ∈ Θ} is a GC class. Then

R(θ̂n)
P→ R(θ0).

If moreover, θ0 is well-separated, then we also have

θ̂n
P→ θ0.
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Proof. We have

0 ≤ R(θ̂n)−R(θ0)

= R(θ̂n)−Rn(θ̂n) +Rn(θ̂n)−Rn(θ0) +Rn(θ0)−R(θ0)

≤ [R(θ̂n)−Rn(θ̂n)] + [Rn(θ0)−R(θ0)]

≤ sup
θ∈Θ

|Rn(θ)−R(θ)|+ [Rn(θ0)−R(θ0)]
P→ 0.

Hence, R(θ̂n)
P→ R(θ0). If θ0 is well-separated, θ̂n

P→ θ0.

The assumption Eq. (8.1) is rather stringent. The following lemma shows that it is
implied by compactness of Θ and pointwise continuity.

Lemma 1. Suppose that (Θ, d) is compact and that θ 7→ mθ is continuous. Moreover,
assume that P (F ) < ∞, where F is the envelope F = supθ∈Θ |mθ|. Then

sup
θ∈Θ

|Rn(θ)−R(θ)| P→ 0.

Proof. This is Lemma 2 in Lecture 4, reformulated.

We can replace the compactness assumption with a convexity assumption.

Lemma 2. Suppose that Θ is a convex subset of a normed vector space with norm ∥·∥
and that θ 7→ mθ(x) is convex and continuous for all x ∈ X . Assume θ0 is unique.
Suppose that for some ϵ > 0,

• Θϵ := {θ ∈ Θ | ∥θ − θ0∥ ≤ ϵ} is compact

• P (Fϵ) < ∞ where Fϵ := supθ∈Θϵ
|mθ|.

Then θ̂n
P→ θ0.

Remark 1. We may modify the assumptions as follows

• By Lemma 3, if θ 7→ mθ(x) is convex in a finite-dimensional space, then we have
continuity in its interior for free. In particular, if θ 7→ mθ(x) is convex on all Rd,
then it is continuous everywhere.

• An alternative sufficient condition to obtain consistency from risk consistency is
to assume strong convexity.
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Proof. By continuity and the compactness of Θϵ, using Lemma 1, we have

sup
∥θ−θ0∥≤ϵ

|Rn(θ)−R(θ)| P→ 0.

Define α := ϵ

ϵ+∥θ̂n−θ0∥ , and θ̃n = αθ̂n + (1 − α)θ0. Then we also have
∥∥∥θ̃n − θ0

∥∥∥ ≤ ϵ.

Moreover, by convexity and optimality of θ̂n,

Rn(θ̃n) ≤ αRn(θ̂n) + (1− α)Rn(θ0) ≤ Rn(θ0).

Using the same argument in Theorem 8.1.1, we show that risk consistency

R(θ̃n)
P→ R(θ0).

To show consistency, for any δ > 0, define

Aϵ,δ := {θ ∈ Θϵ | ∥θ − θ0∥ ≥ δ} .

This set is closed by continuity of the norm in compact Θϵ, hence compact. θ 7→ R(θ) is
continuous, so it attains its minimum on Aϵ,δ, say at θ∗. By uniqueness of the minimizer,

R(θ∗) = inf
θ∈Aϵ,δ

R(θ) > R(θ0).

Define η := R(θ∗)−R(θ0) > 0. We have proved that

∥θ − θ0∥ ≥ δ =⇒ R(θ) ≥ R(θ0) + η.

Then we have ∥∥∥θ̃n − θ0

∥∥∥ P→ 0.

We also recover the consistency of θ̂n,∥∥∥θ̂n − θ0

∥∥∥ =
ϵ
∥∥∥θ̃n − θ0

∥∥∥
ϵ−

∥∥∥θ̃n − θ0

∥∥∥ P→ 0.

Example 1. Let X ∈ R, Θ = R and for some q ≥ 1,

mθ(x) := |x− θ|q , x ∈ R.

Assume that E |X − θ0|q < ∞. Then

Fϵ := sup
|θ−θ0|≤ϵ

|mθ| ≤ 2q−1 (|X − θ0|q + ϵq) ∈ L1(P ).

Hence, (assuming uniquess of θ0), by Lemma 2

θ̂n
P→ θ0
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Remark 2. We may extend this to the situation where there are co-variables: replace
X by (X, Y ) where X ∈ Rr is a row-vector containing the co-variables and Y ∈ R is
the response variable. The loss function is

mθ(x, y) = |y − x⊤θ|q.

Then E
∣∣Y −X⊤θ0

∣∣q < ∞ together with uniqueness of θ0 yields consistency.

Example 2. Replace X by (X,Y ) where X ∈ [0, 1] is a co-variable and

Y = θ0(X) + ξ,

where the noise ξ ∼ N (0, σ2). Θ0 is a function [0, 1] → R. We use least-squares loss

mθ(x, y) := (y − θ(x))2, x ∈ [0, 1], y ∈ R.

We assume θ0 ∈ Θ, where for a give k ∈ N, Θ is the “Sobolev” space

Θ :=

{
θ : [0, 1] → R,

∫ 1

0

∣∣θ(k)(x)∣∣2 dx ≤ 1

}
.

Here, θ(k) denotes the k-th derivative of the function θ. We endow the space Θ with the
sup-norm

∥θ∥ := ∥θ∥∞ = sup
x∈[0,1]

|θ(x)| . (8.2)

Then we can show (omitted) that for any ϵ > 0,

Θϵ :=

{
θ : [0, 1] → R, ∥θ − θ0∥ ≤ ϵ,

∫ 1

0

∣∣θ(k)(x)∣∣2 dx ≤ 1

}
.

is compact. It follows that under the assumption that θ0 is unique (which is true for
example if the distribution of X is absolutely continuous with a density that stays away
from zero), the (non-parametric) least-squares estimator θ̂n is consistent in sup-norm
by Lemma 2.

Remark 3. Note that Lemma 2 is very powerful as it does not require the space to
be finite dimensional. It is useful for many non-parametric regression/estimation prob-
lems.
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8.2 Exercises

Exercise 1. Let Y ∈ {0, 1} be a binary response variable and X ∈ [0, 1] be a co-variable.
Assume the logistic regression model

Pθ0(Y = 1 | X = x) =
1

1 + exp [α0 + xβ0]
,

where θ0 = (α0, β0) ∈ R2 is an unknown parameter. Let {(Xi, Yi)}ni=1 be i.i.d. copies of
(X, Y ). Show consistency of the MLE of θ0 (assuming uniqueness of θ0).

Exercise 2. Suppose X1, . . . , Xn are i.i.d. real-valued random variables with density
p0 = dP/dµ on [0, 1]. Here, µ is Lebesgue measure on [0, 1]. Suppose it is given that
p0 ∈ P, with P the set of all decreasing densities bounded from above by 2 and from
below by 1/2. Let p̂n be the MLE. Can you show consistency of p̂n ? For what metric?
Hint: use the result of Section 2.3 of Lecture 02 and Example 1 of Lecture 05.

8.3 Notes about convexity

Let Θ be a convex subset of a normed vector space with norm ∥·∥. A function g : Θ → R
is convex, if for any λ ∈ [0, 1], and all θ1, θ2 ∈ Θ,

g(λθ1 + (1− λ)θ2) ≤ λg(θ1) + (1− λ)g(θ2).

Lemma 3. Suppose Θ is a convex subset of a normed finite-dimensional vector space
with norm ∥·∥. If g is convex, then g is continuous in the interior of Θ.

Proof. W.l.o.g., we may prove the continuity at x0 = 0 in the interior and work with
a basis (e1, . . . , ed). Since 0 is in the interior of Θ, there exists r > 0, such that
Q := 0 + [−r, r]d on the basis (e1, . . . , ed), is contained in Θ. Let (xj) be a sequence
inside B converging to 0. Our goal is to show that

lim
j→∞

g(xj) = g(0).

First, for any z ∈ Q, since it can be written as a convex combination of 2d points
on −r, rd, we have

g(z) ≤ max
v∈−r,rd

g(v) =: M.

Second, the ball B = {x | ∥x∥ ≤ r} is also contained in Θ. W.l.o.g., we may assume
r = 1 by rescaling.
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Consider the segment

[− xj

∥xj∥
, 0, xj,

xj

∥xj∥
]

By convexity on [0, xj,
xj

∥xj∥ ], we have

g(xj) ≤ (1− ∥xj∥)g(0) + ∥xj∥ g
(

xj

∥xj∥

)
.

Note that by boundedness on the ball.

g

(
xj

∥xj∥

)
≤ M.

Hence,

g(xj) ≤ (1− ∥xj∥)g(0) + ∥xj∥M.

Taking the lim sup, gives

lim sup
j→∞

g(xj) ≤ g(0).

Similarly, by convexity on [− xj

∥xj∥ , 0, xj], we have

g(0) ≤
∥xj∥

1 + ∥xj∥
g

(
− xj

∥xj∥

)
+

1

1 + ∥xj∥
g (xj)

≤
∥xj∥

1 + ∥xj∥
M +

1

1 + ∥xj∥
g (xj) .

Taking lim inf, gives

lim inf
j→∞

g(xj) ≥ g(0).

We conclude.

Strong convexity Suppose g is twice continuously differentiable, g is strongly convex,
if there exists m > 0, such that

g(y) ≥ g(x) +∇g(x)⊤(y − x) +
m

2
∥y − x∥22 .
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